Chapter 8: STATISTICAL INTERVALS e For instance, more data gives more informa-

FOR A SINGLE SAMPLE tion. we will have more confidence in an es-
timate from an n = 50 sample, than an esti-
Part 1: Introduction mate from an n = 3 sample.
Confidence interval for pu
with variance o” known We know & most likely won’t exactly equal pu,
Sample size for Cl but maybe we can provide an interval around
Sections 8-1 to 8-2 z such that we're 95% confident that the in-

terval contains .

e In the last chapter we looked at point esti-
mators for parameters of interest. The confidence in an estimate is related to

For example, X is a point estimate for p. the size (or width) of such an interval.

e We ended the last chapter with a phrase:
“moving beyond point estimates”

e Point estimates are a good start, but if we
provide the client with an estimate, we should
also give them some idea of the confidence in
our estimate.




Confidence Interval on the mean p from
a normal distribution with a known
population variance o2

Section 8-2

NOTE: The title of this section is very specific.

We're trying to estimate g (so, p is unknown)
from a normally distributed pop'n with a known
o2. Not terribly realistic, but this is where we
start for learning the concept...

e To form an interval estimate, we consider our
point estimate and give a ‘cushion’ around it
for where the parameter is ‘likely to fall’. For
instance, if X is an estimator for 1, we would
provide our client with an interval like:

[z — cushion, T + cushion]

Suppose & = 8 and our cushion is 3
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X
we would report the interval [5, 11] as an in-

terval estimate for  and state that p is likely
to fall in this interval.

How do we calculate this “cushion”?
How ‘likely’ is it to fall in this interval?

e An interval estimate for a population param-
eter is called a confidence interval.




e We're not certain that the interval contains
the unknown value of the parameter, but the
methods we use to construct the interval will
allow us to place a confidence level of param-
eter containment with our interval.

e We could miss the true parameter,
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but we try to protect against this by making
the interval wide enough (but no wider than
it needs to be for a certain level of contain-
ment confidence).

Computing the Confidence Interval
(i.e. getting a value for the + cushion around z)

e Consider a random sample X1, Xo,..., X,
from a normal population with unknown mean
1 and known variance o2,

e As before, we are still using X to estimate p.

e We have already noted that
X
- o/yn

Z

has a standard normal, or N (0, 1), distribu-
tion.



e 95% of the standard normal falls between the

e Thus, we have
values (—20.025, 20.025)

P(=20025 < Z < 20.025) = 0.95

— ) =0.95

P(— < <
(—20.025 < T S 20.025

where z( 95 is the 97.5t" percentile of the
standard normal.

2052 =-1.96 20052 =1.96

20.025 18 the z-value such that 97.5% of the
distribution is below and 2.5% is above it (an
upper tail z-value).

95% of distribution

N(0,1) e We can manipulate the following probability

97.5%
X —p
2.5%in P(—20.025 < 77

upper tail
_ o _ o
P(X— — < < X+ —) =0.95
( DBES S 20.025\/ﬁ>

< 20.025) = 0.95 to be

NOW WE HAVE A 95% CONFIDENCE

INTERVAL FOR 4!
(based on the known behavior of X))
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e We can state the lower and upper bounds of
the 95% confidence interval as:

Lower bound (L) = X — 20-025%
Upper bound (U) = X + 2 025%

NOTE: X lies in the center of the confidence
interval.

e Example: Fill weights of boxes.

The sample mean for the fill weights of 100
boxes is & = 12.05. The population variance
of the fill weights is known to be (0.1)2. Find
a 95% confidence interval for the population
mean g fill weight of the boxes.

ANS:

L = 2—205;

_ B 01 _
= 12.05 1'96—\/W 12.0304.
U=12+ Zo.mﬁ
_ 01 _
= 12.05 + 1.96—\/m 12.0696.

The 95% confidence interval for p is
[12.0304, 12.0696]

We are 95% confident that the true parame-
ter value lies in this interval.

Because o2 was very small and n was fairly

large, we have a very narrow confidence in-
terval for p (which is good).
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We can compute an interval with any
confidence level

e The confidence level of choice is stated as
100(1 — a)%.

— In the last example we computed a 95%
or 100(1 — 0.05)% confidence interval, and
a = 0.05.

e We can write the probability we saw earlier
in general as:

P(—
( za/Q J/\/—
this leads to the 100(1 — «)% confidence in-
terval for p

P(X ZQ/QT ~ % =
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e 100(1-a)% Confidence interval on the
mean, variance known

If z is the sample mean of a random sam-
ple of size n from a normal population with
known variance o2, a 100(1—a)% confidence
interval for p is given by

a/Q\/—

Tr—z < u Z<zT+z

o
04/2%

where z,, /2 is the upper 100a/2 percentage
point of the standard normal distribution (i.e.
where there’s 100c/2 in the upper tail).
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e Example: Fill weights of boxes (same data We are 80% confident that the true parame-
as before). ter value lies in the interval [12.0372; 12.0628].

The sample mean and for the fill weights of
100 boxes is z=12.05. The population vari-
ance of the fill weights is known to be (0.1)%.
Find an 80% confidence interval for the pop-
ulation mean p fill weight of the boxes.

Compare these two confidence intervals:

The 80% confidence interval for g is [12.0372, 12.0628]
(The width of this interval is 0.256)

ANS: a=0.20
The 95% confidence interval for g is [12.0304, 12.0696]
L = &—2o10 (The width of this interval is 0.392)
= 12.05—1.28-%L — 12.0372.

V100

All else being held constant, if you want to be
more confident you capture u, you’ll have to
make your net bigger. So the 95% CI is wider.

U - j"‘ ZO.IO%

— 12.05+1.28\}% — 12.0628.

The 80% confidence interval for p is
[12.0372, 12.0628]
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Looking at the form of the confidence interval:

T oz, 2 ﬁ
—~— —~— —~—
Sample multiplier value
mean  based on based on
confidence o and
level sample size
T
changes
for different
% CI
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e More narrow Cls are desirable.

e How can this be achieved?

T T oz, /2 %
—~— —~— —~—
Sample multiplier value
mean  based on based on
confidence o and
level sample size

— Increase your sample size (Good idea if
possible)

— Decrease o7 Not an option, it’s fixed by

original distribution

— Decrease your confidence level? (Not a
great idea. You reduce the CI width, but
you're less likely to capture p)
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Interpreting the confidence interval e For a 95% CI, we are 95% confident that the
true p lies in the interval. This statement of

e Once the confidence interval is made (based confidence reflects the following...

on observed ), it either does or does not

contain the fixed unknown value g If we repeated this process 100 times (i.e. col-
lect a sample, compute z, compute the CI),

95 out of 100 times we will capture the true
L On average.

e For example, the 95% CI for box fill weights
was:
[12.0304, 12.0696]
and the true pop’'n mean either is or isn’t in
this interval

The confidence relates to the method used
to calculate the CI. We don’t know if our CI
captured 4 or not (u is unknown), but using
the same method, 95 out of 100 times I'll get

e The confidence interval level arises based on :
it (on average).

the randomness of the interval. BEFORE we
collect the data, the CI is a random interval
and it could take on many different values
due to the randomness of X.

e See confidence interval applet website:
http://statweb. calpoly.edu/chance/applets/ConfSim/ConfSim.html
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Choice of Sample Size

e The length of the CI is a measure of
precision of estimation.

e We've seen that the precision is related to
sample size n.

e You can get better precision with a large
sample (all else being held constant).

e What sample size should you choose?
(when you CAN choose)

Let E be the error in estimating p

E=|z —u|  (distance of observed &
from target)
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This distance, |z — |, is less than or equal
to (242" ﬁ) with confidence 100(1 — ).

{ Based on the behavior of X }

So choose n to provide a certain bound on
the error with confidence 100(1 — «).

T

choose this CI half-width (or cushion)
to be what you want, and this will be
associated with a particular n
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— Letting E be the chosen amount of error,

E = Za/2 ) %
2
=n= (Zaga>

— Choosing n equal to this value will give us
a 100(1 — a)% confidence that the error
|z — p| will be less than or equal to E.

e Example: The fill weight example

In the fill weight example discussed earlier,
how many boxes must be sampled to obtain a

99% confidence interval of full width +0.012
0z.7
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ANS: o = 0.1 from before

20/20\% (2001201 :
E o 0.012
_ 2
— (2555) " = 46225

n

We can’t sample a fraction of a box, so we

round-up to keep our confidence level, thus
the required sample size is n=463.

NOTE: Be careful whether you're referring to
the half-width of a CI (the cushion up or down),
or the full width of the CI which is 2 X cushion.
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One-sided Confidence Bounds

e Occasionally, you may be interested in find-
ing a bound for p on only one side.

e If you want an upper-confidence bound, the
lower bound is —oo.

e [f you want an lower-confidence bound, the
upper bound is +oo.

e In this case, when computing the CI, we don’t
split the a in two, because the o probability
(or area) will remain in only one tail.
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e One-sided Confidence Bounds on pu,
variance known

A 100(1 — a)% upper-confidence bound for
18

p < T+zqo/y/n = (—00, T+zq0//1n).

(This gives an upper bound on )

A 100(1 — )% lower-confidence bound for g
1S

T—zq0/vyn<pu = (T—zq0/y/n, +0).

(This gives a lower bound on )
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Confidence Interval on the mean p from
any population (not necessarily normal)
with an unknown population variance
o2 when the sample size is LARGE

Section 8-2.5

e As stated earlier, the previous confidence in-
tervals were based a sample from an origi-
nal population that was normally distributed

with an unknown mean g and a known o2,

e Since the original pop'n was normal, we didn’t
need a large sample size for the central limit
theorem to kick-in to have X be normal.

o If n is large enough and o2 known, we can
use the central limit theorem (CLT) to get
our nice behavior for X with

gk
o/Vn
and 7 being approximately standard normal,
or N(0, 1), even if the original pop’n was not
normal.
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e But we also don’t know 02, so we have to use

our plug-in estimator of S2.

e Now, if n is large enough, say n > 60 (my
choice), or n > 40 (book choice), then we
can overcome both...

an unknown o“, and a
non-normal original population

2

and % will still be approximately N (0, 1).

e Getting n > 30 gets you the CLT result of
X being normal, but you have to have an
even higher n to use the previously stated
CI methods because you had to estimate o2
with S2 (so there’s added uncertainty or vari-
ability in your value).
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