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Abstract

This paper investigates the nite time ruin probability in t he renewal risk model.
Under some mild assumptions on the tail probabilities of theclaim size and of the
inter-occurrence time, a simple asymptotic relation is esablished as the initial surplus
increases. In particular, this asymptotic relation is requested to hold uniformly for the
horizon varying in a relevant in nite interval. The uniform ity allows us to consider
that the horizon exibly varies as a function of the initial s urplus, or to change the
horizon into any nonnegative random variable as long as it iSndependent of the risk
system.
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1 Introduction

The renewal risk model has been extensively investigated the literature since it was
introduced by Sparre Anderson half a century ago. In this maa the costs of claimsZ;,

i 1, form a sequence of independent, identically distributed.i.d.), and nonnegative
random variables with common distribution functionB =1 B, and the inter-occurrence

times j,i 1, form another sequence of i.i.d. nonnegative r.v.'s whi@re not degenerate

at 0. We assume that the sequencd<;; i I::)Lg andf ;i 1g are mutually independent.

The locations of the successive claim3,, = i”:l i, constitute a renewal process
N({)=#fn 1:T,2[0;t]g; (1.2)
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with a mean function (t) = EN(t) for t 0. The surplus process of the insurance
company is then expressed as

(D)
R(t) = x+ ct Zi; t O
i=1
wherex 0 denotes the initial surplus,c > 0 denotes the constant premium rate, and
0 | Zi =0 by convention.
We de ne, as usual, the time of ruin of this model as

(x)=inf ft 0:R(t) < 0jR(0) = xg:
Hence, the probability of ruin within nite time t 0O is a bivariate function
xt=P((Xx) 1); 1.2)
and the ultimate ruin probability is
G1)=lm (xH)=P((x)<1):

In order for the ultimate ruin not to be certain, it is natural to assume the following safety
loading condition:
=cE, EZ,>0: (1.3)

Under the assumption that the equilibrium distribution function of B is subexponen-
tial, Veraverbeke (1977) and Embrechts and Veraverbeke (@8) established a celebrated
asymptotic relation for the ultimate ruin probability that

141 _
x;1) -— B (u)du: (1.4)
X
Hereafter, all limit relationships are forx ! 1  unless stated otherwise; for two positive
functions a( ) and b( ), as usual, we writea(x) . b(x) if limsup a(x)=Kx) 1, write
a(x) & b(x) if liminf a(x)=kx) 1, and write a(x) b(x) if both.

As universally admitted, the study of the nite time ruin pro bability is more practical
but much harder than that of the in nite time ruin probabilit y. The problem of nding
accurate approximations to the nite time ruin probability for the renewal model has a
long history and many methods have been developed.

A review on the pioneering works on the nite time ruin proballity can be found
in Asmussen (1984). Under the assumption that the Lundberggaation has a unique
positive solution, hence the claim size is light tailed, theormal-type approximation to
the nite time ruin probability was rst obtained by von Bahr (1974) and then re ned by



Malinovskii (1994, 1996) into the Edgeworth-type approxiration. The latter two references
also obtained some upper bounds on the ruin probability (x;t(x)) by applying some
techniques on the probabilities of large deviations of stped random walks under low
moment conditions, where the horizom(x) varies to in nity at a certainrate of x ' 1 . See
also Martin-Lef (1986), who obtained exponential boundsxpressed in terms of the entropy
function of the claim size distribution. The so-called coected di usion approximation
was developed by Asmussen (1984) in the classical model amhegralized by Asmussen
and H jgaard (1999) into the renewal model. A related study an be found in Barndor -
Nielsen and Schmidli (1995), who successfully applied sagiitated saddlepoint techniques
to obtain approximations to the ruin probabilities (x;t) and (x;1 ) for the classical
model in the situation of light-tailed claim sizes.

Another connection is the study on the nite time survival probability under rather
exible cases. Picard and Lekvre (1997) established anegjant formula, via Appell poly-
nomials, of the nite time survival probability with claim a rrivals forming a Poisson process,
claim sizes being i.i.d. and integer-valued, and premiuméome modelled by any real func-
tion which is nondecreasing and tends to innity as ! 1 . Ignatov and Kaishev (2000)
carried forward the study to a more relaxed case with depenaleclaim sizes and exponen-
tially but nonidentically distributed inter-occurrence times and derived explicit two-sided
bounds which coincide when the claim arrivals form a Poissgorocess. See also Igna-
tov et al. (2001), who further improved the formula to be more conveni for numerical
evaluations.

For recent studies we refer to Malinovskii (2000), who cortred a more practical case
where the premium rate depends on the initial surplug and tendsto O asx !'1 , and
to Asmussenet al. (2002) and Avram and Usabel (2003), who considered, with sem
inspiring probabilistic explanations, the nite time ruin probability associated with the
de cit at ruin with a random horizon T which has a general phase-type distribution and
is independent of the risk systems.

In this paper we aim at a simple asymptotic relation for the nte time ruin probability
(x;t) asx !'1 , with a feature that this asymptotic relation holds uniformly for t in a
relevant in nite interval. In order for the present study to make sense, we should consider

t2 = ft: (t)>0g. With t=infft: (t)>O0g=infft:P(, t)> Og, itis clear that
;1] ifP(1=1)>0,
1] ifP(.=1=0.
Under some mild assumptions on the distribution functionsfahe heavy-tailed claim size
Z, and of the inter-occurrence time i, this paper proves, as the main result, that the
relation 7

(1.5)

X+ (1)

(x;1) 1 B (u)du (1.6)



holds uniformly fort 2 ; see Theorem 3.1 below. Hereafter, for two positive bivaate
functions a( ; ) and b( ; ), we say that the asymptotic relation a(x;t) b(x;t) holds
uniformly for t in a nonempty set if

Clearly, the asymptotic relationa(x;t) b(x;t) holds uniformly fort 2 if and only if

. a(x;t) .o cax;t)
limsupsu and liminf inf
x11 Iotzlob(x;t) X112 b(Xx;t)

The two inequalities above mean, respectively, thaa(x;t) . b(x;t) holds uniformly for
t 2 and that a(x;t) & b(x;t) holds uniformly fort 2 . As generally acknowledged
by those experienced mathematicians, uniformity often sngcantly merits the theoretical
value of the asymptotic relation obtained.

In establishing the main result (1.6), we will apply a recentesult of Tang (2004), who,
inspired by Korshunov (2001), investigated the tail behawar of maxima of a random walk
in continuous time with negative drift and derived some sintar asymptotic relations.

The outline of this paper is as follows: After recollecting®ne preliminaries about
heavy-tailed distributions in Section 2, we present the mairesult as well as several corol-
laries in Section 3, and give in Section 4 the proofs of the thieem (by establishing three
propositions) and the corollaries.

2 The class C and the Matuszewska indices

In this paper we are particularly interested in a class of digbution functions with con-
sistent variations. We say that a distribution function F concentrated on (1 ;1 ) has a
consistent variation, denoted byF 2 C, if

lim lim sup F_(xy)
y%1l xi1 F (x)

F (xy)

=1; or, equivalently, J‘I&n}h)r(T!]llnf ) =1: (2.1)
The regularity property in (2.1) was rst introduced and caled \intermediate regularly
varying" property by Cline (1994). This class has been used di erent studies of applied
probability such as queueing system and ruin theory; see,rfexample, Schlegel (1998),
Jelenkovtc and Lazar (1999, Section 4.3), Net al. (2004), and references therein.

It is clear that if a distribution function F 2 C, then F is long tailed, denoted byF 2 L,
in the sense that the relation

lm s (2.2)



holds for any real numbery, and F has a dominated variation, denoted byr 2 D, in the
sense that the relation o
imsup 0¥ < 1 (2.3)
xI1 F(x)
holds for any O<y < 1. Itis also clear that for a distribution function F 2 C, the relation
S Fx+ )
x!1 F (X)
holds for any real functionf (x) = o(x). Speci cally, the classC covers the famous clasR,
which consists of all distribution functions with regular \ariations in the sense that there

is some 0 such that the relation

(2.4)

m EO9) _
x!1 F(X)
holds for anyy > 0. We denote byF 2 R the regularity of F in the latter case.
Nice reviews on heavy-tailed distributions and their apptiations to insurance and -
nance can be found in the books Bingharat al. (1987) and Embrechtset al. (1997). A
simple example to illustrate that the inclusionR C s strict is the distribution function
of the random variable

(2.5)

X =1+ U)2V;

whereU and N are independent random variables withJ uniformly distributed on (0; 1)
and N geometrically distributed satisfying Pr(N = k) = (1 pp‘forO<p < 1 and
k=0;1, ;see Caiand Tang (2004). Another similar example can be falim Cline and
Samorodnitsky (1994).

We will use the following notation. LetF be a distribution function concentrated on
(1 ;1). Foranyy > 0, as done recently by Tang and Tsitsiashvili (2003), we set

F (y) =liminf FOy). g (y) = limsup FOy).
x!1 F(X) 1 F(X)
and then de ne
R L P W A L8
yi logy yl1 logy

In the terminology of Binghamet al. (1987), the quantitiesJ;¢ and J- above are the upper
and lower Matuszewska indices of the functionF (x) 1, x 0. Without any confusion
we simply callJ- the upper/lower Matuszewska index of the distribution funton F.

Trivially, for any distribution function F it holds that0 J- Jf 1 . But from
inequality (2.1.9) in Theorem 2.1.8 of Binghanet al. (1987), we see that~- 2 D if and
only if 3 < 1 . Moreover, ifF 2 R for some 0, thenJ. = . For more details
of the Matuszewska indices, see Chapter 2.1 of Binghaet al. (1987) and Cline and
Samorodnitsky (1994).



3 Main results

Now we are ready to state the main contribution of this paper &follows:

Theorem 3.1. Consider the renewal model with the safety loading condiid1.3). If
B2CandE <1 for somep> J; +1, then it holds uniformly fort 2  that

1% o_
(x;t) = B (u)du: (3.1)

X

It is well known in renewal theory that when the inter-occurence time ; has a nite
mean E , the renewal procesd (t) de ned by (1.1) satis es

(ty t ast!1l ; (3.2)

see, for example, Feller (1971, Chapter Xl). Under the cortdins of Theorem 3.1, from
relation (3.2) we know that if the horizont is restricted to a smaller regiont[x);1 ] for
any nonnegative functiont(x) tending to in nity, then relation (3.1) can be rewritten as
1 Z X+ t .
x;t) — B (u)du: (3.3)
X
The uniformity of the asymptotic relation (3.1) allows the torizont to exibly vary as
the initial surplus x increases. For example, under the conditions of Theorem 3ftom
(3.1) we can obtain that the relation
1% o)
(x;t(x)) - B (u)du (3.4)
X
holds for any real functiont( ) as long ast(x) 2 for all large x O.
If we restrict ourselves to a special case where the distrifoan function B 2 R, more
explicit formulae can be derived immediately.

Corollary 3.1. Consider the renewal model with the safety loading conditig¢l.3).

(1) f B2R forsome > landE < 1 forsomep> +1, then it holds uniformly

fort2 that B I
(x;t) % 1 %(t) 1 : (3.5)
(2) Furthermore, for any real function t( ) such thatt(x) 2 for all largex 0O, it holds
that 500 ) 1!
(X: t(x)) (Xil) e (C) : (3.6)



(3) Especially, if t(x) = cx for someO<c< 1, then relation (3.6) is reduced to
xB (X) 1

/7 1 -
( 1 d+c ) *

Item (3) of Corollary 3.1 extends Corollary 1.6(a) of Asmus and Kldppelberg (1996)
to the renewal model.

The uniformity of relation (3.1) also makes it possible to cinge the horizont into
a nonnegative random variable as long as it is independent tfe risk system, as done
recently by Asmussenet al. (2002) and Avram and Usabel (2003). In fact, we have the
following consequence of Theorem 3.1:

(X; cx) (3.7)

Corollary 3.2. Let the conditions of Theorem 3.1 be valid.

(1) For any nonnegative random variabld’, which has a nite mean, satisesP(T 2 ) >
0, and is independent of the risk system, it holds that

(x;T) E (T)B(x): (3.8)

(2) Forany 0< < 1, it holds that
1
Eexpf  (X)g (t)e 'dt B(x): (3.9)
0

Relation (3.9) gives an explicit asymptotic expression ohe Laplace transform of the
ruin time  (x). Some interesting actuarial as well as nancial explanatns of the Laplace
transform of the ruin time can be found in Gerber and Shiu (19). It is clear that (see

(4.4) below) |
v !
x;T)="P max (Zi ci)>x (3.10)

1 k N(T) .

i=1
A similar result as (3.8) was recently established by Foss @rZzachary (2003). Our result
is, however, not a special case of theirs for the random vaola N (T) in (3.10) can not be
explained as a stopping time in their sense.

Now we formulate another consequence of Theorem 3.1 as foio
Corollary 3.3. Let the conditions of Theorem 3.1 be valid.

(1) For any real function t( ) such thatt(x) 2 for all large x 0 and t(x) = o(x), it
holds uniformly fort 2\ [0; t(x)] that

;) (OBX)=o( (x;1)); (3.11)

(2) If, in addition, Jg > 1, then for any nonnegative functiort(x) such thatx = o(t(x)),

it holds uniformly for t 2 [t(x);1 ] that
1
(x;1) (x;1) 1 B (u)du: (3.12)

X



4 Proofs

4.1 Some lemmas

For a distribution function F 2 D, from Proposition 2.2.1 of Binghamet al. (1987), we
know that for any p; > Jf and p; < J;, there are positive constantsC; and D;, i = 1;2,
such that the inequality

F(y) p

—  Ci(x=y)™ 4.1

F(x) 1(x=y (4.1)
holds for allx y D; and that the inequality

F(y) p

= C, (x=y)"™ 4.2

=00 2O (4.2)

holds for allx 'y D,. Furthermore, by the arbitrariness ofp, and p, above, xing the
variable y in (4.1) and (4.2) leads to the following result, indicatinghat F behaves like a
power function (see also Lemma 3.5 of Tang and TsitsiashvlD03):

Lemma 4.1. For a distribution function F 2 D, we have thatF(x) = o(x P) holds for
anyp < J- and thatx P = o F(x) holds for anyp > J:.

Most recently, Tang (2004), inspired by Korshunov (2001)nivestigated the tail behavior
of maxima of a random walk in continuous time with negative dft. We restate a result of
Tang (2004) below, which plays an important role in the presg study:

Lemma 4.2. Let fXj;i 1g be a sequence of i.i.d. random variables with common
distribution function F 2 C and nite mean EX, < 0, and letfN(t);t 0Og be a renewal
counting process independent of the sequeri¢é;;i  1g. Then it holds uniformly fort 2

that I ~
X 1 X+ (DJEX1]
P max Xi>X - -
1k N JEX4]

F(u)du; (4.3)

wheremax; ¢ o( ) =0 by convention, (t)= EN(t) fort 0,and = ft: (t)> 0g.

Proof. As done before, write =infft: (t)>0g 0. Ift2 , we conclude from Theorem
4.1 of Tang (2004) and its proof that relation (4.3) holds ufiormly for t 2 [t;1 ] = ; if

t 2 , we conclude from Corollary 5.2 of Tang (2004) and its proothat relation (4.3) also
holds uniformly fort 2 (t;1 ]= . O

We end this subsection by showing a classical result of Kiefand Wolfowitz (1956,
Theorems 5 and 6); further discussions can be found in Sgipn€l997) and references
therein:

Lemma 4.3. LetfX;;i 1gbea seqtﬁ)ence of i.i.d. random variables with common nite
meanEX; < Oand letM =maxy k<1 -, Xi. Then for any p > 0, we haveEMP < 1
if and only if E (maxfX;0g)"** < 1 .



4.2 Proof of Theorem 3.1
In order to prove the theorem, we notice that

X«
x;t)= P max Zi Cci)>x ; t2 4.4
(1) 1kN(t)i:1(| ) ’ ’ (4.4)
which tempts us to consider relation (4.3). However, a big @&rence between (4.3) and
(4.4) is that in the latter the counting processN (t) and the incrementszZ; c¢;,i 1, are
not independent any more. This is the main di culty that we will encounter.
We formulate the proof of the theorem into three propositios below.

Proposition 4.1. Consider the renewal model with the safety loading condiig@l.3). If
B 2 C, then for an arbitrarily giventq 2 , it holds uniformly for t 2 [to; 1 ] that

1% w_
(x;t). — B (u)du: (4.5)

X

Proof. Recalling (1.4), it suces to prove the uniformity of (4.5) fort 2 [to;1 ). Let
" 2 (0; 1) be arbitrarily given such that

.=c¢l "E, EZ;>0

For arbitrarily xed 2 (0; 1), starting from (4.4) we derive

X X
() P max B (Zi o1 ME)+c max _ (@@ "E:i )>x

l1(X;t) + 12(%);

where e I
()= P max ~ (Zi 1 MEN>@ )X
and I
X( n
l,(x)= P clrril(g)l( (1 )E | i) > X

i=1
About I,(x;t), since the distribution function of Z; ¢(1 ")E ; belongs to the clas<,
applying Lemma 4.2 and property (2.2) we have, uniformly for 2 [to; 1 ),
1Za w -0 _
[(x;t) — B (u)du: (4.6)
@ )X

We turn to 1,(x). Since the random variable (1 ")E ; ; has a negative mean and a
nite upper bound, by Lemma 4.3,1,(x) decreases to 0 faster than any power rate P for

9



p > 0. [We remark that the rate ofl,(x) decreasing to O can actually be exponential if we
apply the classical Lundberg inequality for the ultimate rin probability; see also Sgibnev
(1997, Theorem 2) for a related result.] On the other hand, dm (4.6), by property (2.2)
once again we have, uniformly fot 2 [to; 1 ],
1 2@ »r -0 _ _
[1(x;t) & — B (u)du (to)B (1 )x): 4.7)
@ )X

By Lemma 4.1, the right-hand side of the above decreases to Otriaster than a power
rate x P for any p > J;. Hence,l,(x) is asymptotically negligible when compared with
the right-hand side of (4.7). We conclude that the relation

1 2@ »r - w_
x;t). — B (u)du
@ )X
holds uniformly fort 2 [to; 1 ). Noting - and using a substitution on the right-hand
side of the above, some direct calculation yields that, uifmly for t 2 [to; 1 ),
|
1 Lo 0 Lot w0 _
x;t) . — + B({(1 )v)dv
" X X+ (1)
|
_ Z !
1 B(X )v) O _ —
— sup—————= B (v)dv + t)B (x + t
- s X Wdv+ 7— OB (x+ (1)
_ Z
1 B({(@A )v) * B
— sup——= + B (v)dv: 4.8
sup—-= V) 1 ) (v) (4.8)

Since the distribution function B belongs to the clas<C and " and are arbitrary, (4.8)
gives the desired result (4.5). O

Proposition 4.2. Consider the renewal model with the safety loading conditigl.3). If
B2CandE ! < 1 for somep > J; +1, then for an arbitrarily given to 2 , it holds
uniformly for t 2 [to; 1 ] that

1 Z x+ (1) .
(x;t) & — B (u)du: (4.9)
X
Proof. We prove Proposition 4.2 in a symmetrical way as that of the of of Proposition
4.1. 1t suces to prove the uniformity of (4.9) for t 2 [to;1 ). For arbitrarily xed

0<"; < 1, we derive from (4.4) that
! !

. — X( n X( n
(x;t)=P . T%xjx(t) ~ (Zi cl+")E )+ Ci:l @+m"E; i) >x
Ia(x;t)  1a(x);

10



where !

X«
I3(x;t) =P ) rkna}\lx(t) ~ (Zi c(1+ME)>(@1+ )X
and I
X«
lax)=P cmax (i (1+")E)>x

First we deal with I3(x;t). Since
~=c(1l+")E 1 EZ;1>0;

by Lemma 4.2 and property (2.2) we have, uniformly fot 2 [to; 1 ),
14 @
I3(x;t) — B (u)du: (4.10)
"1+ )X
Then, we show thatl 4(x) can be negligible when compared withs(X; to) (to)B (L + )X).

Actually, by Lemma 4.3 we know that
|

X« P
E-max (i (1+")E) <1:

Hence by Lemma 4.1, it holds thatl4(x) = o(x P*') = o0 B(x) . This provesl(x) =
o(l3(x;tp)). Therefore, we conclude that the relation

1@ o
(x;t) & — B (u)du

I+ )x
holds uniformly fort 2 [to;1 ). Then following a similar argument as that in (4.8), we
know that the desired result (4.9) holds. O

Recall the structure of the interval in (1.5), where the in mum t may or may not
belong to . After establishing Propositions 4.1 and 4.2, itremains to prove the following
proposition:

Proposition 4.3. Consider the renewal model with the safety loading condiig@l.3). If
B 2 C, then for an arbitrarily giventy 2 (t;1 ), relation (3.1) holds uniformly fort 2 (t; to].

Proof. We still start from equality (4.4). For a= cE ; and all t 2 (t;to], we derive
0 1

N ()
(x;t) P@ (z; a)>x aN(A

i=1 |
X p_ P
P max (Zi ay>x a x +P N(1
1k N@® .,

= Ig(x;t) + lg(Xx;t):

11



By Lemma 4.2 and relation (2.4), it holds uniformly fort 2 (t; to] that
Z

17x+ ®
Is(x;t) — B (u)du: (4.11)
X
As for Ig(x;t), we have, for all I%rgex 0, 1
X p_
le(x;t) P(, t)P@ i tA ()P N(to) X 1:

17 Px 1

It is well known that the random variable N (tg) has certain nite exponential moments;
see Stein (1946). Hence,

. P
im sup IG(Xft) im sup ()P (N (to) x 1) _ 0
XL (o) 1s(G) ¥ ety (DB(X+  (to))

We conclude that, uniformly fort 2 (t;to],

1 X+ (t)_
(x;t) . — B (u)du:

X

On the other hand, %nalogously to theiabove, it holds fam = cE ; and allt 2 (t;to] that
[

X® Xk
(x;t) P@ Zz cto>xA P , nax (Z, a)>x + cty
t
i=1 i=1

Hence by Lemma 4.2, it holds uniformly fott 2 (t;to] that
x+ (1)

(x;1) & 1 B(u)du:

X

This proves that relation (3.1) holds uniformly fort 2 (t; to]. O

4.3 Proofs of the corollaries

Proof of Corollary 3.1.
In view of (3.2), relation (3.7) is a direct consequence oflation (3.6). Furthermore,
relation (3.6) is also a direct consequence of relation (3.5
Finally, starting from relation (3.1), the proof of relation (3.5) is not di cult if we apply
the last statement of Theorem 1.5.2 of Binghanet al. (1987), who announced that for
> 0, the convergence of relation (2.5) is uniform for 2 [1;1 ). More precisely, we have,
uniformly for t 2 flg ,

B “ " OB,

(x;t) —— B
@ ‘ - o E du
X X I
_ xB(x) 1 X !
(0 x+ (1)

12



Whent = 1 , result (3.5)isreducedto (x;1) xB(x)=(( 1) ), which is well known
in the literature; see, for example, von Bahr (1975).

Proof of Corollary 3.2.
(1) Write by H the distribution function of the random variable T. Recalling (1.2), the
uniformity described in Theorem 3.1 gives that

z
(x;T) = (X;t)H (dt)
Z[O?l )
= (x; t)H (dt)
01 )N |
1% w_ '
= B(u)du H(dt): (4.12)
[0;1 )N X

By property (2.2), it is clear that for each xedt 2 |,

1 YA X+ (1)

= B(u)du  (t)B(x):

Hence from (4.12), applying the dominated convergence them justi ed by the inequality
1 OB(u)du  (1)B(x) and the niteness of E (T), we obtain
Z
(x;T) (t)B(x) H(dt)= E (T)B(x):
[0;1 )\
(2) In order to prove relation (3.9), we identify theT in item (1) as an exponentially

distributed random variable with mean x . Recalling (1.2), by Fubini's Theorem we have
Z 1

(x;T)= El v nH(dt) = Eexpf (X)L (x)<1);
0

where the indicator function1  (x)<1 ) can actually be omitted since > 0. Hence, (3.9)
follows from (3.8).

Proof of Corollary 3.3.
(1) Sincet(x) = o(x), it holds that (t(x)) = o(x). By (2.4) we have, uniformly for
t 2 [to; t(x)],

Z x+ (1)
(t)B(x) : B(udu  (H)B(x+ (t(x))  (1)B(x):

X
Hence, the rst relation in (3.11) follows from (3.1). In orcer to prove the second relation
in (3.11), we choosé(x) = = xt(x). By (2.4) and (3.2), one easily checks that uniformly
for t 2 [to; t(x)],

LB _ (t0)BX) (ENEION
. Budu  ToRIFqu BB (x+ &X))

13



This, together with (1.4), gives the second relation in (310).
(2) We arbitrarily choose 1< p, < Jg and M > 1. SinceEZ; = 01 B(udu< 1,it
holds for all largex that

R Budu g 5
X+ (1) (u)du aix B(u)du M su B(Mv) C.1M1L P2
T & N = P= 2 ,
. B(u)du . B(u)du vx  B(V)
where the last step is due to inequality (4.2). Sinc®l > 1 is arbitrary, we conclude that
B(u)du= o B(u)du
X+  (t(x)) X

Hence, the following relations hold uniformly fort 2 [t(x);1 ] for largex O:
Z, z

171 17 O
- B(uJdu -— B (u)du
X 1 )2 1 Z 1 o
— B (u)du
+ t
1 7 1X X+ (t(x))

B (u)du:

X

This, together with (3.1) and (1.4), gives the result in (3.2).
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