Bayesian Statistics, 22S:138
Midterm 1, Fall 2007

Show any computations that you carry out. Use the back of your exam paper if you
run out of space.

1. Your friend is planning to drive from Iowa City to San Francisco. He is trying to
assess Ps(A) — his subjective probably of event A, where A is the event that his
1973 VW Beetle (a kind of car) will make it to San Francisco without breaking
down.

You are using a calibration experiment to help him assess P;(A). For the first
step, you offer him a choice two ways of winning a free tank of gas: (a) he gets .
the free tank of gas if event A occurs; (b) yvou will flip a fair coin and he gets the
free tank of gas if the coin comes up heads.

(a) Your friend chooses method (b). You now know that P;(A) lies in what
interval? (Give numeric endpoints.)

f (0, 0.5

(b) Briefly describe the two choices you would give your friend for the second
step of the calibration experiment. Design the choices to make the calibration
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2. The data value y is a random draw from a probability distribution depending on
a parameter R: 0

p(ylR) o Rezp(-Ry) &P <y<oo (1)
R>0

(a) What parametric family is this? Name and parameter(s)).
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(b) If we consider (1) as the density for random variable Y, which term(s) in (1)
are

i. the normalizing constant
| £

ii. the kernel




(c) If we consider (1) as the likelihood for R, with y known, which term or terms
are:

i. a constant
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\ il. the kernel Q
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(d) To what parametric family of distributions would the conjugate prior for R
belong? (Just name the family.)
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3. Researchers choose a simple random sample of counties from amongst all the
counties in the U.S. The variable reported for each of the selected counties is the
number of new cases of retinoblastoma (a form of cancer) reported in 2006.

(a) Which of the following parametric families would be most likely to be appro-
priate for the likelihood in their analysis?

i. beta
ii. binomial
l iii. gamma
iv. inverse gamma
v. normal
vi. poisson
vil. t

(b) Justify your answer in a sentence or two.
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4. An instructor is giving a multiple choice test to a student.

e Before seeing the student’s answer to the first question, the instructor believes
that the probability that the student knows the right answer is 1/3.

o If the student knows the right answer, the probability that she will answer
the question correctly is 1.

o If the student doesn’t know the right answer and just guesses, the probability
that she will answer the question correctly is 1/4.

(a) Before the instructor sees the student’s answer, what is the instructor’s prob-
ability that the student will answer the first question correctly? (Numeric
answer; show your work.)
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(b) If the student does answer the first question correctly, what is the instructor’s
probability that she just guessed (that is, that she did not know the right
answer? (Numeric answer; show your work.)
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5. A statistician believes that the distribution of heights of undergraduate men at
Ul is normal with known population mean g = 69 inches. He wishes to estimate
the population precision (inverse of the variance) of this distribution. He will use
the symbol 72 for the precision.

The sampling density for a single observation y drawn from this normal distribu-

tion is ) )
T 7 (y — 69)
ply) = m%p( 5

For data, the statistician will measure two randomly selected Ul undergrad men.

(a) Write the likelihood of 72 if there are two data values, represented symboli-
cally as y; and y».
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(b) The statistician puts the following prior on 7°:
19
2
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This prior has as much information as how many prior observations? (In
other words, what is the equivalent prior sample size?) Ao
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(c) When the statistician measures his two subjects, their heights are:
1 = 681in
Yo = T21in

Write a mathematical expression to which the posterior distribution, p(72|y1. o),

is proportional First write it with the data values represented,symbolically

as y1 and y». Then plug in the numeric values. _yr E 4T
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(d) To which parametric family does this posterior distribution belong?
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(e) What are the parameters of the posterior distribution (numeric values)?
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{(f) What are the mean and variance of this posterior distribution?
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(g) Write the R (or Splus) function that you would use to computé a 95% poste ~
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rior credible set for 72. Include the appropriate arguments.
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(h) Suppose that the 95% posterior credible set for 72 turned out to be (0.1, 0.5).

What is the correct Bayesian interpretation of this interval?
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