22S:138
Bayesian Statistics

Intro to One-Parameter Models:
Learning about a Proportion

Lecture 3
Aug. 30, 2004

Kate Cowles
374 SH, 335-0727
kcowles@stat.uiowa.edu

3

e You do not have the time or resources to lo-
cate and interview all 28000+ students, so
you cannot evaluate p exactly.

e You pick a simple random sample of n = 50
students from the student directory and ask
each of them whether he/she would be likely
to quit school if tuition were raised by 10%.

e You wish to use your sample data to esti-
mate the population proportion p, and to
determine the amount of uncertainty in your
estimate.
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Example:

e You read in last Monday’s newspaper that
one of the lowa regents wants to raise tuition
at the 3 Iowa universities by 10%.

e You want to send the regents some argu-
ments against this idea.

e To support your argument, you would like to
tell the regents what proportion of current Ul
students are likely to quit school if tuition is
raised by that much.

e Your research question is: what is the un-
known population parameter p — the pro-
portion in the entire population of Ul stu-
dents who would be likely to quit school.
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The binomial distribution

e For each of the 50 students in your sample,
define a “Bernoulli” random variable indicat-
ing whether they say that would quit school
(yes or no).

— “Bernoulli” or ”"binary” random variable
— random variable that can assume one of
only two values

—one value is arbitrarily called a “success,”
the other a “failure”

—we'll call a “yes” answer a success
e The unknown population proportion p is also

the probability that a randomly-selected stu-
dent from this population would answer “yes.”



e Because we know nothing about the people
in your sample except that they were in the
student directory, it is reasonable to assume
that they all have the same probability of
saying yes to your questions — namely p.

— If we knew more about the students, this
assumption would not be reasonable.

e We also will assume, because you drew a sim-
ple random sample, that the responses from
the individual students are independent.

— This would not be reasonable if you had
chosen 25 pairs of roommates, sets of sib-
lings, etc.

The likelihood function

e But we don’t know p.

e Instead, after you interview the 50 students,
we know that y = 7, and we want to estimate
p.

e In this case, we may change perspective and
regard the sampling distribution as a func-
tion of the unknown parameter p. When re-
garded in this way, the sampling distribution
is called the “likelihood function.”

1) =[P |1 -p® 0<p<

e We could compute this likelihood for differ-
ent values of p. Intuitively, values of p that
give larger likelihood evaluations are more
consistent with the observed data.

e Define a random variable Y as the count of
the number of successes in your sample.

o Y meets the definition of a “binomial random
variable” — it is the count of the number of
successes in n independent Bernoulli trials,
all with the same success probability

Y ~ Binomial(n, p)
e What are the possible values of Y7

o [f we knew p, we could use the binomial prob-
ability mass function to compute the proba-
bility of obtaining any one of the possible
values of Y in our sample.

n _
p(ylp) = (y]py(l—p)” Y y=0,1,...,n
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The likelihood function for a binomial
sample with 7 successes in 50 trials

normalized likelihood
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Frequentist approach to estimating p:
Maximum likelihood estimation

e Frequentist approach to estimating p: find
the value of p for which the likelihood func-
tion attains its maximum

— This is the value that makes the observed
data most likely.

— This value of p is called the “maximum
likelihood estimate” or MLE.

e Usually preferable to maximize the natural
log of the likelihood function.

—log transformation is monotonic, so max-
imizing the log gives the same answer as
maximizing the original function

— original likelihood is usually a product, so
log is a sum — easier to differentiate!

—curvature of log likelihood is related to
sample variance of the MLE

Sampling distribution of the MLE

e The sampling distribution of an estimator is
the distribution of the values of that statistic
calculated from all possible samples of size n
drawn from the population of interest.

— (or, if the population is infinite or only
theoretical, the distribution of values ob-
tained in the limit under repeated sam-
pling)

e binomial setting: sampling distribution of p
is the probability distribution of the values
of this estimator if repeated binomial sam-
ples are taken with sample size n and fixed
success probability p

l(p) = log [Z] +y log(p) + (n — y)log(1 — p),
O<p<l1

o Take first derivative of log likelihood with re-
spect to p, set equal to 0, and solve for p.

dip) _y_n-y_,
dpp 1-p
.Y
p=-
n
e In example, MLE is
7
h=_—=.14
=50
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e asymptotic approximation to sampling dis-
tribution of any MLE when n is “large”
— generically, if 6 is the MLE for a popula-
tion parameter 6, then
6~ N (0,126
where

1) () is the second derivative of the log-
likelihood evaluated at the MLE.

« and N(a,b) is the normal distribution
with mean a and variance b

e for binomial proportion p,

por b



Frequentist confidence interval

e The estimated standard deviation of an esti-
mator is called its standard error.

e The approximate standard error of p is p(1=p)

n
e a level C confidence interval for population
proportion p can be calculated using asymp-
totic sampling distribution of p

(b — 21— 2 se(p), D+ 21_cyo se(p))
where Zik—C/Q is the 1 - C/2 quantile of the
standard normal distribution.
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—and applied this procedure for computing
a confidence interval to each of the samples

then

—90% of the resulting confidence intervals
would include the true population propor-
tion p

e We don’t know whether the particular con-
fidence interval from the sample we actually
have is one of the 90% or one of the 10%.

e The frequentist cannot say that there is 90%
probability that the true p is in this interval.
The true p is some fixed number, even though
we don’t know what it is. That number is or
is not in this interval.
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Back to quitting school example

ep=0.14
en =50
e se(p) = 14 156'14 = .049

e for a 90% confidence interval, z* = 1.645

¢ 90% confidence interval for population pro-
portion p is

(0.14 — 1.645 x 0.049, 0.14 + 1.645 x 0.049)
(0.059,0.221)

e Note: if we had obtained a different random
sample of 50 students, we would have got-
ten not only a different p but also a different
confidence interval.

e Interpretation of this frequentist confidence
interval: if

— we took many, many different random sam-
ples from this population

16

Bayesian inference regarding a propor-
tion
Constructing a prior

e parameter of interest is still the unknown
population proportion p

e p could take on any value in interval (0, 1)

e We need to assess our knowledge or belief
about this unknown parameter before we ob-
serve the data from the survey.

e Because p can take on any of a continuum
of values, we express this knowledge or belief
most appropriately by means of a probability
density function.

— unlike our previous problems where there
was a discrete set of models to which we
assigned probabilities



Constructing a prior, continued

e person who has little or no knowledge about
likely values of this proportion

— might consider all values in (0, 1) equally
plausible before seeing any data

— uniform density on (0,1) describes this be-
lief mathematically

p~U(,1)
pp)=1, 0<p<l1

Other possible priors

e If a person has knowledge or belief regard-
ing likely values of p, his/her prior will be
informative

e examples: two different possible priors ex-
pressing the belief that the most likely values
of p are between .1 and .25
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Uniform

12

11

10

08
I

e called “vague” or “noninformative” prior
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e A histogram prior

e A discrete prior, such as

1
p(p) = 5, p=.1,.125,.15,.175, .20, .225, .25

e An infinite number of other possibilities



21

Updating prior beliefs

e Bayes theorem for probability density func-
tions

p(pldata) oc p(p) L(p)

e Recall quitting school example and binomial
likelihood:

L(p) = [

e Combining the prior density and the likeli-
hood to get the posterior density

n

y]py(l -p)"Y, 0<p<1

p(pldata) o< p(p) p(1-p)"Y, 0<p<1
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e If the uniform prior, p(p) = 1 had been cho-
sen, and there were 7 people who said they
would quit out of 50 surveyed:

p(pldata) o p'(1—p)®, 0<p<1

e With the noninformative, uniform prior, the

posterior density is proportional to the like-
lihood function!

— But the Bayesian and frequentist interpre-
tations are different.

— The Bayesian says that the population pa-
rameter p can be treated as if it were ran-
dom variable, and the posterior distribu-
tion is a probability distribution represent-
ing beliefs about its value.

— The frequentist says that the same curve
represents the probability of the sample
result (7 successes in 50 trials) for differ-
ent fixed values of the unknown popula-
tion parameter p.



