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Abstract

This pap er reviews the literature on Ba y esian exp erimen tal design, b oth for linear

and nonlinear mo dels. A uni�ed view of the topic is presen ted b y putting exp erimen tal

design in a decision theoretic framew ork. This framew ork justi�es man y optimalit y

criteria, and op ens new p ossibilities. V arious design criteria b ecome part of a single,

coheren t approac h.
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1 In tro duction

Non-Ba y esian exp erimen tal design for linear mo dels has b een review ed b y Stein b erg and

Hun ter (1984) and in the recen t b o ok b y Puk elsheim (1993). F ord, Kitsos and Titterington

(1989) review ed non-Ba y esian design for nonlinear mo dels. This pap er considers the theory

of non-Ba y esian design only as needed for the dev elopmen t. DasGupta (1995) presen ts a

compleme n tary review of Ba y esian and non-Ba y esian optimal design.

1.1 Exp erimen tal Design

The design of exp erimen ts is an imp ortan t part of scien ti�c researc h. Design in v olv es

sp ecifying all asp ects of an exp erimen t and c ho osing the v alues of v ariables that can b e

con trolled b efore the exp erimen t starts. Con trol v ariables migh t include: c ho osing whic h

treatmen ts to study , de�ning the treatmen ts precisely , c ho osing blo c king factors, c ho osing

ho w to randomize, sp ecifying the exp erimen tal units to b e used, sp ecifying a length of time

for the exp erimen t to b e p erformed, c ho osing a sample size and c ho osing the prop ortion of

observ ations to allo cate to eac h treatmen t. These are all relev an t asp ects in design.
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Common sense, a v ailable resources, and kno wledge of the motiv ation for carrying out the

exp erimen t often help in selecting imp ortan t features that dep end on the sp eci�c problem.

In designing a clinical trial, where exp erimen ts are to b e p erformed on p eople, the c hoice of

the treatmen ts to b e compared is a cen tral ethical issue. Whether or not a placeb o is ethical

and, if not, what to use as a con trol treatmen t, is a problem that do es not arise in designing

a �eld exp erimen t to compare yields from di�eren t fertilizer com binations. Not all asp ects

of exp erimen tal design are susceptible to abstract mathematical treatmen t. Cho osing v alues

for the con trol v ariables ho w ev er can b e simply expressed in a mathematical framew ork.

This problem has b een considered at length in the scien ti�c literature and is fo cused on in

this pap er.

When designing an exp erimen t, decisions m ust b e made b efore data collection, and data

collection is restricted b y limited resources. Because information is usually a v ailable prior to

exp erimen tation and, indeed, often motiv ates doing the exp erimen t, Ba y esian metho ds are

ideally suited to con tribute to exp erimen tal design. Ba y esian decision theory also motiv ates

precise sp eci�cation of the reason the exp erimen t is b eing conducted. Lik e most areas of

Ba y esian statistics, Ba y esian exp erimen tal design has gained p opularit y in the past t w o

decades. But also lik e man y areas of Ba y esian statistics, applications to actual exp erimen ts

still lag b ehind the theory . Apart from Flourno y (1993) there are no true \case studies"

that w e kno w of, where Ba y esian ideas ha v e b een formally applied to the design of an actual

scien ti�c exp erimen t b efore it is done. This is a v ery imp ortan t area for future w ork. There

are ho w ev er sev eral examples of examining an exp erimen t in a Ba y esian design framew ork

after it has b een done: for example Clyde, M • uller and P armigiani (1994) and some examples

presen ted in this pap er.

The basic idea in exp erimen tal design is that statistical inference ab out the quan tities of

in terest can b e impro v ed b y appropriately selecting the v alues of the con trol v ariables. In

estimation problems, estimators with small v ariance are usually desirable. Con trol v ariables

should therefore b e selected to ac hiev e small v ariabilit y for the estimator c hosen. Muc h

dep ends ho w ev er on what is to b e estimated, and ho w it will b e estimated. Sp ecifying the

purp ose of the exp erimen t generates v arious criteria for the c hoice of a design.

W e address the fundamen tal principles of design b y pro viding a general Ba y esian decision
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theoretic framew ork for a coheren t approac h. Most of the w ork in Ba y esian design can b e

included as sp ecial cases in this general structure. The usefulness of this approac h and the

impro v em en t that can b e obtained o v er designing within the non-Ba y esian theory is sho wn

with some examples. Three examples are presen ted in Section 1.2. They will b e examined

again in Sections 3 and 6 to illustrate the t yp e of impro v em e n t that can b e obtained o v er non-

Ba y esian designs and that, sometimes, the exp erimen ts used in practice are appro ximately

Ba y es optimal.

1.2 Examples

Example 1. Consider the one-w a y analysis of v ariance mo del where a giv en total of n

observ ations m ust b e divided among t groups in an optimal w a y . The observ ations are

measuremen ts on the exp erimen tal units and the groups corresp ond to t treatmen ts whose

e�ects are of in terest. Assume also that the v ariance of the observ ations is kno wn. Assigning

the same n um b er of observ ations to eac h group is a p ossibilit y , but di�eren t c hoices of these

prop ortions migh t b e more appropriate, dep ending on the t yp e of exp erimen t. The same

one-w a y analysis of v ariance mo del can b e used either in a trial to study the e�ect of t

di�eren t treatmen ts, or when the e�ects of t � 1 similar treatmen ts are to b e compared with

a standard con trol, or, p erhaps, when a giv en drug is to b e tested at t di�eren t dose lev els.

In tuitiv ely , it ma y b e sensible to ha v e di�eren t designs for eac h of these situations.

T o giv e an idea of the di�erence a Ba y esian approac h can mak e, consider the follo wing t w o

exp erimen ts. One exp erimen t consists in comparing t � 1 similar treatmen ts with a con trol.

A second one tak es observ ations in t di�eren t groups to study the e�ect of increasing lev els

z

1

; z

2

; : : : z

t

of a certain drug. Both exp erimen ts are mo deled through a one w a y analysis of

v ariance but they are essen tially di�eren t. Section 3 presen ts a w a y to use prior kno wledge

in these examples. A prior distribution used in the �rst exp erimen t will not necessarily b e

appropriate in the second. A non-Ba y esian approac h to design w ould t ypically consider the

t w o exp erimen ts exactly the same and the same design w ould b e c hosen for b oth of them.

The Ba y esian approac h has instead more 
exibilit y as is sho wn in Section 3.

Example 2. A t a Univ ersit y of Minnesota lab oratory large n um b ers of animal exp erimen ts

w ere done to assess the p otency of individual batc hes of drug. The lab oratory p erformed
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logistic regressions on man y di�eren t drugs and biologic material.

F or one particular drug under study , 54 similar exp erimen ts w ere p erformed and the

same t yp e of design w as used for eac h of the exp erimen ts. The design usually consisted of

six equally spaced doses with ten mice exp osed to eac h dose. Sixt y animals w ere required for

eac h exp erimen t. Occasionally less than sixt y animals w ere a v ailable in whic h case less than

ten animals w ere exp osed to the highest dose. The resp onses measured w ere the n um b er of

surviving mice one w eek after b eing giv en the dose. Di�eren t n um b ers of mice died dep ending

on the p otency of the batc h of drug and b y c hance. T ypically a high prop ortion (80% or

90%) of the mice died at the high lev els and a lo w er prop ortion (20% or 10%) died at the

lo w lev els. After eac h exp erimen t, the p otency of the batc h w as calculated using maxim um

lik eliho o d to estimate the LD50, the dose at whic h the probabilit y of a mice dying w as

estimated to b e 0.50. Tw o t ypical data sets are giv en in table 1 from a exp erimen ts that

lo ok ed at the p otency of di�eren t concen trations of albumen.

T ABLE 1.

Dose Num b er Num b er Dose Num b er Num b er

Exp osed Dead Exp osed Dead

2.5 10 0 2.5 10 0

3.0 10 1 3.0 10 2

3.5 10 1 3.5 10 1

4.0 10 3 4.0 10 4

4.5 10 5 4.5 10 7

5.0 10 6 5.0 10 8

BA TCH 1 BA TCH 2

This example will b e discussed further in Section 6.2. The design used, six equally spaced

doses with ten animals at eac h dose, w as c hosen for con v enience. It is straigh tforw ard to

do the exp erimen t, and with large n um b ers of exp erimen ts, it is simpler to use the same

design eac h time. It is natural to ask whether the exp erimen ts could ha v e b een designed

di�eren tly . It is also natural to use results from this set of exp erimen ts for constructing

a prior distribution to use for subsequen t exp erimen ts. The 54 estimates of LD50 can b e

though t of a sample from a distribution of p ossible v alues. W e therefore consider a prior

distribution for the LD50 that reasonably re
ects the observ ed sample and has appro ximately

the same �rst t w o momen ts as the sample.
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Example 3. A tkinson, Chaloner, Herzb erg and Juritz (1993) examined a designed exp er-

imen t to in v estigate bioa v ailabilit y . The exp erimen t, describ ed in a 1979 unpublished PhD

thesis b y Button at T exas A&M Univ ersit y , consisted of giving 15mg/kg of theoph ylline as

aminoph ylline to a n um b er of horses b y in tra-gastric administration. Blo o d samples w ere

then dra wn at di�eren t times, t , after injection and the concen tration of drug, y , measured.

The v alue of y w as mo deled to b e related to t through an op en one-compartmen t mo del with

�rst-order absorption input:

y = �

3

( e

� �

1

t

� e

� �

2

t

) + �:

The observ ation errors � are indep enden t and normally distributed with mean zero. The

unkno wn parameters ( �

1

; �

2

; �

3

) are suc h that �

2

> �

1

. A t time t = 0 the exp ected resp onse

is zero and, as t increases, it increases up to a maxim um and then decreases to zero as t

gets larger. Sev eral quan tities are of in terest including the area under the exp ected resp onse

curv e, the time at whic h the maxim um is reac hed, and the v alue at the maxim um . The

design problem is c ho osing the times at whic h to tak e blo o d samples. The design used in

Button's thesis is fairly t ypical of these exp erimen ts and is an 18 p oin t design with one

measuremen t at eac h time and the times are appro ximately uniform on a log scale.

As in example 2, this is another case of a nonlinear design problem. A tkinson, Chaloner,

Herzb erg and Juritz (1993) lo ok ed at the e�ciency of the 18 p oin t design used b y the

exp erimen ter and constructed Ba y esian optimal designs under sev eral prior distributions

suggested b y the data. This is further discussed in Section 6.4.

1.3 Ov erview of the Ba y esian Approac h

Exp erimen tal design is the only situation where it is meaningful within the Ba y esian

theory to a v erage o v er the sample space. As the sample has not y et b een observ ed, the

general principle of a v eraging o v er what is unkno wn applies. F ollo wing Rai�a and Sc hlaifer

(1961), Lindley (1972, page 19 and 20) presen ted a decision theory approac h to exp erimen tal

design. Lindley's argumen t is essen tially the follo wing.

A design � m ust b e c hosen from some set H , and data y from a sample space Y will b e

observ ed. Based on y a decision d will b e c hosen from some set D . The decision is in t w o

parts: �rst the selection of � , and then the c hoice of a terminal decision d . The unkno wn
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parameters are � , and the parameter space is �. A general utilit y function is of the form

U ( d; � ; � ; y ).

F or an y design � , the exp ected utilit y of the b est decision is giv en b y

U ( � ) =

Z

Y

max

d 2D

Z

�

U ( d; � ; � ; y ) p ( � j y ; � ) p ( y j � ) d� d y ; (1)

where p ( � ) denotes a probabilit y densit y function with resp ect to an appropriate measure.

The Ba y esian solution to the exp erimen tal design problem is pro vided b y the design �

�

maximiz ing: (1)

U ( �

�

) = max

� 2H

Z

Y

max

d 2D

Z

�

U ( d; � ; � ; y ) p ( � j y ; � ) p ( y j � ) d� d y : (2)

In other w ords, Lindley's argumen t suggests that a go o d w a y for designing exp erimen ts

is to sp ecify a utilit y function re
ecting the purp ose of the exp erimen t, regard the design

c hoice as a decision problem, and select a design that maximi zes the exp ected utilit y .

The presen t pap er pursues Lindley's approac h as a unifying form ulation for the theory

of Ba y esian exp erimen tal design. Selecting a utilit y function that appropriately describ es

the goals of a giv en exp erimen t is v ery imp ortan t. A design that is optimal for estimation is

not necessarily also optimal for prediction. Ev en restricting atten tion to optimal designs for

estimation, there are a v ariet y of criteria that lead to di�eren t designs, dep ending on what

is to b e estimated and what utilit y function is used. The c hoice of a utilit y (or loss) function

expresses v arious reasons for carrying out an exp erimen t.

In the linear mo del, the analogs of widely kno wn non-Ba y esian alphab etical design criteria

(Bo x, 1982) suc h as A -optimalit y , D -optimalit y and others can b e giv en decision theoretic

justi�cation. When inference ab out the parameters is the main goal of the analysis, for

example, a utilit y function based on Shannon information leads to Ba y esian D-optimalit y

in the normal linear mo del (see, Bernardo, 1979). In addition, Shannon information can b e

used for prediction and in mixed utilit y functions that describ e sev eral sim ultaneous goals

for an exp erimen t. Ba y esian equiv alen ts of some other p opular optimalit y criteria can also

b e deriv ed b y c ho osing appropriate utilit y functions. Some, but not all of the alphab etical

optimalit y criteria, ha v e a utilit y-based Ba y esian v ersion.
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There are cases where prediction migh t b e considered more imp ortan t than inference

when designing an exp erimen t. This migh t b e the case, for example, in settings lik e reliabilit y

and qualit y con trol where the future lev el of output has to b e k ept on target, or in clinical

trials when it is imp ortan t to obtain information on ho w patien ts will resp ond to some

treatmen t. F or these t yp es of problems the predictiv e Ba y esian approac h is appropriate for

b oth design and analysis. F or a detailed treatmen t of this topic, see Geisser (1993).

Other utilit y functions can b e devised for designing exp erimen ts that tak e in to accoun t

more sp eci�c issues. F or example as argued b y Lindley and No vic k (1981) randomization is

unnecessary for inference in a Ba y esian exp erimen t: it is \merely useful". Randomization

is an imp ortan t practical asp ect of design, esp ecially in clinical trials. V erdinelli (1990) and

Ball, Smith and V erdinelli (1993) considered this problem for the linear mo del within the

theory of Ba y esian optimal exp erimen tal design.

1.4 Notation

In the linear mo del with n indep enden t observ ations, X stands for a n � k design matrix.

The ro ws of X , x

T

j

; j = 1 : : : n are elemen ts of a compact set X of design p oin ts a v ailable

to the exp erimen te r. The matrix X

T

X is denoted b y nM and it is often referred to as the

information matrix, since the Fisher information matrix is equal to �

� 2

nM . If n

i

observ ations

are tak en at the p oin t x

i

2 X , then the information matrix can b e written as n

P

( n

i

=n ) x

i

x

T

i

with

P

n

i

=n = 1. F ollo wing F edoro v (1972, page 62) and man y other authors, de�ne �

i

=

n

i

=n so nM = n

P

�

i

x

i

x

T

i

. A design can no w b e seen as a probabilit y measure � on the

region X of design p oin ts. It is usually con v enien t to relax the requiremen t for the n

i

's to

b e in tegers so that the design problem b ecomes that of �nding an optimal design measure

� from the set of all probabilit y measures on X ; this set is denoted H . W e will use b oth

notations nM and nM ( � ) for the information matrix. In some situations, it ma y b e of

in terest to �nd exact optimal designs where the probabilit y measure � is suc h that, for a

sp eci�ed n , the v alues n�

i

are all in tegers.

In some cases, using a linear mo del, exact calculations for exp ected utilit y , U ( � ) as giv en

b y (1) and (2) in Section 1.3, are p ossible. F or nonlinear mo dels, exp ected utilities do not

ha v e a closed form represen tation. Appro ximations are therefore required. It is often still
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p ossible, ho w ev er, to form ulate the problem in a similar w a y . The design problem is still to

c ho ose v alues of the con trol v ariables x

j

; j = 1 ; : : : ; n from a compact set X . If, just as in

the linear case, w e denote �

i

to b e the prop ortion of observ ations at a p oin t x

i

then in b oth

linear and nonlinear mo dels the design problem can b e though t of as c ho osing a probabilit y

measure � o v er X from H . W e will see in Sections 4, 5 and 6 that design for nonlinear

mo dels presen ts some c hallenges. A Ba y esian approac h can pro vide practical insigh t and

lead to useful solutions.

Relaxing the requiremen t for n�

i

to b e in teger v alues mak es the problem more tractable.

Designs where the prop ortions are not constrained to corresp ond to in tegers for some n are

referred to as appr oximate or c ontinuous designs. An appro ximate design can b e rounded to

an exact design without losing to o m uc h e�ciency (see for example Puk elsheim, 1993, Chap-

ter 12, for some rounding algorithms and discussion). Without the relaxation to non-in teger

designs the design problem is that of a hard in teger programming problem. Ma jumdar (1988,

1992) deriv ed Ba y esian exact designs for a t w o w a y analysis of v ariance mo del considering

a sp ecial sub class of prior distributions. This is a particularly useful approac h when dealing

with the constrain ts of incomplete blo c ks. T oman (1994) deriv ed Ba y es optimal exact de-

signs for t w o- and three-lev el factorial exp erimen ts, with and without blo c king. One of the

imp ortan t problems she solv ed is that of c ho osing a fraction of the full factorial design.

Most approac hes to design assume that there is a �xed n um b er n of observ ations to b e

tak en. Sub ject to this constrain t, a probabilit y measure on X should b e c hosen to maximiz e

the exp ected utilit y . This form ulation has led to a researc h area kno wn as \Optimal design"

or \Optimal Ba y esian design". One of the most p o w erful to ols for �nding designs is the

General Equiv alence Theorem (Kiefer, 1959, Whittle, 1973). Of course there ma y b e other

constrain ts suc h as a �xed total cost, C , and eac h observ ation ma y cost a di�eren t amoun t

c

i

. The problem then b ecomes to maximiz e utilit y sub ject to a �xed cost C . The equiv alence

theorem can easily b e adapted to deal with this extension. See for example Cherno� (1972,

p. 16) who sho w ed that a simple linear transformation can mo dify the problem to the more

familiar one with a �xed sample size. This is applied to Ba y esian linear design problems

in Chaloner (1982). T uc hsc herer (1983) �nds Ba y esian linear optimal designs for particular

cost functions.

8



1.5 Structure of the P ap er

Sections 2 and 3 of this pap er deal with designs for linear mo dels. Ba y esian analogs of

alphab etical design criteria are in tro duced in Section 2.2 and are examined in 2.3. Other

design criteria within the Ba y esian decision theory approac h are discussed in Section 2.4.

The case of unkno wn error v ariance is considered in 2.5. Section 3 is dev oted to the simple

but imp ortan t case of analysis of v ariance mo dels. The examples considered illustrate the

e�ect of incorp orating prior information in the linear mo del.

Nonlinear mo dels are examined in Sections 4 and 5. V arious p ossible appro ximations to

exp ected utilit y are in v estigated in 4.2. Section 4.3 deals with some of the di�eren t Ba y esian

approac hes. Lo cal optimalit y is considered in 4.4. The appro ximations are compared in 4.5.

Prop erties of optimal nonlinear Ba y esian design are discussed in Section 5. F or example it

is sho wn that the n um b er of supp ort p oin ts in an optimal design ma y dep end on the prior

distribution. Some exact results are giv en and the a v ailable soft w are is review ed. Section

6 considers a few other sp eci�c problems in nonlinear design suc h as sample size in clinical

trials and design for reliabilit y and qualit y con trol.

Nonlinear problems generated from a linear mo del are considered in Section 7. Additional

problems, suc h as design for v ariance comp onen ts, for a mixture of linear mo dels and for

mo del discrimination, are discussed in Section 8. Section 9 con tains concluding remarks.

2 Ba y esian designs for the normal linear mo del

2.1 In tro duction

Consider the problem of c ho osing a design � for a normal linear regression mo del. The

data y is a v ector of n observ ations where y j � ; �

2

� N ( X � ; �

2

I ), � is a v ector of k unkno wn

parameters, �

2

is kno wn and I is the n � n iden tit y matrix. Supp ose that the prior information

is suc h that � j �

2

is normally distributed with mean �

0

and v ariance-co v ariance matrix �

2

R

� 1

,

where the k � k matrix R is kno wn. Recall, from Section 1.4, that the matrix X

T

X is denoted

b y nM or, equiv alen tly , nM ( � ). The p osterior distribution for � is also normal with mean

v ector �

�

= ( nM ( � ) + R )

� 1

( X

T

y + R�

0

) and co v ariance matrix �

2

D ( � ) = �

2

( nM ( � ) + R )

� 1

;

D ( � ) is a function of the design � and of the prior precision matrix �

� 2

R .
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2.2 Ba y esian Alphab etical Optimalit y: Ov erview

F ollo wing Lindley's (1956) suggestion, sev eral authors (Stone, 1959 a, b; DeGro ot, 1962,

1986; Bernardo, 1979) considered the exp ected gain in Shannon information giv en b y an

exp erimen t as a utilit y function (Shannon, 1948). These authors prop osed c ho osing a design

that maximi ze s the exp ected gain in Shannon information or, equiv alen tly , maximi zes the

exp ected Kullbac k-Leibler distance b et w een the p osterior and the prior distributions:

Z

log

p ( � j y ; � )

p ( � )

p ( y ; � j � ) d� d y : (3)

The prior distribution do es not dep end on the design � , so the design � maximi zi ng the

exp ected gain in Shannon information is the one that maximi zes:

U

1

( � ) =

Z

log f p ( � j y ; � ) g p ( y ; � j � ) d� d y ; (4)

This is the exp ected Shannon information of the p osterior distribution. This exp ected utilit y

U

1

( � ) migh t b e appropriate when the exp erimen t is conducted for inference on the v ector � .

In the normal linear regression mo del

U

1

( � ) = �

k

2

log (2 � ) �

k

2

+

1

2

log det f �

� 2

( nM ( � ) + R ) g :

This utilit y therefore reduces to maximi zing the function �

1

( � ) = det f nM ( � ) + R g and

it is kno wn as Ba y es D -optimalit y . Non-Ba y esian D -optimalit y maximi ze s the determinan t

of M ( � ). Note the sym b ol � ( � ) is used to denote a design criterion function and U ( � ) is used

to denote an exp ected utilit y function.

In the non-Ba y esian design literature, there are pap ers discussing the augmen tation of

a previous design. That is, for D-optimalit y c ho osing � to maximize the determinan t of

( nM + X

T

0

X

0

) where X

T

0

X

0

is �xed, t ypically from a design obtained previously . This is

clearly algebraically iden tical to Ba y esian D-optimalit y and is discussed in Co v ey-Crump

and Silv ey (1970), Dykstra (1971), Ev ans (1979), Ma y er and Hendric kson (1973), Johnson

and Nac h tsheim (1983) and Heib erger, Bhaumik and Holland (1993).

A v ariation of non-Ba y esian D -optimalit y is D

S

-optimalit y , see, for example, Silv ey (1980
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p. 10-11). This criterion maximize s the in v erse determinan t of the co v ariance matrix for

the least squares estimator of a linear function  = s

T

� of the parameters. The equiv a-

len t Ba y esian criterion is obtained considering the p osterior distribution of  in (4). Not

m uc h atten tion has b een giv en to this criterion in the Ba y esian literature, but its use is

straigh tforw ard.

Ba y esian D -optimalit y can b e deriv ed from other utilit y functions as w ell. Assume that

in terest is in inference for � and that p ( � ) is c hosen to represen t its probabilit y densit y

function. The follo wing utilit y function is asso ciated with the true v alue of the parameter �

and with the function p ( � ) selected as probabilit y densit y function for � :

U ( � ; p ( � ) ; � ) = 2 p ( � ) �

Z

p

2

(

~

� ) d

~

� : (5)

This utilit y function is a prop er scoring rule, �rst in tro duced b y de Finetti (1962) for discrete

� . Buehler (1971) prop osed its use for eliciting b eliefs ab out � , b oth in the discrete and in

the con tin uous case. Sp ezzaferri (1988) adopted (5) for designing exp erimen ts for mo del

discrimination and parameter estimation. He also sho w ed that in the normal linear mo del,

when in terest is in estimation of � , (5) reduces to

�

2 �

p

�

�

� k

f det [ nM ( � ) + R ] g

1 = 2

;

th us obtaining the D -optimalit y criterion. Eaton, Gio v agnoli and Sebastiani (1994) also use

utilit y functions based on prop er scoring rules for prediction and also deriv e D -optimalit y

as a sp ecial case.

Another justi�cation of Ba y esian D -optimalit y w as deriv ed b y Tiao and Afonja (1976)

through the follo wing t w o v alued utilit y function:

U (

^

� ; � ; � ) =

8

>

<

>

:

0 j

^

� � � j < a

� 1 j

^

� � � j > a

; (6)

where

^

� denotes an estimator for � and a is an arbitrarily small p ositiv e constan t.

11



When the sp eci�c reason for conducting an exp erimen t is to obtain a p oin t estimate

of the parameters, or of linear com binations of them, a quadratic loss function migh t b e

appropriate. In this case a design can b e c hosen to maximize the follo wing exp ected utilit y:

U

2

( � ) = �

Z

( � �

^

� )

T

A ( � �

^

� ) p ( y ; � j � ) d� d y ; (7)

where A is a symmetr ic non negativ e de�nite matrix. The Ba y es pro cedure yields as ex-

p ected utilit y U

2

( � ) = � �

2

tr f AD ( � ) g and a corresp onding criterion �

2

( � ) = � tr f AD ( � ) g =

tr f A ( nM ( � ) + R )

� 1

g . A design that maximi zes �

2

( � ) is called Ba y es A -optimal, a gener-

alization of the non-Ba y esian A -optimalit y criterion, that minimi zes tr f AM ( � )

� 1

g . This

criterion also arises when minim iz ing the exp ected squared error loss for estimating c

T

�

or when minimi zing the squared error of prediction at c , where c is not necessarily �xed

and a distribution is sp eci�ed on it. See Ow en (1970), Bro oks (1972, 1974, 1976, 1977),

and Duncan and DeGro ot (1976). Chaloner (1984) sho w ed ho w an equiv alence theorem can

b e used for this criterion, deriv ed a b ound on the n um b er of supp ort p oin ts in an opti-

mal design and presen ted some examples. T oman and Notz (1991) considered this criterion

for analysis of v ariance mo dels with t w o-w a y heterogeneit y . T oman (1992a) and T oman

and Gast wirth (1993) dealt with A -optimalit y in a robustness con text and T oman (1994)

examined A -optimalit y for factorial exp erimen ts.

A sp ecial case of A -optimalit y is when rank( A ) = 1, that is A = cc

T

and U

2

( � ) =

� �

2

c

T

D ( � ) c ; this v ariation of A -optimalit y is called Ba y es c -optimalit y and it parallels the

non-Ba y esian c -optimalit y . This optimalit y criterion is also obtained when the exp ected

squared loss is used for estimating a giv en linear com bination of the parameters:  = c

T

�

where c is �xed. A Ba y esian mo di�cation of the geometric argumen t in Elfving's (1952)

theorem for c -optimalit y w as giv en in Chaloner (1984) and extended in El-Krunz and Studden

(1991) and Dette (1993a, b).

An extension of the notion of the c -optimalit y criterion is E -optimalit y , for whic h the

maxim um p osterior v ariance of all p ossible normalized linear com binations of parameter

estimates is minim iz ed. As a heuristic argumen t to motiv ate E -optimalit y , consider an

exp erimen t to estimate the linear function  = c

T

� , for unsp eci�ed c , with the normalizing

12



constrain t k c k = w . A minim ax approac h leads to searc hing for a design that is go o d for

di�eren t c hoices of c . Denoting the maxim um eigen v alue of a matrix H b y �

max

[ H ], an

E -optimal design minimi zes

sup

k c k = w

c

T

D ( � ) c = w

2

�

max

[ D ( � )] : (8)

This criterion app ears not to corresp ond to an y utilit y function and so, although it is referred

to as Ba y es E -optimalit y , its Ba y esian justi�cation, in a decision theoretic con text, is unclear.

Closely related to Ba y esian E -optimalit y is Ba y esian G -optimalit y . A G -optimal design

is c hosen to minim ize sup

x 2X

x

T

D ( � ) x . Similarly to E -optimalit y , this do es not corresp ond

to maximi zing a utilit y function (although there is an equiv alence theorem, see Puk elsheim,

1993, sect. 11.6, that states that con tin uous G -optimal designs are n umerically iden tical to

a corresp onding con tin uous D -optimal design).

Tiao and Afonja (1976) presen ted other utilit y functions aimed at the problems of select-

ing the b est of k parameters and of ranking the parameters. They also prop osed, in addition

to the utilit y (6), the quadratic utilit y in (7) and the follo wing exp onen tial utilit y:

U ( � ) = 1 � exp

�

�

�

2

(

^

� � � )

T

(

^

� � � )

�

:

They considered the problem of c ho osing among a class of balanced designs to illustrate the

use of the ab o v e utilities and to sho w that a design often has to b e selected from a limited

range of a v ailable ones.

It is imp ortan t to recall brie
y the main relations b et w een Ba y esian and non-Ba y esian

design criteria. A c haracteristic of optimal Ba y esian design measures is the dep endence on the

sample size n , since D ( � ) = n

� 1

( M ( � ) + n

� 1

R )

� 1

. This iden tit y sho ws that an y di�erences

b et w een a Ba y esian design and its corresp onding non-Ba y esian one are unimp ortan t if n is

large, since, in this case, ( M ( � ) + n

� 1

R ) is appro ximately equal to M ( � ). This is in tuitiv ely

reasonable: in exp erimen ts where the sample size is large the p osterior distribution will b e

driv en b y the data and will not b e sensitiv e to the prior distribution. In con trast, if n is

small the prior distribution will ha v e more of an e�ect on the p osterior distribution and on

13



the design.

Letting n ! 1 is equiv alen t to R ! 0 and a similar limiting result is seen. When there

is little prior information a v ailable, optimal Ba y esian designs are close to the corresp onding

non-Ba y esian ones. Hence, when a noninformativ e prior distribution is used for inference,

as ma y often b e the case, there is no adv an tage to using the Ba y esian approac h for design.

This limiting b eha vior is not seen in design for nonlinear mo dels where usual non-Ba y esian

optimal designs are again sp ecial cases of Ba y esian design but corresp ond to a p oin t mass

prior distribution rather than non informativ eness. This is discussed further in section 4.

Note also that non-Ba y esian design criteria, suc h as c-optimalit y and D

S

-optimalit y m ust

b e adapted to allo w for designs where the optimal c hoice of nM ( � ) ma y b e singular. F or

Ba y esian design criteria, no suc h adaptation is required. The matrix R is non-singular for

a prop er informativ e prior distribution, so the matrix nM ( � ) + R is alw a ys non-singular

irresp ectiv e of whether nM ( � ) alone is.

2.3 Ba y esian Alphab etical Optimalit y: Related W ork.

In the 1970's Lindley's w ork had a profound in
uence on man y asp ects of Ba y esian

statistics. In the area of exp erimen tal design, a set of pap ers b y Bro oks (Bro oks 1972,

1974, 1976, 1977) w ere inspired b y w ork of Lindley's on the c hoice of v ariables in m ultiple

regression (Lindley 1968). Bro oks follo w ed Lindley's approac h to motiv ate the problem of

c ho osing the b est subset of regressors and the design p oin ts in a linear regression mo del.

Predicting the future v alue of the dep enden t v ariable is the goal of the exp erimen t and

the predictor is obtained substituting the Ba y esian estimator in the regression function,

rather than considering the predictiv e distribution for the future observ ation. A quadratic

loss function, plus costs, is used to ev aluate the di�erence of the future v alue of y and its

predictor. Ba y es A -optimalit y with added costs is the design criterion deriv ed. In his 1974

pap er, Bro oks also lo ok ed for optimal sample size using the same loss function and in his

1977 pap er he dealt with design problems when con trolling for the future v alue of y to b e

at a preassigned v alue y

0

. The setting considered in Bro oks' early pap ers is to o general to

allo w for man y explicit solutions and few sp ecial cases are explored. Straigh t line regression

is examined in his 1976 pap er. Bro oks' w ork can b e seen as a statemen t of the general
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principle that the Ba y esian metho d has a w a y for dealing with the design problem. Ba y es

optimalit y criteria are considered as elemen ts of a class of linear criteria. This last feature

sho ws the in
uence of F edoro v's 1972 b o ok. It is also found in Puk elsheim (1980) and in Pilz's

w ork (for example Pilz,1991) where Ba y esian design criteria are seen mostly as extensions

of the corresp onding non-Ba y esian criteria, the fo cus often b eing placed in sho wing that

non-Ba y esian criteria are limiting cases when di�use prior information is considered. See

also F edoro v (1980, 1981).

Bro oks also examined the case of �

2

b eing unkno wn and used the simple solution to

the problem that substitutes the v alue of �

2

with its prior mean wherev er it app ears in

the �nal expression of the criterion. This approac h w as also used b y other authors, for

example Sinha (1970), Guttman (1971) and more recen tly Puk elsheim (1993, c hapter 11).

They de�ned optimalit y criteria without a decision theory based framew ork and so ha v e no

clear extension to the case where �

2

is unkno wn. In con trast, with a decision theory based

framew ork, the extension to the case where �

2

is unkno wn is conceptually easy but, as is

sho wn in Section 2.5, algebraically hard.

Pilz dealt with Ba y es exp erimen tal designs for a linear mo del in a series of pap ers (Pilz

1979a, b, c, d, 1981a, b, c N• ather and Pilz 1980, Gladitz and Pilz 1982a, b, Bandemer,

N• ather and Pilz 1987). See also the monograph, Pilz (1983) and the revised reprin t of the

monograph, Pilz (1991). His approac h is v ery general, with no distributional assumptions for

the mo del or for the prior distribution. Pilz de�ned Ba y es alphab etical optimalit y criteria as

an extension of the corresp onding non-Ba y esian criteria and lo ok ed at them as sp ecial cases

of a general \Linear optimalit y criterion". D-optimalit y and E-optimalit y do not fall in to

this setting, so Pilz often deriv ed separate results for these criteria. The metho dology used

throughout Pilz' w ork has the 
a v or of classical decision theory . F or example, he considered

admissible and complete classes of designs to �nd conditions for the existence of Ba y es designs

in an admissible class. Pilz also adapted m uc h of the existing theory on optimal design to

the Ba y esian case. He used Whittle's (1973) general v ersion of the equiv alence theorem to

�nd relations among the di�eren t design criteria and to �nd b ounds for the designs. Pilz

also sho w ed that under certain conditions, Ba y es alphab etical designs can b e constructed

as A -optimal designs for a transformed mo del. In some cases, A -optimalit y coincides with
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D - and E - optimalit y , but the conditions under whic h the ab o v e holds do not seem easy to

satisfy . Pilz did not giv e explicit designs and examine their practical implications and his

w ork is somewhat abstract.

2.4 Other Utilit y F unctions

As noted in section 1, in certain exp erimen ts, prediction can b e more imp ortan t than

estimation. In qualit y con trol and in clinical trials prediction of future observ ations can b e

of sp ecial in terest. In these cases the Ba y esian approac h uses predictiv e analysis whic h can

also b e helpful in designing the exp erimen t. The exp ected gain in Shannon information on

a future observ ation y

n +1

is used rather than the exp ected gain in information on the v ector

of parameters. The exp ected Kullbac k-Leibler distance b et w een the predictiv e distribution

p ( y

n +1

j y ; � ) =

R

p ( y

n +1

j � ) p ( � j y ; � ) d� (p osterior predictiv e) and the marginal distribution

p ( y

n +1

) (prior predictiv e) on y

n +1

is the equiv alen t of the quan tit y (3) in section 2.2. The

prior predictiv e distribution do es not dep end on the design and the design that maximi zes

the exp ected gain in Shannon information on y

n +1

is equiv alen t to the design that maximi zes

the exp ected utilit y:

U

3

( � ) =

Z

log p ( y

n +1

j y ; � ) p ( y ; y

n +1

j � ) d y dy

n +1

: (9)

This utilit y function has b een used b y San Martini and Sp ezzaferri (1984) for a mo del

selection problem and b y V erdinelli, P olson and Singpurw alla (1993) for accelerated life test

exp erimen ts. In the normal linear mo del, maximi zi ng U

3

( � ) with resp ect to � corresp onds

to maximi zi ng

�

1

2

n

log (2 � ) + 1 + log

h

�

2

x

T

n +1

D ( � ) x

n +1

+ �

2

io

;

where the next observ ation is going to b e tak en at the p oin t x

n +1

2 X . This is equiv alen t

to minim iz ing the predictiv e v ariance

�

2

n +1

= �

2

[ x

T

n +1

D ( � ) x

n +1

+ 1] :

In the sp ecial case of prediction of y

n +1

at a �xed p oin t c = x

n +1

, the design maximi zing
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U

3

( X ) corresp onds to the Ba y es c -optimal design presen ted in section 2.2.

Y et another situation is where the exp erimen ter is concerned with the v alue of the re-

sp onse v ariable y . In these cases, one migh t b e in terested not only with inference on the

parameters, but also with obtaining a large v alue of the outcome. Exp erimen tation migh t

b e considered only if the design prop osed is exp ected to pro duce a large v alue of outcome

as w ell as a large v alue of information. In suc h cases, one p ossibilit y is to lo ok for a design

that maximize s a com bination of the exp ected total output and the exp ected Shannon infor-

mation for the p osterior distribution. V erdinelli and Kadane (1992) prop osed the follo wing

exp ected utilit y:

U

4

( � ) =

Z

h

� y

T

1 + � log p ( � j y ; � )

i

p ( y ; � j � ) d y d� : (10)

The non-negativ e w eigh ts � and � express the relativ e con tribution that the exp erimen ter is

willing to attac h to the t w o comp onen ts of U

4

( � ). In the normal linear mo del, these w eigh ts

a�ect the c hoice of the design through the ratio � =� . A design maximi zi ng U

4

( � ) is equiv alen t

to a design maximi zi ng

Z

y

T

1 p ( y ) d y +

�

2 �

log det f D ( � ) g :

V erdinelli (1992) suggested the use of another exp ected utilit y function when the goal

of the exp erimen t is b oth inference ab out the parameters and prediction ab out the future

observ ation. It is giv en b y a com bination of U

1

( � ) and U

3

( � ), namely:

U

5

( � ) = 


Z

log p ( y

n +1

j y ; � ) p ( y ; y

n +1

j � ) d y dy

n +1

+ !

Z

log p ( � j y ; � ) p ( y ; � j � ) d y d� : (11)

As in U

4

( � ), the w eigh ts 
 and ! express the relativ e con tribution of the predictiv e and

the inferen tial comp onen ts of the utilit y . In this case, the t w o comp onen ts are expressed in

the same units. In the linear mo del the exp ected utilit y U

5

is maximiz ed b y a design that

maximiz es

�




2

n

log (2 � ) + 1 + log

h

�

2

x

T

n +1

D ( � ) x

n +1

+ �

2

i o

�

!

2

n

k log (2 � ) + k � log det( �

� 2

D

� 1

( � ))

o

:
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This is equiv alen t to minim iz ing �

2

n +1

det f �

2

D ( � ) g , where �

2

n +1

is the predictiv e v ariance,

de�ned earlier. It turns out that the w eigh ts 
 and ! do not a�ect the c hoice of the design.

Y et another form ulation of the design problem as a decision problem is giv en in T oman

(1995). She examined design when the purp ose of the exp erimen t is h yp othesis testing.

2.5 Unkno wn V ariance

If the v ariance �

2

in the linear mo del of section 2.1 is unkno wn then the optimalit y criteria

induced b y the utilit y functions of the earlier sections ma y need to b e mo di�ed, although

conceptually the goal of maximizi ng a utilit y remains the same. Let the prior distribution

for ( � ; �

2

) b e conjugate in the normal-in v erted gamma family: � j �

2

� N ( �

0

; �

2

R

� 1

) and

�

� 2

j �; � � Ga ( �; � ), so that p ( �

2

j �; � ) / ( �

2

)

� ( � +1)

exp f� � �

� 2

g . This implies that b oth

the prior and the p osterior marginal distributions for � are m ultiv ariate t distributions.

Denote b y t

�

[ m; �; �] the probabilit y distribution of an m -v ariate t random v ariable with �

degrees of freedom, mean v ector � and scale matrix � (see for example DeGro ot 1970, sec 5.6

or Bo x and Tiao 1973 page 117). Recall that �

�

= ( nM ( � ) + R )

� 1

( X

T

y + R�

0

). Let h ( � ; y )

denote the quan tit y (2 � + n )

� 1

n

( y � X �

0

)

T

h

I � X ( nM ( � ) + R )

� 1

X

T

i

( y � X �

0

) + 2 �

o

and

let a = � =� . The prior and p osterior marginal distributions for � are:

� � t

2 �

h

k ; �

0

; aR

� 1

i

and � j y ; � � t

2 � + n

h

k ; �

�

; h ( � ; y )( nM ( � ) + R )

� 1

i

:

The distribution of y conditional on � alone is m ultiv ariate t : y j � � t

2 �

[ n; X � ; aI ]. In

addition, the marginal distribution of the data y is m ultiv ariate t :

y j � � t

2 �

h

n; X �

0

; a [ I � X ( nM ( � ) + R )

� 1

X

T

]

� 1

i

;

and the p osterior predictiv e distribution for y

n +1

, a new observ ation at x

n +1

, is univ ariate t :

y

n +1

j y ; � � t

2 � + n

[ 1 ; x

n +1

�

�

; h ( � ; y ) f x

n +1

( nM ( � ) + R )

� 1

x

n +1

+ 1 g ].

Ev aluating the exp ected utilities presen ted in sections 2.2 and 2.4 is no w a more compli-

cated task. The in tegrals that de�ne U

1

; U

3

; U

4

and U

5

are no w in tractable since no closed

form expression can b e deriv ed. Numerical approac hes or appro ximations, suc h as the nor-

mal appro ximations (12) or (13) describ ed later, in section 4.2, are needed to �nd Ba y esian
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designs.

Things are somewhat simpler for A -optimalit y and U

2

. In the expression for U

2

( � ),

letting A = I , the in tegral in (7) reduces to

R

tr V ar( � j y ) p ( y ) d y where V ar( � j y ) denotes the

p osterior co v ariance matrix and p ( y ) is the marginal distribution of y . The A -optimalit y

criterion reduces to �nding a design � that minim iz es

2 � + n

2 � + n � 2

tr ( nM ( � ) + R )

� 1

�

�

Z

h ( � ; y ) p ( y ) d y

�

:

The in tegral in the ab o v e form ula is equal to [2 � n (2 � � 1)

� 1

+ 2 � ] = (2 � + n ), whic h do es not

dep end on y . Hence Ba y es A -optimalit y is insensitiv e to the kno wledge of �

2

and in this

sense it is a robust criterion for c ho osing a design. See also Chaloner (1984). This feature

of A -optimalit y mak es it app ealing to use. It remains to b e seen ho w design dev elop ed from

distributional distances are in
uenced b y the prior distribution on �

2

.

3 Design for analysis of v ariance mo dels

3.1 In tro duction

In section 2, w e sho w ed ho w a decision theoretic setting for exp erimen tal design leads to

w ell de�ned optimalit y criteria for the linear mo del. This section deals with the imp ortan t

sp ecial case of mo dels for the analysis of v ariance. In these cases criteria from Section 2

sometimes allo w the deriv ation of explicit forms for optimal designs. Tw o di�eren t w a ys of

building normal prior distributions for the v ector � are examined. Ba y esian optimal designs

are considered when � has prior mean �

0

and co v ariance matrix �

2

R

� 1

, as in section 2.1.

In addition, Ba y esian optimal designs under a hierarc hical prior distribution, as in Lindley

and Smith (1972), are also deriv ed. The hierarc hical normal linear mo del can b e used to

represen t di�eren t exp erimen tal settings. A giv en criterion lik e, sa y , Ba y es D -optimalit y

yields di�eren t designs for v arious c hoices of the hierarc hical structure that describ es the

exp erimen t.

3.2 Analysis of V ariance Mo dels

In the one w a y analysis of v ariance mo del, when the e�ects of t treatmen ts are of in terest,

the matrix nM is simply diag f n

1

; n

2

; : : : n

t

g , where n

i

is the n um b er of observ ations in the
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i -th group. Cho osing an optimal design for this mo del consists in c ho osing the n um b er of

observ ations n

i

or the prop ortions of observ ations �

i

= n

i

=n on eac h treatmen t.

Duncan and DeGro ot (1976) considered the problem of Ba y esian optimal design for the

one w a y analysis of v ariance mo del using the A -optimalit y criterion, de�ned in section 2.2.

In one of the cases they examined, one of the t treatmen ts is a con trol and the con trasts of

in terest compare the t � 1 treatmen ts to the con trol.

In the t w o-w a y case, with the second factor b eing a blo c king v ariable, there migh t b e t

treatmen ts and b blo c ks. The c hoice of a design for this mo del is equiv alen t to the c hoice of

n

ij

, the n um b er of observ ations tak en on the i -th treatmen t in the j -th blo c k. If the blo c k

sizes k

j

are �xed, this is the same as c ho osing the prop ortions �

ij

= n

ij

=k

j

of units to assign

to the treatmen ts in eac h of the blo c ks. Ow en (1970) and Gio v agnoli and V erdinelli (1983)

considered Ba y esian designs for the t w o-w a y mo del with treatmen ts and blo c ks. One of the

treatmen ts is a con trol and the parameters of in terest are the con trasts of the treatmen ts

with the con trol. Ow en dealt with A -optimalit y while Gio v agnoli and V erdinelli examined a

class of criteria prop osed, in a non-Ba y esian con text, b y Kiefer (1975). The class is de�ned

for a parameter p � 0 as �

p

= f k

� 1

tr[ D ( � )]

p

g

1 =p

. Ba y esian A-optimalit y is a sp ecial case

when p = 1, Ba y esian D -optimalit y results when p ! 0 and Ba y esian E -optimalit y when

p ! 1 . Ha ving de�ned this class, Gio v agnoli and V erdinelli then fo cused on D -optimal

designs. Simeone and V erdinelli (1989) used nonlinear programming tec hniques to deriv e

E -optimal Ba y es designs for the same mo del.

Ba y esian designs for analysis of v ariance mo dels w ere deriv ed in T oman (1992a, 1994,

1995). Designs for mo dels with t w o blo c king factors w ere examined b y T oman and Notz

(1991), who mainly considered A -optimalit y criterion, but also presen ted solutions for D -

and E -optimalit y .

3.3 Example 1 Con tin ued

F ollo wing Duncan and DeGro ot (1976) let us no w consider the A -optimalit y criterion in

the one w a y analysis of v ariance mo del. Let � = ( �

1

; �

2

; : : : �

t

)

T

represen t the treatmen t

e�ects and supp ose the exp erimen t is designed to study the con trasts �

i

� �

1

of the e�ects

of t � 1 new treatmen ts compared with a con trol for i = 2 ; : : : ; t . Assume that the treatmen t
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e�ects �

i

are indep enden t and normally distributed with prior means �

i

and v ariance �

2

i

.

The use of utilit y function (7) for Ba y esian A -optimalit y , leads to an optimal prop ortion of

observ ations on the con trol

�

1

= max

(

0 ;

1 +

P

t

j =1

1 =n�

2

j

1 +

p

t � 1

�

1

n�

2

1

)

and on the i th new treatmen t

�

i

= max

8

<

:

0 ;

p

t � 1

�

1 +

P

t

j =1

1 =n�

2

j

�

1 +

p

t � 1

�

1

n�

2

i

9

=

;

; for i = 2 ; : : : ; t ;

with the constrain t

P

t

j =1

�

j

= 1. If the same prior mean and v ariance �

2

and �

2

2

sa y , are

assigned to all the new treatmen ts, to represen t that they are though t to b e indep enden t

and ha v e the same prior distribution, then the A -optimal prop ortions of observ ations can b e

written as:

�

1

= max

(

0 ; �

� 2

�

2

+ �

1

+ ( t � 1) �

2

1 +

p

t � 1

)

�

2

= ( t � 1)

� 1

(1 � �

1

) ;

where �

1

= �

2

=n�

2

1

and �

2

= �

2

=n�

2

2

. F rom these expressions w e can see the limiti ng b eha vior

of �

1

and �

2

. As the v alue of the prior v ariances gets large with resp ect to �

2

=n , that is

for �

1

and �

2

b oth small, the result approac hes the non-Ba y esian A -optimal prop ortion. A

prop ortion f

p

t � 1 + 1 g

� 1

of the observ ations are on the con trol and the rest are equally

divided among the other t � 1 treatmen ts. This design is sometimes called \the square

ro ot rule", since it places the same n um b er of observ ations on all the new treatmen ts and

p

t � 1 as man y on the con trol. When, instead, �

1

is large compared with �

2

{ meaning that

prior information is less precise on the new treatmen ts that it is on the con trol { then the

A -optimal design puts no observ ations on the con trol. Similarly , if �

2

is large compared to

�

1

it ma y b e optimal to put all the observ ations on the con trol.

Assume no w that the utilit y function c hosen is U

1

( � ) in (4) and the exp erimen t is designed

to b e Ba y esian D -optimal. Supp ose that the new treatmen t e�ects are still assumed to b e
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indep enden t and iden tically distributed. The optimal prop ortion of observ ations on the

con trol, �

1

, dep ends again on the ratios �

1

= �

2

=n�

2

1

and �

2

= �

2

=n�

2

2

. When �

1

and �

2

are

b oth small, the non-Ba y esian D -optimal design is obtained, that places the same prop ortions

of observ ations 1 =t on the new treatmen ts and on the con trol. In con trast, if �

1

is large, there

is precise kno wledge of the e�ect of the con trol, and it ma y b e optimal to tak e no observ ations

on the con trol, just as in Ba y esian A-optimalit y . Similarly if �

2

is large the prior information

ab out the new treatmen ts is precise and no observ ations need to b e tak en on them.

When the optimal design tak es no observ ations on a treatmen t, then the only information

on that treatmen t in the p osterior distribution will b e from the prior information. Some

exp erimen ters migh t w ell �nd this feature unapp ealing: some migh t argue that this is not

ev en an exp erimen t. In implem en ting suc h a design the assumption is clearly critical that

the prior information really do es represen t accurate information ab out the exp erimen tal

units in this particular exp erimen t. This is alw a ys an imp ortan t assumption to examine,

esp ecially when the optimal Ba y esian design is so di�eren t from the corresp onding optimal

non-Ba y esian design. But of course it is in exactly these cases of precise prior information

or, equiv alen tly , of small planned sample size, that Ba y esian optimal designs can impro v e

o v er non-Ba y esian designs if the critical assumption holds.

Similar results are obtained when the utilit y function c hosen is (10) and concern is b oth

on inference and on yielding a large v alue of the total output. In this case, the optimal

prop ortion �

1

on the con trol dep ends b oth on the prior means and on the prior v ariances.

It can b e sho wn that there are t w o threshold v alues, F and G , functions of �

1

and �

2

only ,

suc h that if �

2

� �

1

� F then �

1

= 1 and if �

2

� �

1

� G then �

1

= 0. Hence the optimal

design do es not tak e observ ations on the new treatmen ts if the prior mean �

2

of the new

treatmen t e�ect is small compared with the prior mean of the con trol e�ect �

1

. Similarly no

observ ations are tak en on the con trol if �

2

is large compared to �

1

.

3.4 Hierarc hical form for the prior distribution

The use of a hierarc hical normal linear mo del is motiv ated b y Lindley and Smith (1972).

The basic mo del consists of three stages. The �rst stage is the sampling distribution and

it is just the usual normal linear mo del with a v ector of parameters � , sa y , as describ ed in
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section 2.1. The second and third stages together are used to mo del the prior distribution for

� . The linear mo dels of earlier sections are obtained when the prior distribution is expressed

through one stage only . W e no w consider prior distributions sp eci�ed in t w o stages. The

distribution of � at the �rst stage is expressed through a v ector of h yp erparameters and a

second stage is added to sp ecify the distribution of the h yp erparameters.

F or example in the one w a y analysis of v ariance mo del, let the sampling distribution b e

suc h that the y

ij

are indep enden t and

y

ij

j �

i

� N ( �

i

; �

2

) ;

with �

2

kno wn. T o represen t the information that all the group e�ects �

i

are similar, then

the �rst stage of the prior distribution is that, conditional on some v alue � , the �

i

are

indep enden t with mean � , and with the same kno wn v ariance �

2

. That is the �

i

are a sample

from the same distribution �

i

j � � N ( �; �

2

). The second stage of the prior distribution

represen ts the uncertain t y in � : for example � � N (0 ; !

2

). Then the marginal distribution

of the parameters �

i

is suc h that the �

i

are exc hangeable, but not indep enden t. The �

i

's are

p ositiv ely correlated, represen ting that they are b eliev ed to b e similar. Ev en if !

2

! 1 ,

represen ting v ague prior kno wledge, the distribution still retains a correlation structure.

As Lindley and Smith (1972, page 7) remark ed, it is the t yp e of exp erimen t that often

suggests the sp eci�cations for the �rst stage of the prior, that describ e the relationship

existing among the elemen ts of � . A t the second stage, kno wledge is lik ely to b e w eak,

so it is natural to express this b y assuming a distribution for the h yp erparameters that is

disp ersed. Under this t yp e of prior distribution, the marginal distribution of the data, y is

formally that of a random e�ects mo del rather than a �xed e�ects mo del.

Under this hierarc hical structure, the Ba y esian optimal design criteria deriv ed from D -

optimalit y (4) and A -optimalit y (7) are di�eren t than under a prior distribution set only

in one stage. Relativ ely little researc h has b een done on design with a hierarc hical prior

distribution and more w ork is needed in this area.
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3.5 Example 1 Con tin ued

Assume again there is a con trol group and t � 1 treatmen t groups. The �rst stage of

the prior distribution is suc h that, conditional on �

1

and �

2

, the con trol e�ect is normally

distributed with mean �

1

and v ariance �

2

1

, and the t � 1 treatmen t e�ects ( �

2

; �

3

; : : : ; �

t

) are

normal with a mean v ector 1 �

2

, where 1 is a ( t � 1) v ector of one's, and a v ariance matrix

�

2

2

I . The v ariances �

2

1

and �

2

2

are assumed to b e kno wn. Let the prior distribution of �

1

and

�

2

b e 
at and improp er to represen t that not m uc h is kno wn ab out treatmen ts and con trol,

apart from the fact that �

1

and �

2

are though t to b e di�eren t. Collapsing the t w o-stages

giv es a singular prior precision matrix �

� 2

R :

R =

�

2

( t � 1) n�

2

2

2

6

6

6

6

6

4

0 : 0

T

� � � � � �

0 : ( t � 1) I � J

3

7

7

7

7

7

5

;

where J = 11

T

. The matrix R is suc h that the mean of the con trol e�ect is indep enden t of

the mean e�ects of the new treatmen ts, that the new treatmen ts means are exc hangeable,

but not indep enden t of eac h other, and that the prior distribution is non-informativ e with

resp ect to the con trol. The symmetry built in to this mo del is suc h that for an y of the utilit y

functions of section 2, the optimal prop ortions of observ ations on eac h new treatmen t is the

same, �

2

sa y , with 0 � �

2

� ( t � 1)

� 1

, and the prop ortion of observ ations on the con trol is

�

1

= 1 � ( t � 1) �

2

.

In this case to o, di�eren t designs are generated from di�eren t utilities. When (4) is

c hosen, for Ba y esian D-optimalit y , and in terest is on inference on either the v ector � =

( �

1

; �

2

; : : : ; �

t

) or on the con trasts �

i

� �

1

; for i = 2 ; : : : ; t , the optimal prop ortion of

observ ations on the con trol �

1

, can b e expressed as a function of the ratio � = �

2

=n�

2

2

.

When � ! 1 the prior v ariance for the new treatmen ts is small compared with the error

v ariance �

2

=n . This implies that the new treatmen ts are b eliev ed to b e v ery similar to

eac h other (whic h migh t often b e the case in practice) and lim

� !1

�

1

( � ) = 1 = 2. Hence

half of the observ ations are on the con trol, and the rest are equally divided among the new

treatmen ts. In tuitiv ely , to compare t w o indep enden t treatmen ts, the observ ations w ould
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b e divided equally b et w een the t w o and this is, essen tially , the situation when � ! 1 . In

con trast, if the prior v ariance for the new treatmen ts is large compared with �

2

=n , that is � !

0, than lim

� ! 0

�

1

( � ) = 1 =t . Exc hangeabilit y in this case reduces to the new treatmen ts b eing

indep enden t, and all treatmen ts, con trol and new, get an equal allo cation of observ ations.

The design deriv ed from (7), is suc h that the A -optimal prop ortion �

1

also dep ends only

on � . When � ! 1 and the new treatmen t means are b eliev ed to b e v ery similar then,

lim

� !1

�

1

( � ) = 1 = 2. This solution is the same found for D -optimalit y when � ! 1 . In fact,

for this limiting case, all alphab etically optimal criteria coincide. In con trast, when the new

treatmen t means are indep enden t, represen ted b y � ! 0, w e get again the square ro ot rule

giv en in Section 3.2.

As men tioned in Section 1.2, let us consider no w a di�eren t exp erimen t (Smith and

V erdinelli, 1980) where the prior means of eac h group are formed to study the e�ects of

increasing lev els z

1

; z

2

; : : : z

k

of a giv en drug. This exp erimen t to o can b e mo deled sp ecifying

the prior distribution in t w o stages. A t the �rst stage the prior means of eac h group are on

a resp onse curv e describ ed b y a lo w degree p olynomial. Hence

�

i

� N ( 


0

+ 


1

z

i

+ : : : + 


r

z

r

i

; �

2

)

where i = 1 ; 2 ; : : : ; t ; r < t ; a straigh t line corresp onds to c ho osing r = 1 and a quadratic to

r = 2. A t the second stage, the prior distribution for the h yp erparameters 


0

; 


1

; : : : ; 


r

is

c hosen to b e non informativ e, th us represen ting that the only kno wledge a v ailable is ab out

the t yp e of resp onse surface, not ab out its actual form. Deriving optimal designs for this

t yp e of assumptions requires n umerical implem en tation.

Figure 1 sho ws ho w the D -optimal prop ortions �

i

v ary when � = �

2

=n�

2

increases, for

equally spaced z

i

and an orthogonal p olynomial represen tation. The left hand side of the

�gure sho ws D -optimal prop ortions for sev en groups ( t = 7) and a straigh t line at the �rst

stage of the prior distribution ( r = 1). The righ t hand side of the �gure is essen tially

the same, but the D -optimal prop ortions are for nine groups ( t = 9) and for a second

degree p olynomial at the �rst stage of the prior distribution ( r = 2). Note ho w the D -

optimal prop ortions in the groups b eha v e consisten tly with the strength of prior b eliefs in
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the p olynomial at the �rst stage, as represen ted b y the ratio � b et w een sample and prior
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Figure 1

Left D -optimal prop ortions for k = 7 groups and a straigh t line at the �rst stage of the prior

Righ t D -optimal prop ortions for k = 9 groups and a parab ola at the �rst stage of the prior

v ariances. The optimal prop ortions of observ ations on the t groups v ary from the non-

Ba y esian D -optimal design for the one w a y mo del �

i

= 1 =t , when � is small, to the non-

Ba y esian D -optimal designs for the p olynomial c hosen when � is large. This last case cor-

resp onds to assuming a strong prior kno wledge ab out the p olynomial relationship for the t

groups, while not considering the one-w a y structure particularly relev an t.
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4 Nonlinear design problems

4.1 In tro duction

Design is more di�cult when the mo del is not linear or when a nonlinear function of

the co e�cien ts of a linear mo del is of in terest. Suc h problems are referred to as \nonlinear

design problems". It will b e sho wn that the design problem can b e form ulated as maximi zing

exp ected utilit y but appro ximations m ust t ypically b e used as the exact exp ected utilit y is

often a complicated in tegral. Designs can still b e denoted b y a probabilit y measure � o v er

the design space X and the set of all suc h measures b e denoted H . The measures ma y b e

arbitrary probabilit y measures represen ting appro ximate, or con tin uous, designs, or measures

corresp onding to exact designs whic h ha v e mass 1 =n on n , not necessarily distinct, p oin ts.

4.2 Appro ximations to exp ected utilit y

Most appro ximations to exp ected utilit y in v olv e using a normal appro ximation to the

p osterior distribution. Sev eral normal appro ximations are p ossible, see for example Berger

(1985, p. 224), and in v olv e either the exp ected Fisher information matrix or the matrix of

second deriv ativ es of the logarithm of either the lik eliho o d or the p osterior densit y . The

exp ected Fisher information matrix for a mo del with unkno wn parameters � , a design �

and a sample size of n is denoted b y n I ( � ; � ). Note that the matrix of momen ts, M , used

in the previous sections on linear design, is a v ery sp ecial case of I ( � ; � ) , where I ( � ; � )

do es not dep end on � . F or consistency with the literature, and to emphasize that I ( � ; � )

is not necessarily a momen t matrix, this separate notation is used for linear and nonlinear

problems.

Let

^

� denote the maxim um lik eliho o d estimate of � . One normal appro ximation migh t

b e:

� j y ; � � N (

^

� ; [ n I (

^

� ; � )]

� 1

) : (12)

In (12) the p osterior normal appro ximation only dep ends on the data through

^

� . An alter-

nativ e appro ximation is:

� j y ; � � N (

^

� ; [ R + n I (

^

� ; � )]

� 1

) (13)

where

^

� no w denotes the mo de of the join t p osterior distribution of � (also called the gener-
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alized maxim um lik eliho o d estimate of � as in Berger, 1985, p.133), and R is the matrix of

second deriv ativ es of the logarithm of the prior densit y function, or the precision matrix of

the prior distribution.

Sev eral other appro ximations are p ossible, for example using the exact p osterior mean

and v ariance as the mean and v ariance of the appro ximating normal distribution, or using

the observ ed rather than exp ected Fisher information matrix. Although in sp eci�c problems

there ma y b e reasons to prefer one appro ximation to another, and the observ ed, rather than

the exp ected information matrix, almost alw a ys giv es a b etter normal appro ximation to the

p osterior distribution, in general there is no ob viously b est one to use. F or design purp oses

the exp ected Fisher information matrix is usually algebraically m uc h more tractable. Using

appro ximations other than (12) and (13) is an area for future researc h.

If, for illustration, Shannon information is the c hoice of utilit y then the exp ected utilit y

U

1

( � ) is giv en b y equation (4), as in the linear mo del. U

1

( � ) is the exact exp ected utilit y ,

whic h in v olv es p ( y j � ), the marginal distribution of the data for a design � . As in the linear

mo del

p ( y j � ) =

Z

p ( y j � ; � ) p ( � ) d� :

In most cases this marginal distribution of y m ust also b e appro ximated. When the p osterior

utilit y only dep ends on y through some consisten t estimate

^

� a further appro ximation, of

the same order as (12) and (13), is to tak e the predictiv e distribution of

^

� to b e the prior

distribution. Using this appro ximation together with (12) giv es an appro ximate v alue of

U

1

( � ):

�

k

2

log (2 � ) �

k

2

+

1

2

Z

log det f n I ( � ; � ) g p ( � ) d� : (14)

As in earlier sections U ( � ) will b e used to denote exact exp ected utilit y and � ( � ) a design

criterion. The constan t terms and m ultipli er in (14) can b e dropp ed to giv e

�

1

( � ) =

Z

log det f n I ( � ; � ) g p ( � ) d� (15)
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as a design criterion. Similarly the design criterion deriv ed using (13) giv es:

�

1 R

( � ) =

Z

log det f n I ( � ; � ) + R g p ( � ) d� : (16)

Supp ose no w that the only quan tit y to b e estimated is a function of the co e�cien ts g ( � ) and

squared error loss is appropriate, so that the utilit y is U

2

( � ) in (7). De�ne the k v ector c ( � )

to b e the gradien t v ector of g ( � ). That is, the ith en try of c ( � ) is:

c

i

( � ) =

@ g ( � )

@ �

i

: (17)

Then, using (12), the appro ximate exp ected utilit y is

�

2

( � ) = �

Z

c ( � )

T

f n I ( � ; � ) g

� 1

c ( � ) p ( � ) d� : (18)

A sligh tly di�eren t appro ximation in v olving R is giv en when (13) is used:

�

2 R

( � ) = �

Z

c ( � )

T

f R + n I ( � ; � ) g

� 1

c ( � ) p ( � ) d� : (19)

Should more than one function of � b e of in terest, the total exp ected loss is the sum of

the exp ected losses for all the nonlinear functions. This sum could b e a w eigh ted sum to

represen t some functions b eing of more in terest than others. If the matrix A ( � ) is the sum,

or corresp onding w eigh ted sum, of the individual matrices c ( � ) c ( � )

T

then the appro ximate

exp ected utilit y is

�

2

( � ) = �

Z

tr f A ( � )[ n I ( � ; � )]

� 1

g p ( � ) d� (20)

with a similar expression in v olving the matrix R if (13) is used. Criteria (15), (18) and

(20) will b e referred to as Ba y esian D-optimalit y , Ba y esian c-optimalit y and Ba y esian A-

optimalit y resp ectiv ely .

Clyde (1993a) suggested that as these Ba y esian design criteria are based on appro ximate

normalit y it is appropriate to design to ensure that, with high probabilit y , the p osterior

distribution is, appro ximately , normal. She suggested sev eral approac hes, including maxi-

mizing the criteria discussed ab o v e sub ject to some constrain ts that help ensure normalit y .
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The constrain ts she used are dev elop ed from the ideas of Slate (1991) and Kass and Slate

(1994) who ga v e diagnostics for p osterior normalit y . F or small sample sizes the constrain ts

are activ e but for large sample sizes p osterior normalit y is more lik ely and so the constrain ts

are t ypically satis�ed b y the design maximizi ng the Ba y esian criterion. She also lo ok ed at

other w a ys of com bining the t w o ob jectiv es of maximiz ing appro ximate utilit y and attaining

appro ximate normalit y . Hamilton and W atts (1985) and P� azman and Pronzato (1992a, b),

to ok a related non-Ba y esian approac h.

M • uller and P armigiani (1995) suggested estimating the exact exp ected utilit y using

Mark o v Chain Mon te Carlo metho ds but the e�ectiv eness of this suggestion in sp eci�c prob-

lems has y et to b e demonstrated.

4.3 Ba y esian criteria

Some of the earliest pap ers putting design for nonlinear mo dels in a Ba y esian p ersp ectiv e

are Tsutak a w a (1972) and Zac ks (1977). They b oth used the matrix I ( � ; � ) in their design

criteria. Tsutak a w a considered a one parameter logistic regression with kno wn slop e co e�-

cien t and unkno wn LD50, denoted b y � . The criterion he maximi zed w as the univ ariate case

of (19), that is:

� ( � ) = �

Z

f R + n I ( � ; � ) g

� 1

p ( � ) d� : (21)

where the in tegrand is a scalar. Tsutak a w a n umerically found designs maximi zing (21),

restricting the designs to equally spaced design p oin ts with equal n um b ers of Bernoulli

observ ations at eac h design p oin t. He ga v e the argumen ts of Section 4.2 to justify (19). In

a later pap er (Tsutak a w a 1980), he extended similar ideas to design for the estimation of

other p ercen tile resp onses.

Zac ks (1977) considered problems where the data are to b e sampled from an exp onen-

tial family with kno wn scale parameter and where some function of the mean is linear in

an explanatory v ariable. This class of generalized linear mo dels includes quan tal resp onse

mo dels and mo dels for exp onen tial lifetimes. The Fisher information matrix has a common

form for these mo dels and Zac ks considered designs that maximiz e the exp ected v alue of the

determinan t of I ( � ; � ), that is:
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� ( � ) =

Z

det f n I ( � ; � ) g p ( � ) d� : (22)

Zac ks examined sev eral examples and also found optimal m ultistage designs for quan tal

resp onse exp erimen ts. Note that the criterion in (22), unlik e (15), is not readily in terpretable

as an appro ximation to the exp ected utilit y (4).

A similar approac h to that of Tsutak a w a and Zac ks to design for nonlinear mo dels, called

\robust exp erimen tal design", w as dev elop ed in the �eld of pharmacokinetics and biological

mo deling. This w as initially dev elop ed without men tion of an y Ba y esian motiv ation. These

pro cedures are describ ed in W alter and Pronzato (1985) and Pronzato and W alter (1985,

1987, 1988), see also Landa w (1982, 1984). This w ork also relates to w ork on dynamic

systems as in Mehra (1974) and Go o dwin and P a yne (1977).

In addition to using the criterion (22) Pronzato and W alter also used sev eral other criteria

suc h as:

� ( � ) = �

Z

[det I ( � ; � )]

� 1

p ( � ) d� : (23)

� ( � ) = det

�

I

�

Z

� p ( � ) d� ; �

��

: (24)

They also discussed and deriv ed designs based on minim ax criteria.

There is a ric h related literature, mostly non-Ba y esian, on design, for complex phar-

macokinetic and biological mo dels. A feature whic h mak es these metho ds di�eren t is that

often allo w ances are made for in ter- and in tra-sub ject v ariabilit y . Another feature of suc h

mo dels that is often used is non-constan t error v ariance. F urther references can b e found in

Launa y and Iliadis (1988), Mallet and Men tre (1988), D'Argenio and V an Guilder (1988),

Thomaseth and Cob elli (1988) and D'Argenio (1990). With a few exceptions, suc h as Katz

and D'Argenio (1983), this imp ortan t w ork is not in the mainstream statistics literature but

in the scien ti�c literature of pharmacokinetics and mathematical biology .

4.4 Lo cal optimalit y

A crude appro ximation to exp ected utilit y w ould b e to appro ximate the marginal distri-

bution of

^

� b y a one p oin t distribution. The one p oin t w ould represen t a \b est guess". This
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approac h, kno wn as lo cal optimalit y , has b een used extensiv ely in nonlinear design and is

due to Cherno� (1953, 1962). It is also used in the pioneering pap er of Bo x and Lucas (1959)

where the imp ortan t issues in design for nonlinear regression w ere iden ti�ed. Although they

used lo cal optimalit y , Bo x and Lucas suggested extending this b y taking in to accoun t a prior

distribution on the parameter v alues. Drap er and Hun ter (1967a) extend the w ork of Bo x

and Lucas. White (1973, 1975) sho w ed ho w results from linear design theory can b e adapted

to apply to lo cal optimalit y in nonlinear mo dels and she also deriv ed lo cally optimal designs

for binary regression exp erimen ts.

As lo cal optimalit y is a v ery crude appro ximation to exp ected utilit y , it can b e considered

as b eing appro ximately Ba y esian although it is t ypically not justi�ed in this w a y and is

usually used in a non-Ba y esian framew ork.

The exp erimen ter is required to sp ecify a b est guess, �

0

for the unkno wn parameters � .

Lo cal D -optimalit y in v olv es c ho osing the design � maximi zi ng

�

1 �

0

( � ) = det fI ( �

0

; � ) g : (25)

for a �xed v alue �

0

. Similarly , lo cal c-optimalit y is to c ho ose � to maximize :

�

2 �

0

( � ) = � c

T

( �

0

) I ( �

0

; � )

� 1

c ( �

0

) = � tr A ( �

0

) I ( �

0

; � )

� 1

(26)

whic h can clearly b e generalized to lo cal A-optimalit y . As in (18) and (19) the v ector c ( �

0

)

is the gradien t v ector of the function of in terest, ev aluated at �

0

. T ypically c ( �

0

) dep ends on

�

0

as do es the matrix A ( �

0

) = c ( �

0

) c ( �

0

)

T

. If more than one function of the parameters is of

in terest then the matrix A ( �

0

) is the, p ossibly w eigh ted, sum of matrices corresp onding to

the individual functions. The w eigh ts are the relativ e imp ortance of eac h nonlinear function.

T o our kno wledge v ersions of (25) and (26) in v olving the matrix R ha v e not b een used.

4.5 Comparison of the appro ximations

The v arious w a ys to appro ximate (1) presen ted earlier and their implications will no w

b e compared. F or Ba y esian D-optimalit y and maximizi ng Shannon information w e compare

criteria (15) and (16) and, for Ba y esian c-optimalit y and minimi zi ng squared error loss, (18)
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and (19). These criteria are asymptotic appro ximations of the same order. Sev eral asp ects

do distinguish them. The criteria (16) and (19)

� require the sp eci�cation of R .

� giv e optimal designs whic h dep end on the sample size

� a v oid tec hnical problems using prior distributions with un b ounded supp ort where, for

a design with b ounded supp ort, I ( � ; � ) ma y b e arbitrarily close to b eing singular (as

discussed in Tsutak a w a, 1972).

The criteria (15) and (18) alternativ ely ,

� can b e in terpreted as a pro cedure where a di�eren t prior distribution will b e used for

the analysis than w as used in the design stage. A noninformativ e prior distribution

will b e used in the analysis, hence giving R iden tically zero, but all a v ailable prior

information will b e used in the design pro cess and an informativ e p ( � ) will b e used to

a v erage o v er in the in tegral. This ec ho es the idea giv en in Tsutak a w a (1972) of using

di�eren t prior distributions for design and for analysis. (See also Etzione and Kadane,

1993).

� for similar reasons these criteria are app ealing in a non-Ba y esian framew ork where it

is accepted that prior information m ust b e used in design but should not b e used in

the analysis. Indeed this is the motiv ation of Pronzato and W alter (1985, 1987).

F or these reasons w e prefer (15) and (18) o v er (16) and (19). But note that for large sample

sizes, or for cases where the matrix R corresp onds to imprecise information, there will b e

v ery little di�erence b et w een the t w o sets of criteria.

V ersions of these criteria using the observ ed rather than exp ected information matrix,

or the second deriv ativ e of the logarithm of the p osterior do not app ear to ha v e b een in-

v estigated and migh t giv e b etter designs, esp ecially for small samples. Similarly not m uc h

is kno wn in general ab out ho w w ell these criteria, whic h appro ximate exp ected utilit y , p er-

form empiricall y . F or a sp ecial case of example 3, A tkinson, Chaloner, Herzb erg and Juritz
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(1993) sho w ed b y sim ulation that the Ba y esian criteria do w ell empirically . Clyde (1993)

also presen ted some sim ulations. A recen t pap er b y Sun, Tsutak a w a and Lu (1995) sho w ed

b y sim ulation that the n umerical appro ximation of Tsutak a w a (1972) for design in the one

parameter logistic regression example is remark ably accurate.

4.6 Discussion

Apart from the ideal approac h of maximi zi ng exact exp ected utilit y precisely as in sa y (1),

no single approac h can comfortably b e lab eled as the de�nitiv e \Ba y esian nonlinear design

criterion". The criteria deriv ed in this section are all appro ximations to the ideal. This has

not alw a ys b een fully understo o d. F or example A tkinson and Donev (1992) presen t \Fiv e

v ersions of Ba y esian D-optimalit y" in T able 19.1. They explain that the (15) corresp onds

to \pre-p osterior exp ected loss" but do not explain that it is Shannon information as utilit y

rather than loss, and it is an appro ximation.

5 Optimal nonlinear Ba y esian design

5.1 In tro duction

Chaloner (1987) and Chaloner and Larn tz (1986, 1988, 1989) dev elop ed the use of criteria

suc h as those giv en b y (15) whic h are the exp ectation, o v er a prior distribution of a lo cal

optimalit y criterion. W e refer to suc h criteria as \Ba y esian design criteria". These design

criteria are conca v e on H , the space of all probabilit y measures on X . Sub ject to some

regularit y conditions, an equiv alence theorem can b e deriv ed. The equiv alence theorem w as

stated b y Whittle (1973) in the con text of linear design problems, but its application to

nonlinear problems w as not then apparen t and the regularit y conditions required for its use

in the nonlinear case not stated. See also L• auter (1974, 1976) and Dub o v (1977). The

theorem states that, in order to v erify that a design measure is optimal, it is necessary only

to c hec k that the appropriate directional deriv ativ e at that design measure, in the direction of

all one p oin t design measures is ev erywhere non p ositiv e. A candidate optimal appro ximate

design can b e found using n umerical optimization and the theorem mak es it easy to c hec k

whether the candidate design is indeed globally optimal o v er H .

The theorem applies to an y criterion that is an a v erage, o v er a prior distribution, of a
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lo cal optimalit y criterion conca v e on H . Most of the criteria in common usage, including

those giv en b y (15), (16), (18), (19) and (20) satisfy this condition.

F or a criterion � ( � ) the deriv ativ e at a design measure � in the direction of another

measure �

�

is, when the limit exists:

D ( � ; �

�

) = lim

� # 0

1

�

[ � f (1 � � ) � � ��

�

g � � ( � )] :

The extreme p oin ts of H are the measures putting p oin t mass at a single x in X and are

denoted �

x

. The directional deriv ativ e of � ( � ) in the direction �

x

is D ( � ; �

x

) and is denoted

d ( � ; x ).

F or example � ( � ) de�ned b y (15), Ba y esian D-optimalit y , the deriv ativ e is:

d ( � ; x ) =

Z

tr I ( � ; �

x

) I ( � ; � )

� 1

p ( � ) d� � k ;

where k is the dimension of � .

Regularit y conditions that are su�cien t for the equiv alence theorem to hold are that

there is at least one design � suc h that � ( � ) is �nite, that � ( � ) is con tin uous on H in some

top ology suc h as w eak con v ergence, and that the deriv ativ es d ( � ; x ) of � ( � ) exist and are

con tin uous in x .

The extension of Ba y esian criteria to situations in v olving n uisance parameters is straigh t-

forw ard under the general approac h of maximi zing exp ected utilit y . F or Ba y esian c -optima-

lit y and A-optimalit y no extension is required as n uisance parameters are inheren t in their

de�nition. A Ba y esian D

s

-criterion and its corresp onding equiv alence theorem can also b e

easily deriv ed.

Unlik e in linear problems the criterion function � ( � ) is not necessarily a conca v e function

o v er a �nite dimensional space and so the equiv alence theorem do es not pro vide an y b ound

for the minim um n um b er of p oin ts in an optimal design. This is discussed in the follo wing

section.

5.2 Num b er of supp ort p oin ts

In most non-Ba y esian linear problems an upp er b ound on the n um b er of supp ort p oin ts
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in an optimal design is a v ailable, see Puk elsheim (1993, p. 188-9). F or linear mo dels deriving

the b ound relies on the fact that the matrix M dep ends only on the �rst few momen ts of

the design measure � and Carath � eo dory's theorem is used. The D -optimalit y criterion in

linear mo dels t ypically leads to an optimal n um b er of supp ort p oin ts that is the same as the

n um b er of unkno wn parameters and the design tak es an equal n um b er of observ ations at

eac h p oin t (Silv ey , 1980, p. 42, and Puk elsheim, 1993, section 9.5 for p olynomial mo dels).

Designs on a small n um b er of supp ort p oin ts are easy to �nd and their theoretical prop-

erties are readily examined. They are not v ery app ealing in practice, ho w ev er, as they do

not allo w for c hec king of the mo del after the exp erimen t is p erformed.

The b ound also applies to most lo cal optimalit y criteria and Ba y esian criteria for linear

mo dels (see, for example Cherno�, 1972, p. 27 and Chaloner, 1984). In con trast for nonlinear

mo dels there is no suc h b ound a v ailable on the n um b er of supp ort p oin ts. Although the

criteria are conca v e on H , the space of probabilit y measures, they are not conca v e functions

on a �nite dimensional momen t space and so Carath � eo dory's theorem cannot b e in v ok ed.

Chaloner and Larn tz (1986, 1989) ga v e the �rst examples of ho w the n um b er of supp ort

p oin ts in an optimal Ba y esian design increases as the prior distribution b ecomes more dis-

p ersed. They found that for prior distributions that ha v e supp ort o v er a v ery small region

the Ba y esian optimal designs are almost the same as the lo cally optimal design and they

ha v e the same n um b er of supp ort p oin ts as the n um b er of unkno wn parameters. F or more

disp ersed prior distributions there are more supp ort p oin ts. This is a useful feature for a de-

sign as, if there are more supp ort p oin ts than unkno wn parameters, the mo del assumptions

can b e c hec k ed with data from the exp erimen t. This is discussed further in Section 8.5.

Other examples of Ba y esian nonlinear designs where the n um b er of supp ort p oin ts is not

�xed can b e found in A tkinson and Donev (1992), O'Brien and Ra wlings (1994 a, b, c),

Ridout (1994), Chaloner (1993) and A tkinson, Chaloner, Juritz and Herzb erg (1993).

5.3 Exact Results

F or lo cal optimalit y there are sev eral pap ers deriving closed form expressions for designs:

for example White (1975), Kitsos, Titterington and T orsney (1988), F ord, T orsney and W u

(1992) and W u (1988). F or a particular v alue of the unkno wn parameters the problem often
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reduces to an equiv alen t linear problem.

Finding optimal Ba y esian designs algebraically is m uc h harder and th us impleme n ting

Ba y esian design criteria requires that designs b e found b y n umerical optimization. Excep-

tions to this are simple sp ecial cases: these cases are not v ery useful in practice, but they

giv e insigh t in to prop erties of the optimal designs for more realistic and practical situations.

Exact, algebraic results are quite di�cult to deriv e as none of the to ols from lo cal optimalit y

are v ery helpful.

In Chaloner (1993) for example, in a one parameter problem, with prior distributions

with only t w o supp ort p oin ts, it is p ossible to examine exactly ho w the transition from

a one p oin t optimal design to a t w o p oin t optimal design o ccurs as the prior distribution

is c hanged. Mukhopadh y a y and Haines (1995), Dette and Neugebauer (1995a, b), Dette

and Sp erlic h (1994b) and Haines (1995) all considered some nonlinear regression problems

in v olving an exp onen tial mean function, and ga v e conditions under whic h the optimal design

is of a particular form. Lo osely sp eaking these results can b e generalized to sa y that if the

prior distribution is not to o disp ersed and do es not ha v e hea vy tails then an optimal Ba y esian

design has the same n um b er of supp ort p oin ts as there are unkno wn parameters. Haines

(1995) ga v e an insigh tful geometric in terpretation of this and demonstrated ho w, for a prior

distribution with �nite supp ort, the problem reduces to a particular con v ex programming

problem.

5.4 Design Soft w are

It is clear that if Ba y esian designs for nonlinear problems are to b e used in practice then

soft w are m ust b e readily a v ailable. Chaloner and Larn tz (1988) describ e suc h soft w are for

logistic regression. These are men u driv en F OR TRAN programs that are easy to use and

compile and are a v ailable from the authors b y email. A more p o w erful and 
exible Ba y esian

design system is the ob ject-orien ted en vironmen t of Clyde (1993b), dev elop ed within XLISP-

ST A T (Tierney , 1990). This system enables b oth exact designs and appro ximate design

measures to b e easily found for b oth linear and nonlinear problems. Lo cally optimal designs

and non-Ba y esian linear designs can also b e found as a sp ecial case of Ba y esian designs. The

system also allo ws for constrain ts in the optimization pro cess as suggested in Clyde (1993a).
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This p o w erful soft w are en vironmen t is a little di�cult to use initially but can b e easily

adapted to solv e a m ultitude of design problems and mak es Ba y esian design a v ery practical

realit y . The a v ailabilit y of this soft w are mak es it straigh tforw ard to deriv e designs for a

v ariet y of prior distributions, mo del assumptions and criteria and so examine robustness.

The soft w are is a v ailable from the author (b y email) and requires the NPSOL F OR TRAN

library of Gill et al (1986) to b e loaded. Do cumen tation, installation and a v ailabilit y b y ftp

is describ ed in Clyde (1993b).

W arner (1993) describ es some other soft w are, whic h w e ha v e not examined, using the

Gibbs sampler.

When soft w are pro vides a con tin uous (appro ximate) design and an exact design is re-

quired then Puk elsheim and Rieder (1992) and Puk elsheim (1993, p. 424) can b e consulted

for pro cedures rounding con tin uous design measures to exact designs.

5.5 Sequen tial design

In an y design problem an optimal sequen tial design pro cedure m ust b e at least as go o d

as a �xed design pro cedure. In most linear design problems, ho w ev er, b oth Ba y esian and

non-Ba y esian, the optimal sequen tial pro cedure is the �xed, non-sequen tial pro cedure. There

is nothing to b e gained b y designing sequen tially . This is easily seen when the error v ariance

�

2

is kno wn: the p osterior utilit y dep ends on the design � , but do es not dep end on the data

y . F or the case when �

2

is unkno wn it is not so clear. F or A -optimalit y and �

2

unkno wn

with a conjugate prior distribution, the analysis of section 2.5 sho ws that there is nothing to

b e gained b y sequen tial design in this case. F or other linear problems it is unclear whether

sequen tial design is b etter. F or nonlinear problems the p osterior utilit y clearly dep ends on

the data y , or a function of y suc h as

^

� , and there should b e a gain from c ho osing design

p oin ts sequen tially .

Sequen tial design, ho w ev er, ma y b e unrealistic in practice. Consider for illustration the

exp erimen ts of example 2 done in the Univ ersit y of Minnesota lab oratory . Theoretically the

dose for eac h one of the 60 animals could b e decided up on one at a time and the extensiv e

statistical literature on sequen tial design of binary resp onse exp erimen ts consulted (see for
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example W u, 1985). But

1. as death o v er the 7 da ys follo wing injection of the drug is the resp onse, the exp erimen t

w ould b e prolonged from a total of 7 da ys to man y mon ths.

2. time trends or seasonal e�ects ma y b e in tro duced if the exp erimen tal conditions c hange

o v er time. Similar animals migh t not alw a ys b e a v ailable and the drugs deteriorate

o v er time.

3. the probabilit y of error in doses and calculations is increased when 60 calculations are

done to determine the next dose. A non-sequen tial pro cedure is easily implem en ted

and requires less training of lab oratory sta�.

Sev eral p o w erful sequen tial Ba y esian design pro cedures ha v e b een dev elop ed: see, for

example Berry and F ristedt (1985) who review ed the extensiv e w ork in bandit problems and

Kuo (1983) who dev elops pro cedures for nonparametric binary regression. F reeman (1970)

solv ed the Ba y esian sequen tial design problem exactly for a v ery small and simple binary

regression exp erimen t. W e do not attempt to review this w ork here.

Batc h sequen tial pro cedures rather than fully sequen tial pro cedures (as in Zac ks, 1977,

and Ridout, 1995) migh t pro v e to b e more practical. There is a practical concern, ho w ev er,

that the exp erimen tal conditions from one batc h to the next migh t b e di�eren t.

5.6 Discussion

Whatev er criterion is used, Ba y esian or non-Ba y esian, prior information m ust b e consid-

ered for nonlinear design as, unlik e in a linear mo del, the p osterior utilit y of a design dep ends

on the data. An exp erimen ter ma y b e willing to sp ecify an informativ e prior distribution

in designing the exp erimen t but ma y prefer to use a noninformativ e prior distribution for

inference.

6 Sp eci�c nonlinear design problems

6.1 Binary resp onse mo dels

Tsutak a w a (1972, 1980), Ow en (1975), Zac ks (1977), Chaloner and Larn tz (1989),

Flourno y (1993), and Clyde, M • uller and P armigiani (1994) all use Ba y esian design ideas
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in binary regression mo dels. These mo dels are imp ortan t and ha v e man y applications in

to xicology and reliabilit y studies. They are also in teresting from a design p ersp ectiv e b e-

cause they are so v ery di�eren t from linear regression mo dels.

Consider, for example, a simple linear regression mo del and a closed design in terv al X . It

is straigh tforw ard to sho w that the linear D-optimal design, under a v ague prior distribution,

is to tak e half the observ ations at one extreme of the in terv al and the other half at the other

extreme. In con trast consider a binary regression with a binary resp onse v ariable whic h

is, \success" or \failure". Supp ose that the probabilit y of success near one extreme of the

design in terv al X is close to 0 and at the other extreme it is close to 1. A design that

puts all observ ations at the t w o extremes of X w ould b e v ery ine�cien t. There w ould b e a

go o d c hance that the exp erimen t will yield no useful information: all the resp onses at the

high v alue of x migh t b e successes and all the resp onses at the other v alue of x migh t b e

failures. In this case the lik eliho o d has no w ell de�ned mo de and the exp erimen t is not v ery

informativ e.

It can b e sho wn that design p oin ts of the Ba y esian D-optimalit y criterion for a binary

regression are spread throughout o v er the in terv al X and, as the supp ort of the prior dis-

tribution gets wider, the n um b er of supp ort p oin ts of the optimal design increase. Go o d

designs for binary regression problems ha v e, therefore, quite di�eren t prop erties than go o d

designs for linear regression problems.

6.2 Example 2 con tin ued

Recall example 2 where the Univ ersit y of Minnesota lab oratory p erformed man y logistic

regression exp erimen ts on sev eral di�eren t drugs and biologic material.

F or one particular drug under study , 54 similar exp erimen ts w ere p erformed. The drug

w as at one of sev eral concen trations: 120, 121, 122 or 124 mg/ml and a similar design w as

used for eac h of the 54 exp erimen ts. The design w as a design of 6 equally spaced doses of

2.5, 3.0, 3.5, 4.0, 4.5 and 5.0, with 10 mice exp osed to eac h dose. 60 animals w ere used

in eac h exp erimen t. Sometime s less than 60 animals w ere a v ailable in whic h case less than

10 animals w ere exp osed to the highest dose. The resp onses measured w ere the n um b er

of surviving mice, usually 7 da ys after b eing giv en the dose. Estimates of the LD50 w ere
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calculated for eac h exp erimen t and these estimates range from 3.2 to 4.2 and the slop es

range from ab out -4.0 to -1.5. The LD50's w ere used to estimate the p otency of eac h batc h

of drug.

The design do es not corresp ond to an y lo cally optimal design, as a lo cally optimal design

has t w o dose lev els only , with half of the animals at eac h dose.

Could Ba y esian design ideas ha v e b een useful in this example? T o examine this question

the set of 54 estimates can b e used to construct a prior distribution to design future exp eri-

men ts. The 54 estimates can b e though t of a sample from a distribution of p ossible v alues

that migh t b e encoun tered in future exp erimen ts. A prior distribution w as therefore con-

structed where the LD50 and the slop e b oth ha v e indep enden t Beta distributions, Beta(4,4),

and the LD50 lies b et w een 3.2 and 4.2 and the slop e b et w een -4.0 and 1.5. This prior distri-

bution reasonably re
ects the sample and has, appro ximately , the same �rst t w o momen ts

as the sample. It re
ects the actual v alues obtained in the exp erimen ts p erformed. Before

the exp erimen ts w ere p erformed a more realistic prior distribution migh t b e one represen ting

more uncertain t y and so a second prior distribution w as constructed whic h is uniform on the

same in terv al.

F or the indep enden t Beta(4,4) distributions the Ba y esian �

2

-optimal design for minimi z-

ing the p osterior v ariance of the LD50 is easily found using the soft w are of Chaloner and

Larn tz (1989) or Clyde (1993b). It is a 4 p oin t design, symmetric around the prior mean

for the LD50 of 3.6, and it tak es observ ations at 3.07, 3.47, 3.73, 4.13 with w eigh ts 0.30,

0.20, 0.20 and 0.30 resp ectiv ely . The design p oin ts are not equally spaced. Under this prior

distribution, the design actually used in the lab, with an equal n um b er of animals at eac h

of 6 equally spaced doses b et w een 2.5 and 5.0, has a �

2

-criterion v alue 1.52 times of that of

the �

2

-optimal design. A 5 p oin t design obtained b y omitting the highest dose of 5.0 from

the 6 p oin t design and dividing the 60 animals equally b et w een the remaining 5 doses has

a criterion v alue of 1.29 times that of the optimal v alue. If the lo w est dose in the 5 p oin t

design is also omitted and the animals equally divided b et w een the remaining 4 doses of

3.0, 3.5, 4.0, and 4.5 the criterion v alue is 1.13 times that of the optimal v alue. Th us, if

the Beta(4,4) distributions re
ected the exp erimen ters' b eliefs w ell, if they w ere willing to

use the optimal Ba y esian design they could ha v e reduced the v ariabilit y of their estimates
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considerably . If they w an ted to use equally spaced doses at con v enien t v alues spaced 0.5

units apart and include in teger v alues they could ha v e got v ery close to an optimal Ba y esian

design using a 4 p oin t design b y omitting the t w o extreme design p oin ts of their design.

The Beta(4,4) prior distributions corresp ond to quite accurate kno wledge of v alues to

exp ect and so, for further illustration, consider the prior distribution that is uniform o v er the

same in terv al. This prior distribution migh t ha v e represen ted b eliefs b efore the exp erimen ts

w ere done. In this case the optimal design is a 5 p oin t design, again cen tered at 3.6 units,

taking observ ations at 2.78, 3.21, 3.6, 3.99, 4.42 with w eigh ts 0.28, 0.15, 0.14, 0.15 and

0.28 resp ectiv ely . Although the p oin ts are almost equally spaced there is more mass at the

extremes than at the cen ter p oin ts. The equally spaced, equal w eigh t, designs considered

earlier are amazingly e�cien t for this prior distribution. The 6 p oin t design used b y the

exp erimen ters with equal w eigh t at 2.5, 3.0, 3.5, 4.0, 4.5, 5.0 has a criterion v alue 1.13 times

that of the optimal v alue, the 5 p oin t design with equal w eigh t at 2.5, 3.0, 3.5, 4.0, 4.5 has a

criterion v alue 1.02 times that of the optimal one and the 4 p oin t design with equal w eigh t

at 3.0, 3.5, 4.0, 4.5 has a criterion v alue 1.08 of the optimal v alue.

If the exp ectations of the exp erimen ters could b e reasonably represen ted b y the uniform

distribution then the design they used is close to the Ba y esian optimal design. This example

has, therefore, not illustrated that Ba y esian design could ha v e greatly impro v ed e�ciency

of estimation in this lab oratory , but rather illustrated that what they w ere doing ma y w ell

ha v e b een close to b eing optimal in a Ba y esian sense.

6.3 Nonlinear regression mo dels

In a nonlinear regression mo del, the mean of a normally distributed resp onse v ariable y

is related to explanatory v ariables x b y a nonlinear function f ( x; � ). That is for i = 1 ; : : : ; n ,

w e ha v e y

i

= f ( x

i

; � ) + e

i

. The errors e

i

are indep enden t and normally distributed with mean

zero and v ariance �

2

. The exp ected Fisher information matrix for these mo dels dep ends on

the gradien t v ector g ( x; � ) and is

n I ( � ; � ) =

n

X

i =1

g ( x

i

; � ) g

T

( x

i

; � ) :

Design for nonlinear regression mo dels has recen tly receiv ed considerable atten tion and
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Ba y esian criteria, suc h as �

1

-optimalit y and �

2

-optimalit y , ha v e b een in
uen tial. Pron-

zato, Huang, W alter, Le Roux and F rydman (1989), Huang, W alter and Pronzato (1991)

and A tkinson, Chaloner, Herzb erg and Juritz (1993) fo cused on compartmen tal mo dels and

found designs n umerically . As did Chaloner and Larn tz (1986, 1989), these authors all

noted that as the prior distribution b ecomes more disp ersed the n um b er of supp ort p oin ts

t ypically increases. Chaloner (1993), Mukhopadh y a y and Haines (1994), He, Studden and

Sun (1995), Dette and Neugebauer (1995a), Dette and Neugebauer (1995b) and Dette and

Sp erlic h (1994b) all examine simple sp ecial cases and pro v e optimalit y analytically .

The imp ortan t pap er b y Haines (1995) is quite di�eren t and in tro duces some no v el ge-

ometric in terpretations of Ba y esian optimal designs and also iden ti�es sev eral parallels b e-

t w een optimal Ba y esian design and other areas. The pap er b y Dette and Sp erlic h (1994a)

is also notew orth y as it uses an expansion of the Stieltjes transform of the design measure.

The result pro vides a di�eren t p ersp ectiv e on the n umerical optimization problem and giv es

v aluable examples.

6.4 Example 3 con tin ued

Example 3 is a case of design for nonlinear regression. The design problem is to c ho ose

times at whic h to tak e blo o d samples to measure the lev el of a drug. The exp erimen te r used

an 18 p oin t design with the observ ations appro ximately equally spaced in the logarithm of

time. The 18 p oin t design tak es one observ ation at times (in hours) 0.166, 0.333, .5, .666,

1, 1.5, 2, 2.5, 3, 4, 5, 6, 8, 10, 12, 24, 30, and 48. A tkinson, Chaloner, Herzb erg and Juritz

constructed Ba y esian optimal designs under t w o prior distributions suggested b y the data.

They also constructed lo cally optimal designs. Under eac h prior distribution separate �

2

-

optimal designs w ere constructed for estimating eac h of the three functions of in terest (the

area under the exp ected resp onse curv e or AU C , the time to maxim um concen tration or t

max

and the maxim um concen tration c

max

). One of the t w o prior distributions is suc h that �

1

has

a uniform distribution on : 05884 � : 04 and, indep enden tly , �

2

has a uniform distribution on

4 : 298 � 4 : 0: the parameter �

3

is tak en to b e p oin t mass at 21.80. F or this prior distribution

the 18 p oin t design used b y the exp erimen ter is actually fairly e�cien t for estimating these

three quan tities.
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Sp eci�cally denote �

18

to b e the 18 p oin t design and �

t

to b e the �

2

-optimal design for

estimating t

max

under this prior distribution. The �

2

-optimal design �

t

is a �v e p oin t design

with mass .29, .29, .15, .22, .06 at times .25, .94, 2.8, 8.8 and 24.7. The ratio �

2

( �

18

) =�

2

( �

t

) is

only 1.3 whic h means that the 18 p oin t design is fairly e�cien t for estimating t

max

, with an

exp ected p osterior v ariance of t

max

of only 1.3 times the b est p ossible v alue. F or estimating

c

max

the optimal design minim iz es an appropriate �

2

-criterion and is denoted �

c

. This is

also a �v e p oin t design with mass .10, .36, .32, .16 and .06 at times .37, 1.1, 2.4, 6.1 and

24.1. The ratio �

2

( �

18

) =�

2

( �

c

) is 1.4. Again the 18 p oin t design is fairly e�cien t. F or AU C

the corresp onding �

2

-optimal design is a 4 p oin t design putting mass .01, .03, .26 and .70 at

times .29, 1.7, 13.1 and 39.6 and the corresp onding ratio of criteria is 3.2, and so the 18 p oin t

design is not as e�cien t for estimating the AU C as it is t

max

and c

max

. A tkinson, Chaloner,

Herzb erg and Juritz sho w ed that under this prior distribution it is p ossible to impro v e on

the 18 p oin t design, but not b y m uc h. The AU C w as found to b e not w ell estimated under

an y design except one sp eci�cally designed to estimate it. Designs e�cien t for the AU C

are v ery ine�cien t for estimating t

max

and c

max

. If there is v ery precise prior information,

ho w ev er, or if the area under the curv e is of primary imp ortance, the 18 p oin t design can b e

impro v ed up on considerably using Ba y esian design.

So, in terestingly , this is a similar situation as example 2, in that it ma y w ell b e that what

the exp erimen ters w ere doing in practice w as close to a Ba y esian optimal design.

6.5 Sample size for clinical trials

Sample size calculations are esp ecially imp ortan t in the design and planning of clinical

trials to compare t w o or more di�eren t treatmen ts. The primary non-Ba y esian approac h is

to sp ecify the magnitude of the e�ect that the trial should b e able to detect and c ho ose the

sample size to giv e a required p o w er for a h yp othesis test at that alternativ e. It is usually

recommended to mak e allo w ances for patien ts who do not tak e their assigned medication

(noncompliance) and patien ts who tak e a di�eren t medication than assigned (switc ho v er).

This is describ ed for example in Lak atos (1988), Dup on t and Plummer (1990) and W u, Fisher

and DeMets (1980). Sev eral computer programs are a v ailable to impleme n t v ariations on

these metho ds.
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A partially Ba y esian approac h to this problem is giv en in Spiegelhalter and F reedman

(1986) who used a prior distribution, as an appro ximation to a predictiv e distribution, to

a v erage o v er the p o w er. Berry (1991) describ ed a Ba y esian approac h for a v ery simple

situation using dynamic programming and sequen tial up dating. Ac hcar (1984) lo ok ed at

Ba y esian calculations of sample size when sampling from a single W eibull distribution. A

completely Ba y esian approac h is adv o cated in Bro oks (1987) who considered the exp ected

gain in information from a t w o group exp erimen t with W eibull lifetime s. He dealt with

the sample size, the prop ortion of observ ations in eac h group, the length of time to accrue

patien ts and ho w long to follo w them. He obtained some closed form expressions for the

gain in Shannon information under normal prior distributions for the unkno wn parameters

and also made some appro ximations. Some of these calculations are similar to Bro oks (1982)

where he discussed the information lost, for exp onen tial lifetimes, when censoring is presen t.

Sylv ester (1988) examines the sample size for a Phase I I clinical trial using Ba y esian decision

theory when the resp onses are Bernoulli.

These Ba y esian approac hes app ear not to ha v e b een used m uc h in practice. P erhaps this

is b ecause they fail to accoun t explicitly for noncompliance and switc ho v er. Or, p erhaps this

is b ecause there are no freely a v ailable computer programs to mak e these metho ds accessible.

F or the non-Ba y esian solutions, Shih (1995) describ ed a SAS macro computer program that

implem en ts the metho d of Lak atos (1988).

6.6 Other sample size problems

Deciding on the sample size n in an exp erimen t is alw a ys part of design. DasGupta and

Mukhopadh y a y (1994) tak e a Ba y esian approac h c hoice of sample size for a sample from a

single normal distribution with a conjugate normal prior distribution. They de�ne criteria

whic h mak e the sample size robust to the future data. DasGupta and Vidak o vic (1994)

tak e a Ba y esian approac h to sample size c hoice for h yp othesis testing in a one w a y analysis

of v ariance mo del of example 1 where h yp othesis testing is the purp ose of the exp erimen t.

They also giv e Mathematica co de for their metho d.

There are opp ortunities for further researc h in this area for more general, non-normal

mo dels. See DasGupta (1995).
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6.7 Design problems in reliabili t y and qualit y con trol

DeGro ot and Go el (1979) considered a Ba y esian approac h to designing studies of ex-

p onen tial lifetim es where exp erimen tal units ma y , or ma y not, b e sub ject to an increased

stress and where units ma y b e sub ject to a high stress, if they do not fail in a sp eci�ed

p erio d of time under a lo w stress. DeGro ot and Go el call this \tamp ering". They deriv ed

exact Ba y esian optimal designs under particular loss functions and costs. DeGro ot and Go el

(1988) is a review of this w ork and app eared in a v olume, Clarotti and Lindley (1988), de-

v oted to Ba y esian analysis and design in reliabilit y . This v olume also con tains other relev an t

pap ers: for example the c hapter b y Barlo w, Mensing and Smiriga (1988) discusses in
uence

diagrams and their use in optimal design.

Chaloner and Larn tz (1992) to ok the approac h describ ed in Section 4.2 to deriv e Ba y esian

optimal designs for accelerated life testing where the lifetimes ha v e either W eibull or log-

normal distributions and the length of time a v ailable for the exp erimen t is �xed. Their

metho ds are extended in Na ylor (1994). V erdinelli, P olson and Singpurw alla (1993) dis-

cussed Ba y esian design for accelerated life testing exp erimen ts where prediction is the goal.

They used Shannon information in (9) as utilit y and considered the case where the lifetimes

ha v e a lognormal distribution. Mitc hell and Scott (1987) also designed to maximi ze Shannon

information in a group testing exp erimen t: they pro vided free soft w are for their metho d.

V erdinelli and Wynn (1988) examined some asp ects of k eeping an exp ected resp onse on

target whic h is an imp ortan t problem in the T aguc hi approac h to design. They prop osed,

as a Ba y esian alternativ e to non-Ba y esian metho ds, to set the predictiv e mean at the target

v alue and to minimi ze the predictiv e v ariance.

6.8 Large computer exp erimen ts

Some exciting recen t dev elopmen ts ha v e o ccurred in applying ideas from optimal design

to the problem of c ho osing the v alues at whic h to run a large deterministic computer mo del.

The situation can b e though t of as ha ving a resp onse surface whic h is kno wn to b e smo oth

but its general form is unkno wn and the v alues of the resp onse surface can b e determined

without error. Sac ks, W elc h, Mitc hell and Wynn (1989) review this w ork. Recen t adv ances

are describ ed in W elc h et al (1992), Morris, Mitc hell and Ylvisak er (1993) and Bates, Buc k,
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Riccomagno and Wynn (1995). Muc h of this w ork in v olv es sequen tial design but non-

sequen tial design has also b een found helpful as in Currin, Mitc hell, Morris and Ylvisak er

(1991). A Ba y esian form ulation of the problem has pro v ed fruitful. Rather than attempt to

review this w ork here the reader is referred to the ab o v e references. This imp ortan t problem

has unique asp ects.

6.8 Other nonlinear design problems

Ridout (1994) applied Ba y esian design ideas to a seed testing exp erimen t similar to the

dilution assa y problem. P armigiani (1993) and P armigiani and Kamlet (1993) used Ba y esian

decision theory to study the design problem of when to screen for disease and applied this to

breast and cervical cancer screening. They presen ted a p o w erful case for the use of Ba y esian

metho ds in these t yp es of designs and decision making.

P armigiani and Berry (1994) examined sev eral problems using the exact exp ected utilit y ,

as calculated b y (1), for clinical design problems. They mainly consider exp onen tial or

binomial resp onses with conjugate prior distributions. Lad and Deely (1995) also do exact

calculations for a simple decision problem and elicit prior probabilities and utilities directly .

Apart from Drap er and Hun ter (1966, 1967b) little researc h has b een done in using

Ba y esian design for m ultiv ariate resp onse mo dels, either linear or nonlinear. Drap er and

Hun ter dev elop ed and used a criterion similar to (16) where a prior precision is incorp orated

in to the criterion. in their examples they either used a prior estimate for the nonlinear

parameters, similar to lo cal optimalit y , or they used sequen tial design. It is a p oten tial area

of researc h to use criteria whic h more closely appro ximate exp ected utilit y in the m ultiv ariate

resp onse case.

7 Nonlinear estimation within a linear mo del

7.1 General problem

When a nonlinear function of the regression co e�cien ts in a linear mo del is of primary

in terest then the exp ected utilit y cannot b e calculated exactly and the problem has more in

common with nonlinear design than with linear design. Asymptotic appro ximations similar

to those in section 4.2 can b e used to giv e design criteria.

Assume that the mo del is as in section 2 and that a nonlinear function of the parameters
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g ( � ) is of in terest. De�ne the k v ector c ( � ) to b e the gradien t v ector of g ( � ) as in (17).

Appro ximations similar to those in section 4.2 giv e a squared error loss of either

�

2

c (

^

� )

T

( nM )

� 1

c (

^

� ) or ; �

2

c (

^

� )

T

( nM + R )

� 1

c (

^

� )

where R is either the prior precision matrix or the matrix of second deriv ativ es of the prior

distribution. As in section 4.2, the criteria

�

2

=

Z

�

2

c ( � )

T

( nM )

� 1

c ( � ) p ( � ; � ) d� d�

and

�

2 R

=

Z

�

2

c ( � )

T

( R + nM )

� 1

c ( � ) p ( � ; � ) d� d�

can b e expressed as a form of A-optimalit y . That is the design, � , should b e c hosen to

minim ize either tr AM

� 1

or tr A ( R + M )

� 1

with A = E [ �

2

c ( � ) c ( � )

T

], the exp ectation b eing

o v er the prior distribution of � . If more than one nonlinear function of � is of in terest,

sa y g

i

( � ) for i = 1 ; : : : ; m , then the matrix A is the sum, or p ossibly the w eigh ted sum, of

individual matrices E [ �

2

c

i

( � ) c

i

( � )

T

]. Note ho w ev er that, unlik e the case for the usual linear

A-optimalit y , it should b e p ossible to get a b etter design b y c ho osing the design p oin ts

sequen tially .

One suc h design problem is that of estimating the turning p oin t in a quadratic regression.

This problem is discussed in Mandal (1978), Buonaccorsi and Iy er (1984, 1985), Buonaccorsi

(1985), and Chaloner (1989). Buonaccorsi and Iy er (1986) also examined sev eral other

problems in v olving design for the ratio of the co e�cien ts in linear mo del. A sp ecial case of

estimating suc h a ratio is the calibration problem where n indep enden t observ ations y

i

are

tak en from a simple linear regression mo del. That is

y

i

= �

0

+ �

1

x

i

+ e

i

where e

i

; i = 1 ; : : : ; n are normally distributed with mean zero and v ariance �

2

. There are

n observ ations y and an ( n + 1)st observ ation y

n +1

for whic h it is required to estimate
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the corresp onding v alue of x

n +1

. One solution is to estimate the nonlinear function g ( � ) =

( y

n +1

� �

0

) =�

1

. Buonaccorsi and Iy er (1986) discussed design for this problem using b oth

lo cal optimalit y and Ba y esian A-optimalit y . A di�eren t but related Ba y esian approac h w as

tak en in Barlo w, Mensing and Smiriga (1991) who put a prior distribution on x

n +1

.

7.2 T urning p oin t example

As in other nonlinear design problems the usual non-Ba y esian approac h to these problems

is to use the lo cal optimalit y approac h of Cherno� (1953). The problem of estimating the

turning p oin t in a quadratic regression will b e used to illustrate an imp ortan t limitation of

lo cal optimalit y . This example is used to illustrate non-Ba y esian nonlinear design in F ord

and Silv ey (1980) and F ord, Titterington and W u (1985) and Ba y esian nonlinear design in

Chaloner (1989).

Supp ose that the exp ectation of the resp onse y at x is �

0

+ �

1

x + �

2

x

2

. Then the turning

p oin t is g ( � ) = � �

1

= (2 �

2

). De�ne c ( � ) to b e the gradien t v ector (0 ; 1 = (2 �

2

) ; �

1

= (2 �

2

2

))

T

. The

asymptotic v ariance of the maxim um lik eliho o d estimator of g ( � ) is then:

�

2

c ( � )

T

M

� 1

c ( � ) (27)

with nM = n

P

k

i =1

�

i

x

i

x

T

i

de�ned in Section 1. Lo cal optimalit y requires a b est guess for

� , �

0

sa y . The v alue of �

0

is substituted in to (27) and the design � is c hosen to minim iz e

(27). Supp ose no w that observ ations x

i

can b e tak en an ywhere in the in terv al [ � 1 ; 1] and

that g ( �

0

) =

1

2

is the b est guess v alue to b e used for lo cal optimalit y . It is straigh tforw ard

to sho w that the lo cally optimal design tak es half the observ ations at x = 1 and half at

x = 0, giving nM as a singular 3 � 3 matrix of rank 2. The t w o design p oin ts x = 1 and

x = 0 are t w o p oin ts where the exp ected v alue of y is equal and the turning p oin t x = g ( � )

is half w a y b et w een these t w o p oin ts. If this exp erimen t w ere to b e carried out, using no

prior information in the estimation pro cess, then it is clearly imp ossible to �t a quadratic

regression to t w o data p oin ts and estimate the turning p oin t. The lo cally optimal design is

therefore useless for practical purp oses.

The ab o v e illustrates the general p oin t that the lo cally optimal design for cases of nonlin-

ear estimation within a linear mo del, can lead to a matrix nM whic h minim iz es (27) but is
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singular and in this case the quan tit y of in terest g ( � ) ma y not b e estimable. This is di�eren t

from the linear c -optimalit y case where, although the optimal design ma y giv e a singular

matrix nM , the con trast of in terest, c

T

� , is alw a ys estimable.

8 Other design problems

8.1 V ariance comp onen ts mo dels

Designs for the estimation of v ariances are imp ortan t in qualit y con trol researc h. An-

derson (1975), for example, review ed this topic. More recen tly Muk erjee and Huda (1988)

examined optimalit y and Gio v agnoli and Sebastiani (1989) considered the design problem

when b oth the v ariance comp onen ts and the �xed e�ects are of in terest. The approac h has

alw a ys b een to use lo cal optimalit y un til the recen t pap er of Lohr (1995), who lo ok ed at

a Ba y esian approac h to design. She used Ba y esian D-optimalit y and A-optimalit y for the

estimation of the v ariance comp onen ts or their sum or their ratio. She ga v e conditions under

whic h a balanced design is optimal and sho w ed the optimalit y of a balanced design under a

large class of prior distributions. In the con text of hierarc hical mo dels with unkno wn v ari-

ance comp onen ts for m ulti-cen ter clinical trials Stangl and Mukhopadh y a y (1993) also used

Ba y esian metho ds for design.

8.2 Mixtures of linear mo dels

L• auter (1974, 1976) prop osed a design criterion that is an a v erage of design criteria, the

a v erage b eing o v er a n um b er m of mo dels. She used a criterion � ( � ) =

P

m

i =1

w

i

�

i

( � ), where,

for example, �

i

( � ) is the D -optimalit y criterion under the i th of m candidate mo dels. The

w eigh t, w

i

on the i th mo del is the prior probabilit y on that mo del. Co ok and Nac h tsheim

(1982) applied suc h a criterion to design for p olynomial regression when the degree of the

p olynomial is unkno wn. The criterion, � ( � ), they used w as based on A-optimalit y for pre-

dicting the resp onse o v er the design in terv al. F or the i th mo del and a design � the v ariance

of the predicted mean resp onse o v er the design in terv al is prop ortional to tr A

i

M

� 1

where

A

i

is a sp eci�ed matrix. This criterion is sometimes referred to as Q - or L -optimalit y . But

rather than a v erage the A-optimalit y criteria directly Co ok and Nac h tsheim a v eraged e�-

ciency criteria. Sp eci�cally let �

i

b e the A-optimal design for the i th mo del, i = 1 ; : : : ; m , for

minim izi ng the v ariance of prediction o v er the design region, and let M

i

b e the information
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matrix for the i th mo del. Then they maximiz ed

� ( � ) = �

m

X

i =1

w

i

tr A

i

M

i

( � )

� 1

tr A

i

M

i

( �

i

)

� 1

:

They ga v e a n um b er of n umerical examples using this criterion to predict the uranium con ten t

of a log.

These ideas are similar to those of Ba y esian non-linear design although the motiv ation

of Co ok and Nac h tsheim is not Ba y esian. This is apparen t through their use of a v erage

e�ciency: it is unclear ho w this corresp onds to maxim izi ng exp ected utilit y . A Ba y esian

approac h, with squared error loss, w ould argue for an a v eraging of the A -optimalit y criteria

directly rather than their e�ciencies. In other w ords a Ba y esian approac h w ould use the

criterion

� ( � ) = �

m

X

i =1

w

i

tr A

i

M

i

( � )

� 1

:

Similarly in using D -optimalit y a v eraged o v er a collection of mo dels, it is unclear, unless

utilit y is considered, whether to a v erage �

i

( � ) = log det( M

i

), or �

i

( � ) = det( M

i

), or �

i

( � ) =

p

det ( M

i

), or p erhaps an e�ciency measure, lik e that of Co ok and Nac h tsheim, suc h as

� ( � ) = det [ M

i

( � )] = det[ M

i

( �

i

)], where �

i

is the D -optimal design for the i th mo del. F rom a

Ba y esian p ersp ectiv e of maximi zing exp ected utilit y , ho w ev er, the answ er is clear: exp ected

utilit y should b e maximize d, not exp ected e�ciency .

An excellen t summary of the mathematics of suc h criteria and ho w the general equiv a-

lence theorem can b e applied is in Puk elsheim (1993, p. 286-296). Dette (1990) ga v e some

general results for D -optimalit y and p olynomial regression. Dette (1991, 1993a, 1993b) used

mixtures of Ba y esian linear mo del criteria in v olving the prior precision matrix. He also de-

riv ed a v ersion of Elfving's (1952) theorem for this case. Dette and Studden (1994) pro vided

further results c haracterizing the optimal design in terms of its canonical momen ts. Haines

(1995) ga v e further geometric insigh t in to suc h criteria.

8.3 Design for mo del discrimi nation

In an exp erimen t where sev eral mo dels are compared, in order to select one of them,

a n um b er of non-Ba y esian approac hes to design ha v e b een suggested. Usually a metho d
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for discriminating b et w een mo dels and a metho d for estimating the parameters within eac h

mo del are com bined. These pro cedures are review ed in Puk elsheim and Rosen b erger (1993)

who also pro vide v aluable insigh t in to the mixture criteria of the previous section and suggest

a n um b er of w a ys of designing for a n um b er of sim ultaneous ob jectiv es. See also P once De

Leon and A tkinson (1991).

Sp ezzaferri (1988) presen ted a Ba y esian approac h to design for c ho osing b et w een t w o

linear mo dels and to design with the dual goal of mo del selection and parameter estimation.

He used the utilit y function in (5) of section 2.2 for b oth problems. F or discriminating

b et w een t w o mo dels, the design criterion he deriv ed leads to minimi zi ng the exp ectation of

the p osterior probabilit y of one mo del, when the other is assumed to b e true. In the case

of m ultiv ariate normal nested mo dels, when using di�use prior information, this criterion is

the same as non-Ba y esian D -optimalit y for testing the h yp othesis �

0

= 0, where �

0

is the

sub v ector of extra parameters in the larger mo del (see, for example, A tkinson 1972).

F or the dual purp ose of mo del discrimination and parameter estimation for t w o nested

normal linear mo dels, Sp ezzaferri sho w ed that the optimalit y criterion using utilit y (5) is

giv en b y the pro duct of t w o factors. One is the determinan t of the information matrix of the

smaller mo del. The other factor is the exp ectation of the p osterior probabilit y of the smaller

mo del, when it is assumed to b e true. The optimal design for discrimination and estimation

maximiz es the pro duct of these factors.

8.4 Robustness

It is imp ortan t to c hec k the sensitivit y of the design to prior distribution. DasGupta and

Studden (1991) constructed a framew ork for robust Ba y esian exp erimen tal design for linear

mo dels. They found designs that maximize exp ected utilit y for a �xed prior distribution

sub ject to b eing robust for a class of prior distributions. DasGupta, Mukhopadh y a y and

Studden (1992) ga v e a detailed approac h to design in a linear mo del when the v ariance

of the resp onse is prop ortional to an exp onen tial or p o w er function of the mean resp onse.

They dev elop ed examples of \compromise designs" where the exp erimen te r w an ts to �nd a

design that is highly e�cien t for sev eral design problems. They considered b oth Ba y esian

and non-Ba y esian form ulations of the design criteria.
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Seo and Larn tz (1992) suggested some criteria for nonlinear design that mak e the design

robust to sp eci�cation of the prior distribution. They used the design problem of estimating

the turning p oin t in a quadratic regression as their motiv ating example. They suggested a

criterion of designing for a \ma jor" prior distribution sub ject to a constrain t of attaining a

certain e�ciency o v er a class of closely related prior distributions.

T oman (1992a, b) and T oman and Gast wirth (1993, 1994) also considered robustness of

Ba y esian design in the normal linear mo del with resp ect to the prior distribution. These

pap ers dealt mainly with the one w a y analysis of v ariance mo del. T o allo w for p ossible

missp eci�cation of prior v ariances, T oman (1992a, b) prop osed using a class of normal prior

distributions where the v ariances tak e v alues in sp eci�ed in terv als. The criteria she suggested

for c ho osing designs are maximiz ing the a v erage, o v er the class of p osterior distributions, of

either the determinan t or the trace of the p osterior precision matrix. Av erages are tak en

with resp ect to a distribution on the prior precision parameters.

T oman and Gast wirth (1993) examined b oth robust estimation and robust design for

analysis of v ariance mo dels when the prior distribution is in a class of �nite mixtures of

normals. They used a squared loss function and considered an a v erage of the p osterior risk

o v er the class of corresp onding p osterior distributions.

T oman and Gast wirth (1994) suggested sp ecifying the prior distribution on treatmen t

means using results from a pilot study . They assumed that the error v ariances of the pilot

and of the follo w up studies to b e unkno wn, but that the in terv als in whic h they v ary can

b e sp eci�ed. They adopted a squared loss function and prop osed to use, for the design and

the estimator, a minimax criterion, o v er the class of p osterior distributions.

8.5 Mo del unkno wn

A ma jor criticism of traditional optimal design for linear mo dels is that the n um b er of

supp ort p oin ts in an optimal design is often the same as the n um b er of parameters { in whic h

case no mo del c hec king can b e done. In addition, under the assumption that the mo del is

kno wn, the design p oin ts are usually at the b oundary of the design region { but if the linear

resp onse surface is, as is quite usual, a linear appro ximation to some smo oth but unkno wn

surface, then it is at the b oundary of this region that the appro ximation is most inaccurate.
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These criticisms are not new (see for example Bo x and Drap er, 1959, Sac ks and Ylvisak er,

1984, 1985) and apply to b oth Ba y esian and non-Ba y esian optimal design for linear mo dels.

As discussed in Section 5.2 these criticisms sometimes do not apply to Ba y esian opti-

mal designs for nonlinear problems. In these cases there is no b ound on the n um b er of

supp ort p oin ts in an optimal design and the supp ort p oin ts ma y b e spread throughout the

exp erimen tal region. It is unclear, ho w ev er, under what circumstances this is so.

Among attempts at incorp orating mo del uncertain t y in to the design problem is the mix-

ture approac h as describ ed in section 8.2. More recen t w ork b y DuMouc hel and Jones (1994)

in tro duced a mo di�ed Ba y esian D-optimal approac h for the sp ecial case of factorial mo dels.

They constructed a prior distribution with a structure recognizing \primary" and \p oten tial"

terms. The resulting Ba y esian D-optimal designs ha v e v ery desirable prop erties. Indeed they

pro vided a Ba y esian justi�cation for resolution IV designs. DuMouc hel and Jones sho w ed

sev eral comp elling examples of the use of their metho ds. This w ork recognizes mo del uncer-

tain t y , whic h is almost alw a ys presen t in a practical setting. It sp eci�cally accoun ts for the

b elief, that has long b een held b y practitioners, that when certain in teractions or e�ects are

assumed to b e zero to deriv e a fractional design the exp erimen te r do es not b eliev e that suc h

e�ects are exactly zero but rather that they are small compared to other e�ects. DuMouc hel

and Jones ha v e succeeded in formalizing the otherwise heuristic justi�cation for resolution

IV designs o v er other designs whic h ha v e the same v alue of the D-optimalit y criterion.

Stein b erg (1985) considered t w o-lev el factorial exp erimen ts to represen t a resp onse surface

problem and also used a Ba y esian form ulation to in tro duce uncertain t y ab out the adequacy

of the prop osed mo del. He deriv ed a metho d for c ho osing the scale of the t w o factor ex-

p erimen t: that is he c hose the \high" and the \lo w" lev els for eac h factor conditional on

a particular fractional factorial design b eing used. In this w a y the trade o� is recognized

b et w een c ho osing design p oin ts on the b oundary of the design regions to maximi ze infor-

mation and c ho osing them to w ards the cen ter of the region where the mo del is b eliev ed

to hold to b etter appro ximation. Stein b erg's approac h is reminiscen t of earlier w ork b y

O'Hagan (1978). O'Hagan considered a Ba y esian approac h to design for curv e �tting where

the curv e to b e �t is a smo oth function and design p oin ts are c hosen based on the predictiv e

distribution.
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These approac hes all use Ba y esian ideas to solv e the v ery practical asp ect of real design

problems. In real problems the mo del is almost nev er kno wn exactly . There is clearly a need

for further researc h here.

9 Concluding remarks

Ba y esian design is an exciting and fast dev eloping area of researc h. The Ba y esian metho d-

ology has m uc h to o�er in exp erimen tal design, where prior information has alw a ys b een used

for the c hoice of exp erimen t, explanatory factors, sample size, and mo del. A Ba y esian ap-

proac h to design giv es a mec hanism for formally incorp orating suc h information in to the

design pro cess. The decision theoretic form ulation presen ted in this pap er sho ws that utilit y

functions can clarify the approac h to design.

The examples presen ted, esp ecially examples 2 and 3 of nonlinear problems, illustrate

that some exp erimen ters ma y already b e actually using designs whic h can b e justi�ed as

appro ximately optimal under a Ba y esian form ulation. A formal Ba y esian approac h to ex-

p erimen tal design ma y w ell lead to substan tial impro v em en ts. It do es remain regrettable,

ho w ev er, that so few real case studies app ear in the statistical literature of Ba y esian optimal

design. The same can b e said of non-Ba y esian nonlinear design where there is considerable

theoretical researc h but few real case studies.

There are man y sp eci�c design problems that remain to b e in v estigated b y a Ba y esian

approac h. In particular, within the linear mo del con text, there is a need for metho ds incorp o-

rating hierarc hical linear mo dels and hierarc hical prior distributions and unkno wn v ariance

comp onen ts. The simple examples presen ted in section 3 illustrate that more sensible designs

can b e obtained when the prior distribution is sp eci�ed within the hierarc hical linear mo del.

But, as remark ed b y Goldstein (1992), there is also the need for these ideas to b e applied to

actual exp erimen ts.

In b oth linear and nonlinear problems there is the need for metho ds whic h re
ect the

realit y that the mo del for analysis is almost nev er kno wn with certain t y b efore the exp erimen t

is done. The exp erimen tal design pro cess should incorp orate mo del uncertain t y in to the

design pro cess.

There is also a parallel need for metho ds to b e dev elop ed for the sp eci�cation and quan ti�-
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cation of prior b eliefs. Prior b eliefs ma yb e en tirely sub jectiv e, based on p ersonal exp erience,

or ma y b e based on previous exp erimen ts and past data. Whatev er the source of prior in-

formation v ery little guidance is a v ailable on ho w to collect and quan tify suc h information.

A notable exception to this is the imp ortan t w ork of Garth w aite and Dic k ey , for example

Garth w aite and Dic k ey (1988), who ha v e dev elop ed useful metho ds for elicitation for the

linear mo del. It remains a c hallenge to dev elop metho ds for prior elicitation for distributions

to b e used in design for nonlinear mo dels. A w elcome b eginning is the study of Flourno y

(1993) who giv es a nice example of the en tire design pro cess, including exp ert elicitation.

Ba y esian design also requires a sp eci�cation of a utilit y function. It is clearly helpful,

in the design pro cess, to carefully consider the reason the exp erimen t is b eing done and to

consider what utilit y should b e used. Although Shannon information and squared error ha v e

b een widely used in the statistical literature, it w ould also b e in teresting to see alternativ es

constructed and explored in future researc h.

As most Ba y esian metho ds for design require n umerical optimization and in tegration

there is a need for soft w are to �nd suc h designs, b oth exact and con tin uous. Without

a v ailable and user friendly soft w are these metho ds will not b e used in real problems. The

soft w are of Clyde (1993b) has the p oten tial to mak e Ba y esian designs accessible to the

scien tist.
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