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LOCAL WHITTLE ESTIMATION OF
FRACTIONAL INTEGRATION FOR
NONLINEAR PROCESSES
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WEI Biao Wu
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We study asymptotic properties of the local Whittle estimator of the long mem-
ory parameter for a wide class of fractionally integrated nonlinear time series mod-
els. In particular, we solve the conjecture posed by Phillips and Shimotsu (2004,
Annals of Statistics 32, 656—692) for Type I processes under our framework, which
requires a global smoothness condition on the spectral density of the short mem-
ory component. The formulation allows the widely used fractional autoregressive
integrated moving average (FARIMA) models with generalized autoregressive con-
ditionally heteroskedastic (GARCH) innovations of various forms, and our asymp-
totic results provide a theoretical justification of the findings in simulations that
the local Whittle estimator is robust to conditional heteroskedasticity. Addition-
ally, our conditions are easily verifiable and are satisfied for many nonlinear time
series models.

1. INTRODUCTION

Since the seminal work of Robinson (1995a, 1995b), semiparametric estima-
tion of the long memory parameter of time series has been an active area of
research. Let d € (—3,%) be the order of integration. Consider the I(d) process
{X,} defined by

(1-B)X,—pw =u, €L, @)

where w is an unknown mean, B is the backward shift operator, and {u, },c is a
mean zero, covariance stationary, short memory process. Let fx(-) and f,(-) be
the spectral density functions of {X,} and {u,}, respectively. Then (1) implies

fx() = [1 = e[, (). 2
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The process {X,} has long memory if d € (0,3), has short memory if d = 0,
and is antipersistent if d € (—3,0). A nonstationary process {X,} can be defined
when d = 1. For example, if d € [3,3), we can write X, as the sum of an

1(d — 1) process, i.e.,
t
Xt:XO+2Yj7 (1—B)d7]Yt:u,, 3
j=1

where X, is a random variable whose distribution does not depend on 7. The
case for d = 3 can be similarly defined by the repeated use of partial summa-
tion (Velasco 1999a, 1999b). An alternative definition of an I(d) process is
given by

(1=B)"(X, = X,) = u, 1(t=1). C))

Equivalently, letting ¢(d) = IIj_,((d +j — 1)/j), k = 1, ¢o(d) = 1, we have

t—1

X, =Xo+ (1 =B) ul(t=1)= X, + > bu(d)u, 4. 5
k=0

Clearly (5) is well defined for any d € R. Under the formulation (4), the pro-
cess {X,} is nonstationary when d = 3 and only asymptotically stationary when
d € (—3,3). The main distinction between Type I processes (expressions (1)
and (3)) and Type II processes (expression (4)) lies in the presample treatment.
These two definitions of I(d) processes could lead to different asymptotic behav-
iors for various statistics. For example, the normalized partial sum of X, when
d > 1 converges to two distinct fractional Brownian motions (Marinucci and
Robinson, 1999a, 1999b). A detailed discussion of their differences can be found
in Robinson (2005) and Shimotsu and Phillips (SP hereafter) (2006).

Two popular semiparametric frequency domain approaches to estimate d have
been extensively studied in the literature: log periodogram (LP) regression
(Geweke and Porter-Hudak, 1983) and local Whittle (LW) estimation (Kiinsch,
1987). LP regression is easy to compute because it only involves least squares
regression, but it is less efficient than LW estimation, which is constructed based
on the likelihood principle (Robinson, 1995b). The asymptotic properties of
LP regression have been investigated by Robinson (1995a) and Velasco (1999a,
2000) among others for Type I processes and by Kim and Phillips (1999) and
Phillips (1999b) for Type II processes. Regarding the asymptotic theory of the
LW estimator, Robinson (1995b) and Velasco (1999b) dealt with Type I pro-
cesses. For Type II processes, see Phillips and Shimotsu (PS hereafter) (2004)
and SP (2006). PS (2004) and SP (2006) nearly completed the study of asymp-
totic properties of the LW estimator for Type II processes in that they charac-

terized the asymptotic distribution for d € [—1,—3) U (—3,%) U (3,M], where
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M is a fixed constant. Their asymptotic analysis was facilitated by an exact
representation of the Fourier transform of Type II fractional processes (Phil-
lips, 1999a). PS (2004) conjectured that their asymptotic results are still valid
for Type I processes with different constants in the asymptotic distributions.
See the review paper by Moulines and Soulier (2003) for other semiparametric
methods of estimating d in the frequency domain.

So far, it seems that most asymptotic analysis of the LW estimator has been
limited to linear processes, i.e., X, = u + X7-0d;{,—; (cf. Robinson, 1995b;
Velasco, 1999b) or u, = >y a,,; (cf. PS, 2004; SP, 2006), where the ¢, are
martingale differences with constant conditional variance, i.e.,

o2 :=E({?| FE,) = apositive constant. (6)

Here .7-",{ =o(...,{i1,{,). To obtain the asymptotic distribution of the LW
estimator, it is often additionally assumed that E({ ,"I]—",f 1),k = 3,4, are also
constants (Velasco, 1999b; PS, 2004; SP, 2006). As mentioned in Robinson and
Henry (1999), it is a drawback not to allow conditional heteroskedasticity, which
is an intrinsic feature for autoregressive conditional heteroskedasticity (ARCH)
and generalized autoregressive conditional heteroskedasticity (GARCH) mod-
els in financial time series. Robinson and Henry (1999) attempted to relax the
constant conditional variance condition (6) for the LW estimator in the case of
Type I processes when d € (—3,3). For general nonlinear processes, Dalla et al.
(2006) proved the consistency of LW estimates and also discussed the conver-
gence rate. Their results indicate that the LW estimator might have a non-
Gaussian limit distribution. No distributional theory was provided in their paper.
This paper has two goals. First, we attempt to solve the conjecture posed in
PS (2004) for Type I processes when d € [3,3). Second, we consider the asymp-
totic distribution of the LW estimator for a wide class of nonlinear processes

u, = F(""Stfl"c—:z)’ (7)

where &, are independent and identically distributed (i.i.d.) random variables
and F is a measurable function such that u, is well defined. Then u, is a station-
ary causal ergodic process. The class of processes that (7) represents is huge;
see Rosenblatt (1959, 1971), Kallianpur (1981), and Tong (1990, p. 204). As in
Wiener (1958), Priestley (1988), and Wu (2005), (7) can be interpreted as a
physical system with (...,&,_, ¢,) being the input, F being a filter, and u, being
the output. Our dependence measures on the process {u,} basically quantify the
degree of dependence of outputs on inputs (cf. Remark 2.3 in Section 2). The
class (7) includes the linear process u, = > ;- a;&,_; as a special case. It also
includes general GARCH (Bollerslev, 1986) and autoregressive moving average—
GARCH (ARMA-GARCH) (Ling and Li, 1997) processes. Together with (1),
the widely used fractional autoregressive integrated moving average—-GARCH
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(FARIMA-GARCH) model is also within this framework; see Section 4. Our
theoretical results confirm the findings from finite-sample simulations in Rob-
inson and Henry (1999), Henry (2001), and Nielsen and Frederiksen (2005)
that the LW estimator is robust to conditional heteroskedastic innovations if the
bandwidth is appropriately chosen.

The following notation will be used throughout the paper. For a random vari-
able £, write ¢ € L7 (p > 0) if |¢], := [E(|¢|”)]'” < oo and let || = -]
For & € L' define projection operators P.é = E(&|F) — E(&|F_1),
Fi = (...,&4—1,&). Let C > 0 denote a generic constant that may vary from
line to line. Denote by = and 5 convergence in distribution and in proba-
bility, respectively. The symbols Op(1), op(1), and o, (1) signify being
bounded in probability, convergence to zero in probability, and convergence in
the almost sure sense, respectively. Let N(u, o ?) be a normal distribution with
mean u and variance o 2.

The paper is organized as follows. Section 2 introduces the LW estimator
and some notation and assumptions. Section 3 provides a distributional theory
of LW estimates for Type I processes when d € (—3,3) U (3,3). Applications
are given in Section 4, and conclusions are made in Section 5. We leave the
technical details to the Appendix.

2. LOCAL WHITTLE ESTIMATION

Let i = y—1 be the imaginary unit. For a process {Z,},c;, define the
periodogram

1 n
> Z,e™

N2mn =1

I,(A) = [w,(N)|%  where w,(A) =w, (X)) =

Let A; = 2m@j/n,j = 1,...,n, be the Fourier frequencies. Denote the true value
of d by d,. Given the observation Xy, ..., X,, the LW estimate for d,, is defined
as the minimizer of the local objective function R(d), i.e.,

d= argmingepa,, 2,1 R(d),

where
R(d) = log (ml > AJ%dIX(Aj)) —— > logA,. 8
j=1 m j=i

Throughout the paper, we assume that m = m(n) satisfies m~! + m/n — 0,
Al and Az Satisfy _% < Al < Az < oo, and do S [Al,Az].
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Let E(u,) = 0 and vy, (k) = E(u,u,,,) be the covariance function of (u,); let

1
£(A) = — X v, (k)exp(ikA)

2T ez

be the spectral density. Assume throughout the paper that G, = f,(0) > 0. We
make the following assumptions.

Assumption 2.1. Cy = Xez|v.(k)| < co.

Remark 2.1. Assumption 2.1 indicates that «, has short memory. Under this
assumption, the spectral density f, is continuous and bounded.

Assumption 2.2. 2,2 k[Pyu,ll < oo.

Remark 2.2. The quantity |Pyu,|| is closely related to the predictive depen-
dence measure introduced by Wu (2005); see Remark 2.3 for more discussion.
Following Wu and Min (2005), Assumption 2.2 is called £? dependent with
order 1. Assumption 2.2 implies Xez|ky, (k)| < oo (cf Lemma A.l in the
Appendix); thus f,(-) is continuously differentiable over [—, 7 ].

Remark 2.3. Let {¢,},c; be an i.i.d. copy of {g},ez and, for k = 0,
u, = F(F/), where F/ = (F_,,&(,€,-..,&). Interpreting (7) as a physical
system, Wu (2005) introduced the physical dependence measure

8,(k) = luy — i,

and the predictive dependence measure w, (k) := [g(Fo) — g(F)l,, where
g(F) = E(uy] F). Intuitively, 6,(-) quantifies the dependence of u; on &
by measuring the distance between u; and its coupled version u;. For w,(k),
because gi(Fy) = E(ux|F) is the k-step-ahead predicted mean, w,(k) mea-
sures the contribution of g in predicting future expected values. By Theorem 1
in Wu (2005), [Pour] = w,(k) = 2| Pyuyll. So Assumption 2.2 is equivalent to
> okw,(k) < co. In many applications physical and predictive dependence
measures are easy to use because they are directly related to data-generating
mechanisms.

Assumption 2.3. X 4 ezlcum(ug, uy 1y, uy,)| < oo

Remark 2.4. Summability conditions on joint cumulants are widely used in
spectral analysis. It is an important problem to verify such conditions. For a
linear process u, = EJEZ a;e,; with g; being i.i.d., Assumption 2.3. holds if
Sjezla;] < oo and g, € L*. For nonlinear processes (7), it is satisfied under
a geometric moment contraction (GMC) condition with order 4 (Wu and Shao,
2004). The process {u,} satisfies GMC with order a, a > 0, if there exists a
C=C(a)and p = p(a) € (0,1) such that

E(luy —u,|*) = Cp",  n€N, )
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where u = F(...,&" ,,&),€,,...,&,) is a coupled version of u,. Here {&,},c,
is an i.i.d. copy of {&,},cz. The property (9) indicates that the process {u,}
forgets its past exponentially fast, and it can be verified for many nonlinear
time series models (Wu and Min, 2005; Shao and Wu, 2007). Define the fourth
cumulant spectral density

f4(W1,W2,W3) =

3
> cum(uy, Up, > Ug,» Uy, ) EXP <—i > wjk_,-).

(277)3 ki, ko, k3EZ Jj=1

Under Assumption 2.3, f,(-,-,-) is continuous and bounded. Section 4 provides
another sufficient condition for the summability of joint cumulants (see
Theorem 4.1).

Assumption 2.4. Assume u, € L9 and 2,7, k8, (k) < o0, g > 4.

Remark 2.5. For the linear causal process u, = X7a;&,_;, 8,(k) =
la,|ley — €oll,- So Assumption 2.4 holds if X;2k|a,| < oo and & € LY.
Assumption 2.4 implies Assumption 2.2 because E [(u; — u;)| Fy] = Pouy and
1Pourll = 1Pourlly = lu — will,-

Assumption 2.5. For some 3 € (0,2], f,(A) = (1 + O(A#))Gyas A L 0.

Remark 2.6. Assumption 2.5 is commonly made in the study of local Whittle
estimation (PS, 2004; SP, 2006). For the popular FARIMA ( p, d, q) or FARIMA-
GARCH processes (see Section 4), 8 = 2. Our Assumptions 2.2 and 2.4 imply
the continuous differentiability of f,(-); thus 8 = 1.

Assumption 2.6. Assume for g > 1,
(logn)®> =o(m) and m=o0(n*?), (10)
and for B8 =1, (logn)? = o(m), m*(log m)*/n*> - 0.

Remark 2.7. Previous work by Robinson (1995b) and PS (2004) requires

1 m*"'(logm)?
; T — 0. 11)
Note that for 8 = 1, Assumption 2.6 is stronger than (11). We are unable to
relax Assumption 2.6, which is needed for us to apply Corollary 2 in the com-
panion paper in this issue (Wu and Shao, 2007) to obtain asymptotic distribu-
tions of d. Under (11), the variance of d dominates its bias. In terms of choosing
the bandwidth that minimizes the mean square error, the optimal order for m is
n2P/2B+1) (cf. Henry and Robinson, 1996). On the other hand, Assumption 2.6
does not seem to be overly restrictive: Assumption A4’ in Robinson and Henry
(1999) requires m = o(n'/?/logn) in an early attempt to establish a central
limit theorem for the LW estimator without imposing (6).
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3. MAIN RESULTS

Four cases, dy € (—3,2), dy € (3,1), dy € (1,3), and dy = 1 are dealt with in
Sections 3.1, 3.2, 3.3, and 3.4, respectively.

3.1. dy € (-3.3)

Under the Type I formulation (1), we write

X, =p+(1—B)u=upn+ > ¢(dy)u, ;. (12)
Jj=0
Because Ix(A;),j = 1,...,m, which is used in the LW estimation, is invariant

to the mean, we can and do assume u = 0.

PROPOSITION 3.1. For the process (12), let u, € L* Then under Assump-
tion 2.2, we have d N dy and

2(d —dy) = —F,,(1+ 0p(1)) + Op(log m/m),
where F,, = m™ ' 27 5, A3 Gy I (A;) and s; = log(j/m) + 1.

THEOREM 3.1. For the process (12), under Assumptions 2.3—2.6, we have
\m(d — dy) = N(0.4). (13)

Robinson (1995b) first obtained the asymptotic distribution of the LW esti-
mator in the setting of linear processes under the assumption that the innova-
tions are martingale differences with constant conditional variance. Robinson
and Henry (1999) attempted to relax the latter restriction (see (6)) under the
following framework:

[ee) 0
_ 2
Xt_/*"—’_Eaj{tfj’ Eaj < oo,
j=0 j=0
where

E(|FE) =0,  ol=¢o+ 22, =0, §,=0jEN.
Jj=1
(14)

The widely used ARCH and GARCH models are included in this frame-
work; compare (22) in Section 4. The asymptotic normality was obtained under
quite restrictive conditions. For example, they require max,c, E({?) < oo,
E(Z3|FE) = E(Z}) almost surely and for 1 = u = v,

E(24,4 1) =0,  E(LIRS) =E(F2E,IF) =0 almost surely.
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In the GARCH case (22), we only need to assume a gth moment condition
(g > 4) and allow various forms of conditional heteroskedasticity; see Sec-
tion 4 for more discussion. Note that the existence of higher order moments
requires more restriction on the parameter space in the GARCH type models.
On the other hand, our formulation excludes possible long memory in condi-
tional variance, which is included in their framework.

Remark 3.1. The short memory conditions on u, (such as Assumptions 2.2
and 2.4) imply the continuous differentiability of f,(-) over the full band [—7, 7],
whereas in previous work (see Robinson, 1995b; Robinson and Henry, 1999;
Phillips and Shimotsu, 2004), only local smoothness of f,(-) or fx(-) around a
neighborhood of zero frequency is imposed. In particular, our assumptions on
u, exclude the so-called Gegenbauer process (Gray, Zhang, and Woodward,
1989), in which the spectral density function has a pole at a nonzero frequency
(for more discussion, see Phillips and Shimotsu, 2004). These global smooth-
ness assumptions together with the stronger rate condition on m are the prices
we pay for allowing nonlinear processes.

3.2. dp € (3.1)

Recall the definition of X, in (3). Write

X,~Xo=2Y,= XA, u,; (15)
=1 j=0

where A;, = @, — ®;_,, ®; = X/_;(dy — 1) = $;(dy) if j = 0 and @; = 0 if
j < 0. Further write

n 13 n

wy(A,) = mn)~1/? 2 Yje”’\»\ = Qmn) 12 Y;Z eith
t=1j=1 j=1 =y
e™  (X,—Xo)  wy(A,)
- , e (16)
1—e™ 27n 1— e

For a complex number z let Re(z) be its real part and Z its conjugate. Then

(Xn _X0)2 IY(AA) Z(Xn _XO) .
Iy(Ay) = — + — — —— Re(wy(A,)e ™).
x(4,) 2mn|l —e™ 2 |1 —e™]2 27|l —e™|? (wr(4,) )

17)

PROPOSITION 3.2. Suppose that X, is generated by (3) with dy € (1,1).
Assume u, € L* and Assumption 2.2; we have d 55 dy and 2(d — dy) =
—F,,(1 + op(1)) + Op(log m/m).
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Remark 3.2. Under Type I formulation, Velasco (1999b) showed that d is
consistent for linear processes when d,, € [, 1). For Type II processes, the con-
sistency was established by PS (2004). At d, = 1, we conjecture that the con-
sistency of d still holds for nonlinear processes.

THEOREM 3.2. Let X, be defined in (3) with dy € (5,1).
(i) Under Assumptions 2.3-2.6, we have
m'2(d — d,) = U, /2, € (5,3),
m>72(d — dy) = J(d)) U2,  dy € (3,1),
where

Q2m)*D72(1 — d,)
F(do)2(2d0 - 1)2

J(do) =

)+ [T = -1y ‘>2dy} a1s)
{ (2d0 - 1) 1 Y y
and U, and U, are i.i.d. N(0,1) random variables.
(ii) Let u, = 27-0a;&,_;, 2p-oklay] < oo, 272ga; # 0, Eel 1, and
€, € L* Then under Assumption 2.5 and (11), for dy = 3, we have

m'"2(d — dy) = U, /2 + J(dy) U}.

PS (2004) dealt with Type II processes and conjectured that if d, € [3,1),
then their asymptotic results still hold for Type I processes possibly with dif-
ferent J(d,). Here, we prove the conjecture in the framework of fractionally
integrated nonlinear processes. In comparison with the asymptotic distribution
in the Type II case, the extra term [["(y%~' — (y — 1)%~")? dy in (18) is due
to the so-called prehistorical influence. At d, = 3, the first two terms in (17)
are of the same stochastic magnitude. In this particular case, it seems very hard
to obtain asymptotic results for nonlinear processes.

3.3. d, € (1.3)

THEOREM 3.3. Suppose that {X,} is generatedfrom (3) with dy € [1,3) and
u, € L* Then under Assumption 2.2, we have d->5 1.

Remark 3.3. Theorem 3.3 confirms the conjecture posed by PS (2004) (see
Remark 3.3 therein), which states that d —> 1 for Type 1 processes if d, €
(1,2). More refined structures exist if d, = 1; see Section 3.4.
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3.4, dy=1

THEOREM 3.4. Suppose that {X,} is generated from (3) with dy = 1. Assume
that 27> k6, (k) < oo and m = m,, — oo satisfies

(m*?logm) x(n) = 0(1), where y(n) =n""*log(n). (19)
Then under Assumptions 2.3. and 2.5, we have

—W, + \2W, W,

\m(d — dy) = 2T W

, (20)

where Wy, Wy, Wy are i.i.d. N(0,1).

The condition >~ k8, (k) < co in Theorem 3.4 is related to Assumption 2.4
with ¢ = 4. Assumption 2.4 is stronger.

The limit distribution in (20) is equivalent to the form stated in Theorem 4.2
of PS (2004), who obtained the asymptotic distribution of d for Type 1I pro-
cesses with dy = 1. It suggests the interesting dichotomous phenomenon: the
asymptotic behaviors in the three cases d, < 1, dy = 1, and d, > 1 are very
different. In addition, the condition on the bandwidth m is quite stringent here.
Basically we require m = O(n'/°(log n)~*3).

In summary, for fractional nonlinear processes ((1) and (3)), the LW estima-
tor is consistent when d, € (—3,3) U (3,1] and is inconsistent when dy > 1.
When d, € (—3,3) U (3,3), the asymptotic distribution is normal with asymp-
totic variance independent of the true value d,,. For Type II processes, SP (2000)
proposed a modified LW estimator, which basically replaces Ix(A;) in R(d)
(see (8)) by Ix(A;), where

ei)\s Xn - XO

1 — e 2Tn

I;()\j) = |W;(/\j)|2’ W;(/\j) =wx(A,) +

The modified LW estimator is shown to be consistent for d, € (0,2) and is
asymptotically normally distributed with variance ; for d, € (3,7). We would
expect that this result still holds for Type I processes in our setting in view of
(16), although the boundary case d, = 3 is hard to handle. We shall not pursue
this generalization in this paper.

4. APPLICATIONS

In this section, we shall show that our main technical assumptions, Assump-
tions 2.3 and 2.4, are satisfied by a number of widely used models in financial
time series analysis. The so-called FARIMA (p,d, q)-GARCH(r,s) model (Ling
and Li, 1997; Li, Ling, and McAleer, 2002) has been used by Baillie, Chung,
and Tieslau (1996), Hauser and Kunst (1998a, 1998b), and Lien and Tse (1999)
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among others to model both long memory and conditional heteroskedasticity. It
admits the following form:

¢(B)(1 = B) (X, — w) = ¢(B)¢,, (21
{ = ¢g0, O'zzzao"' iaigtz—i+ iﬁigzz—i’ (22)

where {&,} are i.i.d. with zero mean and unit variance, ¢(B) =1 — X", ¢, B',
and ¢(B) =1+ X%, ¢; B'. Assume that all the roots of ¢(z) =1 — 2, ¢, 7’
and (z) = 1 + XL, ¢, z" are outside the unit circle, ¢, # 0, ¢, # 0, and
¢(z) and ¢ (z) have no common root. Rewrite (21) into the form of (1) with
u, = ¢(B) "y (B){,, where u, is an ARMA-GARCH process. For a GARCH
process, the necessary and sufficient conditions for the existence of fourth
moments have been investigated by Ling and McAleer (2002a, 2002b). Wu and
Min (2005) showed that £, is GMC(4) (cf. eqn. (9) with « = 4) provided that
{, € L*. Because an ARMA process with GMC(4) innovations is still GMC (4)
(cf. Shao and Wu, 2007, Thm. 5), the process u, is GMC(4) if £, € L*. There-
fore, our Assumption 2.3 is satisfied because GMC (4) implies the summability
of fourth cumulants (cf. Wu and Shao, 2004, Prop. 2).

In the literature, various forms of GARCH have been proposed to model con-
ditional heteroskedasticity. An important class is the asymmetric GARCH(r, s)
models (Ding, Granger, and Engle, 1993). Interestingly, for general asym-
metric GARCH(r, s) models (which include (22) as a special case), Shao and
Wu (2007) showed that they satisfy GMC(g), ¢ € N under the gth moment
condition. Another popular asymmetric GARCH model is the so-called
EGARCH( p, q) (exponential GARCH ( p, ¢)) model proposed by Nelson (1991),
which admits the following form:

B
é’f = Ufgt’ log(aiz) = aO + % g(81*1)7
g(sr) = 081 + 7[|81| - ]E(|8r|)]’

where g, 6, and vy are constants and #(B) =1 + 8,B + --- + B,B9 and
¢(B) =1 — a;B — --- — a,B” are polynomials with zeros outside the unit
circle having no common factors. Robinson and Henry (1999) also considered
the preceding model in their finite-sample simulation. However, they men-
tioned that the EGARCH model is not included in their theoretical framework
(14). If &, are i.i.d. N(0,1), Min (2004) showed that ¢, is GMC(q) for any
g € N.

For other types of nonlinear time series models such as bilinear models (Subba
Rao and Gabr, 1984), threshold autoregressive models (Tong, 1990), and signed
volatility models (Yao, 2004), the GMC property has been verified by Wu and
Min (2005) and Shao and Wu (2007) under certain contraction conditions.
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Regarding our Assumption 2.4, it holds if the process u, is GMC(g) for some
q > 4 (for a rigorous proof see Wu, 2007).

A common assumption in spectral analysis is the summability of joint cumu-
lants up to certain orders (Brillinger, 1975; Rosenblatt, 1985). The following
theorem gives a sufficient condition under which the summability of joint cumu-
lants is true. It generalizes Proposition 2 in Wu and Shao (2004).

THEOREM 4.1. Assume u, = F(...,g,_1,¢,) € LX k=2, k € N. Then

E |Cum("t0’um1’""um,‘,l)| < (23)

provided that >, n*">(2r_, 8,(m)*)'? < co, where 8;(m) = |u,, — u., |-

Remark 4.1. Because (X5._, 8,(m)*)"/? = X%_ 8,(m), (23) holds if

[e’e}

> n* 18, (n) < oo, k=2. (24)

n=0

Therefore X7 ,n’6,(n) < oo, ¢ > 4 implies our Assumptions 2.3, 2.4, and
B = 2 in Assumption 2.5.

Example 4.1. ARCH(%) (Robinson, 1991)
(=80, o=t 2l =0, #;=0, jJEN, (25
j=1

where g, are i.i.d. mean zero random variables having suitable moments. Note
that (25) is a special form of (14). Both general ARCH(p) and GARCH(r, s)
models fall into this framework when the weights ¢; either vanish for j > p
or decay exponentially to zero. This property implies the exponential decay
rate of the autocorrelation of ¢?. Giraitis, Kokoszka, and Leipus (2000) gave
a sufficient condition for the existence of a stationary solution and found that
the autocorrelation of 7 can decay slowly like a power function, but no long
memory structure of /7 is allowed. Further development can be found in Zaf-
faroni (2004). We shall show that our condition can be satisfied with hyperbol-
ically decaying coefficients ;.

PROPOSITION 4.1. For (25), let & € L° Assume that |e}|i?
2200 < 1and Z7, 473 < oo, then we have

> leum (o, &, diyn i)l < 0 and glkllzk—z,:||6<oo, (26)

Ky, ko, k3EZ

where (] is the coupled version of {; as in Remark 2.3.
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Example 4.2. LARCH (linear ARCH) (Robinson, 1991)
l(i=e0, o=atXbl ;, (€L, 27)
j=1

where a and b;,j € N are not constrained to be nonnegative. Giraitis, Robin-
son, and Surgailis (2000) provided a sufficient and necessary condition for the
existence of a stationary solution and demonstrated that {? could have long
memory autocorrelation unlike the ARCH (o) case. The following proposition
covers part of the short memory case where b; is allowed to have a hyperbolic
decay.

PROPOSITION 4.2. For (27), let €, € L. Assume that |&,|s 272, |b;] <1
and 277 ,|b;| j? < co. Then

2 |Cum({0’§kl’§k2’§k3)| < oo and 2:1 k(& = gills < 0.

ki, ky, ksEZ

5. CONCLUSIONS

This paper presents an asymptotic theory for the LW estimator of a class of
fractionally integrated nonlinear processes. The theory we develop here matches
the empirical evidence found in finite-sample simulations by Robinson and Henry
(1999), Henry (2001), and Nielsen and Frederiksen (2005) that suggest that the
LW estimator is robust to conditional heteroskedasticity. Recently, long mem-
ory in volatility has received a great deal of attention in the literature (cf. Hur-
vich, Moulines, and Soulier, 2005, and references therein). Robinson and Henry
(1999) showed that the LW estimator of the long memory parameter in the level
is unaffected by long memory in volatility. Our framework excludes this inter-
esting case in that the conditional heteroskedastic models included are all of
short memory type. However, our framework is general enough to allow vari-
ous kinds of short memory GARCH models.

Under the current framework, it is certainly worth investigating the asymp-
totic properties of the LW estimator for Type II processes and also the exact
LW estimator (SP, 2005). These topics are beyond the scope of this paper and
will be studied in the future.

REFERENCES

Baillie, R.T., C.F. Chung, & M.A. Tieslau (1996) Analyzing inflation by the fractionally integrated
ARFIMA-GARCH model. Journal of Applied Econometrics 11, 23—-40.

Bollerslev, T. (1986) Generalized autoregressive conditional heteroscedasticity. Journal of Econo-
metrics 31, 307-327.

Brillinger, D.R. (1975) Time Series: Data Analysis and Theory. Holden-Day.

Brockwell, P.J. & R.A. Davis (1991) Time Series: Theory and Methods. 2nd ed. Springer-Verlag.



912 XIAOFENG SHAO AND WEI BIAO WU

Dalla, V., L. Giraitis, & J. Hidalgo (2006) Consistent estimation of the memory parameter for non-
linear time series. Journal of Time Series Analysis 27, 211-251.

Ding, Z., C. Granger, & R. Engle (1993) A long memory property of stock market returns and a
new model. Journal of Empirical Finance 1, 83-106.

Geweke, J. & S. Porter-Hudak (1983) The estimation and application of long memory time series
models. Journal of Time Series Analysis 4, 221-238.

Giraitis, L., P. Kokoszka, & R. Leipus (2000) Stationary ARCH models: Dependent structure and
central limit theorem. Econometric Theory 16, 3-22.

Giraitis, L., PM. Robinson, & D. Surgailis (2000) A model for long memory conditional hetero-
scedasticity. Annals of Applied Probability 10, 1002—-1024.

Gray, H.L., N.-F. Zhang, & W.A. Woodward (1989) On generalized fractional processes. Journal
of Time Series Analysis 10, 233-257.

Hall, P. & C.C. Heyde (1980) Martingale Limit Theory and Its Applications. Academic Press.

Hannan, E.J. (1973) Central limit theorems for time series regression. Zeitschrift fiir Wahrschein-
lichskeitstheorie und Verwandte Gebiete 26, 157-170.

Hauser, M.A. & R.M. Kunst (1998a) Fractionally integrated models with ARCH errors: With an
application to the Swiss 1-month euromarket interest rate. Review of Quantitative Finance and
Accounting 10, 95-113.

Hauser, M.A. & R.M. Kunst (1998b) Forecasting high-frequency financial data with the ARFIMA-
ARCH model. Journal of Forecasting 20, 501-518.

Henry, M. (2001) Robust automatic bandwidth for long memory. Journal of Time Series Analysis
22, 293-316.

Henry, M. & P.M. Robinson (1996) Bandwidth choice in Gaussian semiparametric estimation of
long range dependence. In P.M. Robinson & M. Rosenblatt (eds.), Athens Conference on Applied
Probability and Time Series Analysis, vol. 11: Time Series Analysis, In Memory of E.J. Hannan,
Lecture Notes in Statistics, 115, 220-232. Springer-Verlag.

Hurvich, C.M., E. Moulines, & P. Soulier (2005) Estimating long memory in volatility. Economet-
rica 73, 1283-1328.

Kallianpur, G. (1981) Some ramifications of Wiener’s ideas on nonlinear prediction. In N. Wiener
& P. Masani (eds.), Norbert Wiener, Collected Works with Commentaries, pp. 402—424. MIT Press.

Kim, C.S. & P.C.B. Phillips (1999) Log Periodogram Regression: The Nonstationary Case. Tech-
nical report, Yale University.

Kiinsch, H. (1987) Statistical aspects of self-similar processes. In Yu.A. Prohorov & V.V. Sazonov
(eds.), Proceedings of the Ist World Congress of the Bernoulli Society, vol. 1, pp. 67-74. Sci-
ence Press.

Li, W.K., S. Ling, & M. McAleer (2002) A survey of recent theoretical results for time series
models with GARCH errors. Journal of Economic Survey 16, 245-269.

Lien, D. & Y.K. Tse (1999) Forecasting the Nikkei spot index with fractional cointegration. Jour-
nal of Forecasting 18, 259-273.

Ling, S. & W.K. Li (1997) On fractionally integrated autoregressive moving-average time series
models with conditional heteroscedasticity. Journal of the American Statistical Association 92,
1184-1194.

Ling, S. & M. McAleer (2002a) Necessary and sufficient moment conditions for the GARCH(p, q)
and asymmetric power GARCH( p, g) models. Econometric Theory 18, 722-729.

Ling, S. & M. McAleer (2002b) Stationarity and the existence of moments of a family of GARCH
processes. Journal of Econometrics 106, 109-117.

Marinucci, D. & P.M. Robinson (1999a) Weak convergence of multivariate fractional processes.
Stochastic Processes and Their Applications 86, 103-120.

Marinucci, D. & P.M. Robinson (1999b) Alternative forms of fractional Brownian motion. Journal
of Statistical Planning and Inference 80, 111-122.

Min, W. (2004) Inference on time series driven by dependent innovations. Ph.D. Dissertation, Uni-
versity of Chicago.



LOCAL WHITTLE ESTIMATION OF FRACTIONAL INTEGRATION 913

Moulines, E. & P. Soulier (2003) Semiparametric spectral estimation for fractional processes. In
P. Doukhan, G. Oppenheim, & M. Taqqu (eds.), Theory and Applications of Long-Range Depen-
dence, pp. 252-301. Springer Verlag.

Nelson, D.B. (1991) Conditional heteroskedasticity in asset returns: A new approach. Economet-
rica 59, 347-370.

Nielsen, M.O. & P.H. Frederiksen (2005) Finite sample comparison of parametric, semiparametric,
and wavelet estimators of fractional integration. Econometric Reviews 24, 405—-443.

Phillips, P.C.B. (1999a) Discrete Fourier Transforms of Fractional Processes. Technical report, Yale
University.

Phillips, P.C.B. (1999b) Unit Root Log Periodogram Regression. Technical report, Yale University.

Phillips, P.C.B. & K. Shimotsu (2004) Local Whittle estimation in nonstationary and unit root cases.
Annals of Statistics 32, 656—692.

Phillips, PC.B. & V. Solo (1992) Asymptotics for linear processes. Annals of Statistics 20, 971-1001.

Priestley, M.B. (1988) Nonlinear and Nonstationary Time Series Analysis. Academic Press.

Robinson, P.M. (1991) Testing for strong serial correlation and dynamic conditional heteroskedas-
ticity in multiple regression. Journal of Econometrics 47, 67-84.

Robinson, PM. (1995a) Log-periodogram regression of time series with long range dependence.
Annals of Statistics 23, 1048-1072.

Robinson, P.M. (1995b) Gaussian semiparametric estimation of long range dependence. Annals of
Statistics 23, 1630-1661.

Robinson, P.M. (2005) The distance between rival nonstationary fractional processes. Journal of
Econometrics 128, 283-300.

Robinson, PM. & M. Henry (1999) Long and short memory conditional heteroskedasticity in esti-
mating the memory parameter of levels. Econometric Theory 15, 299-336.

Rosenblatt, M. (1959) Stationary processes as shifts of functions of independent random variables.
Journal of Mathematical Mechanics 8, 665—681.

Rosenblatt, M. (1971) Markov Processes. Structure and Asymptotic Behavior. Springer-Verlag.

Rosenblatt, M. (1985) Stationary Sequences and Random Fields. Birkhéuser.

Shao, X. & W.B. Wu (2005) Local Whittle Estimation of Fractional Integration for Nonlinear Pro-
cesses. Technical report 560, Department of Statistics, University of Chicago. Available at
http://galton.uchicago.edu/techreports/tr560r1.pdf.

Shao, X. & W.B. Wu (2007) Asymptotic spectral theory for nonlinear time series. Annals of Sta-
tistics, forthcoming.

Shimotsu, K. & P.C.B. Phillips (2000) Modified Local Whittle Estimation of the Memory Param-
eter in the Nonstationary Case. Technical report, Yale University.

Shimotsu, K. & P.C.B. Phillips (2005) Exact local Whittle estimation of fractional integration. Annals
of Statistics 33, 1890-1933.

Shimotsu, K. & P.C.B. Phillips (2006) Local Whittle estimation of fractional integration and some
of its variants. Journal of Econometrics 103, 209-233.

Subba Rao, T. & M.M. Gabr (1984) An Introduction to Bispectral Analysis and Bilinear Time Series
Models. Lecture Notes in Statistics 24. Springer-Verlag.

Tong, H. (1990) Non-linear Time Series: A Dynamical System Approach. Oxford University Press.

Velasco, C. (1999a) Non-stationary log-periodogram regression. Journal of Econometrics 91,
325-371.

Velasco, C. (1999b) Gaussian semiparametric estimation of non-stationary time series. Journal of
Time Series Analysis 20, 87-127.

Velasco, C. (2000) Non-Gaussian log-periodogram regression. Econometric Theory 16, 44-79.

Wiener, N. (1958) Nonlinear Problems in Random Theory. MIT Press.

Wu, W.B. (2005) Nonlinear system theory: Another look at dependence. Proceedings of the National
Academy of Sciences 102, 14150-14154.

Wu, W.B. (2007) Strong invariance principles for dependent random variables. Annals of Proba-
bility, forthcoming.



914 XIAOFENG SHAO AND WEI BIAO WU

Wu, W.B. & W. Min (2005) On linear processes with dependent innovations. Stochastic Processes
and Their Applications 115, 939-958.

Wu, W.B. & X. Shao (2004) Limit theorems for iterated random functions. Journal of Applied
Probability 41, 425-436.

Wu, W.B. & X. Shao (2006) Invariance principles for fractionally integrated nonlinear processes.
In J. Sun, A. DasGupta, V. Melfi, & C. Page (eds.), Recent Developments in Nonparametric
Inference and Probability. IMS Lecture Notes—Monograph Series 50, 20-30. Institute of Math-
ematical Statistics.

Wu, W.B. & X. Shao (2007) A limit theorem for quadratic forms and its applications. Econometric
Theory 23 (this issue).

Yao, J.-F. (2004) Stationarity, Tails and Moments of Univariate GARCH Processes. Preprint, Uni-
versity of Rennes, France.

Zaffaroni, P. (2004) Stationarity and memory of ARCH (co) models. Econometric Theory 20, 147-160.

TECHNICAL APPENDIX AND PROOFS

For convenience of notation, write Iy; = Ix(A;), 1, = 1,(A;), Iy; = Iy(A;), fx; = fx(A)),
fuj = fu(A_/)9 fYJ = |1 - ei)\j ‘272([(7;4]'7 in = IXjfx;l’ iuj = Iuj u}l’ in = Il/jf}’;lv
wy; = wx(A;), wy; = wy(A)), and wy; = wy(A)), j=1,...,m.

Let g; = wxj/\/E and h; = wu,/\/E Denote D(w) = D,(w) = 2/_,e™, a()) =
Silob(dy)e™ = (1 —e?)"®, and a; = a();). When dy € (—3,3), it is easy to see that
a(-) satisfies the following condition: «(A) is differentiable in a neighborhood of the
origin (0,€) and also a’(A) = O(|a(A)|A™") as A L 0. Let K(w) = 27n) "' |D(w)|? be
the Fejér kernel. We introduce the following working assumption.

Assumption A.1. f,(-) is differentiable at (0, €) for some € > 0 and
If/(A)] =0(A"") asAlo. (A.1)

The following lemma describes the relationship between 7, (k) and |Pyuy|.

LEMMA A.l. For u, in (7), 27—ok?|Pyu,| < oo implies 2ez|ky, (k)| < oo for
q > 0.

Proof of Lemma A.1. Because 7 and P are orthogonal if j # j’,
70 = Eluou) =E( 3 P T By ) = SEBuy P
JEZ j'ez JEZ
Therefore, by the Cauchy—Schwarz inequality,
2 kv ()= 2 1kl 2 1Bl 1P = 2 1Pl 2 1kl Pyl

kEZ kEZ JEZ JEZ kEZ

oo 2
511135((2472)(2‘j|q‘|7)0”j|‘> < co.
j=0 | ]

Remark A.1. By Lemma A.1, Assumption 2.2 leads to Xez|v.(k)k| < co, which
implies that f/(-) is continuous on [—,7]. So Assumption A.1 is satisfied. Because
[Pour]| = 8-(k), we have that X~ k?6,(k) < oo implies Xiez|k?y,(k)| < co for
g > 0.
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LEMMA A.2. Suppose that {X,} is from (1) with dy € (—3%,%). Under Assumptions
2.1 and A.1, the following expressions hold uniformly over 1 = k <j=m = o(n):

[E{g;g}— 11+ [E{h;h;} — 1] + [E{g; A} — a(X;)/|a;| | = O(logj/i); (A.2)
E{g;g} = O(logj/j),  E{gg}=0(ogj/k),  E{ga}=0(logj/k);

E{hh;}t = O(logj/j),  E{h;ht}=0(logj/k),  E{h;h} = 0(logj/k);

E{gh}t = O0(logj/j),  E{gim}=0(ogj/k),  E{ght}=0(logj/k).
Furthermore, if Assumption 2.3 is satisfied, then we have

cov(ly, L) = f31(j = k) + 0(log(j v k) (j A k)™") (A3)

uniformly over j,k = 1,...,m. Here a v b = max{a,b}, a A b = min{a, b}.

Proof of Lemma A.2. Because the cross spectral density fx,(A) = (1 — e™)~%f ())
when dy € (—3,3), it is easily seen that (A.1) implies |fy,(A)] = O(A"'"%) and
| fe(A)] = O(A1724) as A | 0. Then the lemma is a direct consequence of Robinson
(1995a); see Theorem 2 and its proof therein. Regarding (A.3), we have

cov(lj, L) = cum(w,;, W,;, W, W,i) + COV(W,;, W0 ) COV(W,;, W, )

+ cov (W, W) cov (i, i)
=0(1/n) + 0(log(jvk)(jAK)™) + f51(j = k)
uniformly over j = 1,...,m in view of Assumption 2.3. and the first assertion. n

Remark A.2. To show (A.2), we only need to use equation (4.1) in the paper by
Robinson (1995a), whose proof does not require the rate of convergence of f,(A) as
A L 0. For the remaining nine statements, our assumptions suffice. See Velasco (1999b)
for a similar result when dy € [3,1).

The next two lemmas (Lemmas A.3 and A.4) are useful for the consistency and the
asymptotic normality of d, respectively.

LEMMA A.3. For the process (12) with dy € (—%,3), suppose Assumption 2.1 holds.
Then

E|ly; — I, = O(j~"?) uniformly overj=1,...,m. (A4

Proof of Lemma A.3. Write ¢, = ¢(dy). By (12),

n
2 Xrem\j -w

1
\N2mn = Y

I3 iy S it ir)—d
\/mz¢ke i1 > ue i+ Vi w(1L—eh) b
k=0 =1
1

. _ _iAy—dy —
R, = wyg —w, (1 —e™) b=

y (1—eit)—do
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where Vi ; = 2/=F u,e™ — X7 u,e™. After straightforward calculations, we get

2
1= e™POR[R,|* = 1 = e o@an)'E

=)
kzo d)k elk/\j Vk,j

2

a(—A) "

a()\j)
a(A)

— -1

a(A))

—1

- f " AKA )

2

dr=0(1/j)

SCUJWK()\—AJ-)

—

uniformly over j = 1,...,m. The last equality in the preceding expression is due to
Lemma 3 of Robinson (1995b) in view of the properties of a(A). Finally, (A.4) follows
from the Cauchy—Schwarz inequality and the fact that EZ,; = f,; + o(1) uniformly over
j=1,...,m under Assumption 2.1 (cf. Brockwell and Davis, 1991, Prop. 10.3.1). H

LEMMA A.4. For the process (12) with dy € (—3,%), suppose Assumptions 2.1, 2.3,
and A.1 hold. Then

E =C(r'* (1 +logr)'? 4+ r'2n~ V), r=m=o(n),

E (in - iu,)
j=1

where C is a generic constant independent of r, m, and n.

Proof of Lemma A.4. The proof is a generalization of the argument in Robinson
(1995b, pp. 1648-1651) to the nonlinear case. Let I = 1 + [ #/?log r|. By Lemma A.3,
E[X\(Iy — I,)| = CI'2. It then suffices to consider [ + 1 = j = r. Write
E{Z/ Iy — I;)}* = 2m)*(a; + as + by + by), where

a, = 2 {Z(E\g_,-|2)2 + |IE(8_,-2)|2 - 2|E(8_,'hj)|2 - 2‘]E(gjﬁj)‘2

I+1

— 2E|g;|”E|h; [ + 2(E|1;[*)* + [E(h7)]?},

a, = 2 {cum(g;, 8, &) — 2 cum(g;, by, &, ) + cum(hy, by, by, ),

I+1

by=2 2 X {Elg* —Eln*)(Elgl* —E[]*)

J=l+1k=j+1

+ |]E(gjgk)|2 + |E(gjgk)‘2 - |]E(gjhk)|2 - |]E(gj}_lk)|2

- |E(gkhj)|2 - |E(gk}_lj)|2 + |E(hjhk)|2 + |1E(hj}_lk)|2}a

by =2 2 E {Cum(g_,'vgkagj’gk) - Cum(8j>hk7g;»ﬁk)

J=1H1 k=j+1

- Cum(hﬂgk’ﬁjrgk) + Cum(hj’hkrﬁj9ﬁk)} =:2 Z 2 S(]5k)

J=1+1 k=j+1
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By Lemma A.2, we have |a,| = C 2/, (logj)/j = C(logr)? and

|b|<CE E

J=I+1 k=j+1

{(10gJ)(10gk) (10gk)2} <Cr(10gr)2
Jk i) o

Because the summand in a, is the summand in b, with j = k, we shall derive the order
of the summand in b, first. After a straightforward calculation (cf. Brillinger, 1975), we
can write (27n)2f,; furs(j, k) as

J {a(Wl +w, +ws)a(—w,) _ 1}{a(wl)a(w3) _ 1} dij(wl,wz,w3), (A.5)

|ay|? | |?

where IT; = [—7,7]? and
dij(Wan,Ws) =f4(W1,Wz»W3)Ejk(W1,W2,W3) dwy dw, dws,
E/k(Wan’W,%) = D(/\j —w, —wy — w3)D(A + w)D(w, — /\_/)D(W3 = A

Under Assumption 2.3, f4(+,-,-) is bounded. Following Robinson (1995b, p. 1649), (A.5)
is a sum of three types of components. The first type is

f {oz(w1 +w, +wy) B 1}{a(—w2) B 1}
Iy Qa; a;

7 7

x {a(_wl) 1}{@ 1}dF,k(wl,w2,w3). (A.6)
a, ay :

By the Cauchy—Schwarz inequality, Lemma 3 of Robinson (1995b), and the periodicity,
(A.6) is bounded in absolute value by Cn?P; Py, where

-

So |(A.6)| = Cn?~'k~'. A typical second type of component is

f {M _ 1}{a(_wl) . 1}{a(__w3) - 1} dF, (W, wyw3). (A7)
115 o o (e 9%

7

2

a(A) - ) .
K(A—A;)dA=0(;j"") uniformly over I =j=m.

J

-1

Again, by the Cauchy—Schwarz inequality and the periodicity, we have |[(A.7)] =
Cn?P}> P, = Cn*~"2k~" because [7_K(A)dA = 1. Itis easily seen that other compo-
nents of the second type can be bounded either by Cn2j =2k~ or Cn?j 'k~

We proceed to show that the third type of component is bounded in magnitude by
Cn3/2j=12k =12 An example of the third type of component is
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[ {M - 1}{M - 1} 0y 0y )

J

=f {a(ﬁ) 3 1}{M _ I}Ejk(wlﬂ—wl = w3,W;3)
ml Q Xk

7

X fa(wi,0 —wi — ws,ws) dw dOdw,

_f {a(@) }{a(_w1) }
= — =1 —— — 1 D(A; — 0)D(A, + w)Gy(0,w)) dOdw,,

@ Xk

(A.8)
where I, = [—7,7]? and
ij(e,Wl) = f D(0—w; —w;— )\/)D(W3 = A fa(wy, 0 — wy — ws, ws) dws.

Then we have |(A.8)| = Cn*?P/>P}/> = Cn3/2j~"/2k~"/2 by the Cauchy-Schwarz
inequality if the following relation holds:

Q:= f |G (6,w))|* dOdw, = Cn. (A9)
I,
To show (A.9), let c(ky,ky, k3) = cum(uy, uy ,uy,,u;,) and rewrite G (6, w,) as

1 n T )
ij(e’wl) = 2 2 C(kl, kz, k3)f elwz(kz—kg—t|+tz) dW';
(277) ki ky, k3€EZ 1y, 1,=1 -

X exp{i[—w k) —ky (60 —w) +1,(0 —w, — )\j) — A}

1

> > clkyky k)11 =1, —ky + ks =n)

a (27T)2 ki ko, k3sEZ ;=1
Xeexpli[—w ky — (0 —w; = Ak, = ks +1,(0 —wy — A, — AT

By a similar argument as previously, we have

2m)2Q = > > 2 clky, ky, ky)e(k), k}, kS)

ki, ko, k3€Z k] 1y KAEZ 1, 1] =1
X11=t,—k, thky=n)1(1 =t/ -k, + k;=n)

X k) —k; =k, +kh+1,— 1] =0)1(k) — ky + 1, —t; = 0)
Xoexp{i[(t] = t))A; + (1] = t; + ky — k5 — ks + k3) A1}

=n 2 2 ‘C(kl’kZ’kS)l|C(ki9ké?ké)"

ki ko k3€Z kit k), kAEZ
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which entails (A.9) under Assumption 2.3.. Finally, we deduce that

a=CE(7+j7P+n % =G,
1

b,=C 2 z (j*lk*l _i_j,,k,l/z +j"/2k*‘ + n71/2j71/2k71/2)

j=lH1 k=j+1

=C{(1+1logr)®>+r'?logr+m "2}
The conclusion follows because / =1 + | r/?log r]|. n

LEMMA A.5. For the process X, in (3) with dy € (%,3), under Assumption 2.1,
E(X, — Xo)? = Cn*®" ' n €N, where C only depends on dy and Cy,.

Proof of Lemma A.5. Recall that D(w) = X/_, e™. By (3), we have

T

B(X,~ X, = [ DOV = e s, (1) dn

T

G, (A, dy) dA.

SCUf ‘l_ein)\‘2|1_ei/\|—2dnd/\ =: CUf

Fix a 8 € (0,1); let h, = 8/n. Then on [0,4,], G,(A,dy) = C(nA)?A 2%, On (h,,d),
G,(A,dy) = CA 2% and G,(A,dy) = C on [8,7]. Hence

T h, 8 T
f G, (A, dy)dr < f Cn2 220 g + f CA 2 d) + f CdA < Cn2d 1,
0 0

h 8

In

The constant C only depends on dj and Cy once we fix 6. Thus the conclusion follows
because G,(A,dy) = G,(—A,dy). |

LEMMA A.6. Let u, = F(...,&,_1,&/) and Sy = 7'/22;‘:1%-, k=1,...,n Sup-

pose that Eu, = 0 and 2~ k8,(k) < co; then on a richer probability space, there exists
a standard Brownian motion IB such that

max |S,, — V27 GyIB(k/n)| = 045 (x(n)), (A.10)

0=k=n
where x(n) = n~"*log(n). Consequently,

max [,(A) = & = 04 (mx(n), (A1D)

s=1,...,

where &, =G> 2 {B(k/n) — B((k — 1)/n)}e™*.
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Proof of Lemma A.6. By Theorem 3 and Corollary 5 in Wu (2007), we have (A.10).
Because

n—1 ikA

W) = & = 3 (5= N2TGB(Kk/m) -

= itk N S, — \N27G,B(1)
m N2m

n—1

= 045 (X () 2 11 = ™[ + 0, (x(n) = 0, (mx (n)

=1
uniformly over s = 1,...,m, (A.11) follows. u

Remark A.3. The strong approximation (A.11) is used to obtain the asymptotic dis-
tribution of d when dy = 1. A similar result for linear processes has been used by Phil-
lips (1999b) to derive the asymptotic distribution of the estimator from LP regression at
d() =1.

LEMMA A.7. For (3) with dy € (3,3), assume 2;|Pou.l, < oo, where q >
2/@2dy — 1) for dy € (3,1) and q = 2 for dy € [1,3). Then

5% v A12
_— = 1), .
n* K (dy) a1
where

1 0
K(do)* = 2wcor(do)2{ SRR 1)[’0‘)%}
2d,— 1 1

= J(dy)2m)3 2% (2dy — 1)°Gy(1 — dy)™"  ford, € (3,1).

Proof of Lemma A.7. When d, € (3,1) U (1,2), the result follows from Theo-
rem 2.1 in the paper by Wu and Shao (2006), who proved a functional central limit
theorem. When d,, = 1, it follows from Theorem 1 in Hannan (1973). u

Proof of Proposition 3.1. Let n; = A;*I,;/G,. By Theorem 2.1 in Dalla et al.
(2006), it suffices to prove that

T
Lo ] > m;, — 1, forany 7 € (0,1]. (A.13)
i=1

E(”]j)SC, j=1,...,m, and

The former assertion is a direct consequence of Lemma A.3 and the fact that EJ,; =
fuj + o(1) uniformly over j = 1,...,m under Assumption 2.1 (cf. Brockwell and Davis,
1991, Prop. 10.3.1). For the latter, let 7,, = |[7m]. By Lemma A.3,

Tm Tm 1 Tm

7, 2= 2 I fg Ao = G 2 LS A% + 0p(1)

i=1 GoTp j=1 0Tm j=1

Tm

= I, +op(l):=J,+ op(l).
G L on(Di= I, 4 0nl)
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We shall adopt a martingale approximation approach to prove J, = 1 + op(1). Let
dy = 272, P.u, be stationary martingale differences, and we approximate >/ u, e
by X" ,d,e™. By Lemma 4 in Wu and Shao (2007), |2/ ,(u, — d,)e™| =
C(\n|1 — e ™| + 1), where C is independent of n and A;j. Therefore,

1 Tm

2
=— +o0p(1
! 27TnGOTm Jj=1 ]P( )

n
3 det

=1

E E i dedya(k— k) + 0p(1)

2mnGy (= mnGy i=2

2y, J, Fop(l),

where a,(1) = 7,,' 27", cos(IA;). Note that z; = d, Ek _,dya,(k — k') forms martin-
gale differences with respect to 7 and d; € £* under u, € L* (see Wu and Shao, 2007,
Lem. 4); we have var(J,,) = 0(n"2) X{_,E(z7) = O(1/m) by Burkholder’s inequality
(Hall and Heyde, 1980, p. 23) and Lemma 5 in Wu and Shao (2007). Thus the conclu-
sion follows because | dy|> = 27G, (Wu and Shao, 2007) and, by the ergodic theorem,
Jln -1 :Oa.s.(l)' n

Remark A.4. In Dalla et al. (2006), their d is twice the d used in our paper. Also
they set A, = —3 and A, = 3 because they only consider the case dy € (—3,3). A
detailed check of their argument shows that their Theorem 2.1 is still applicable to our
case as long as dy € [A,A,].

Proof of Theorem 3.1. By Proposition 3.1, it suffices to show \mF,, = N(0,1).
Because fy; G, )\2”0 =1+ O(AB ) holds uniformly over j = 1,...,m under Assumption
2.5and 27, s \IE(IX,))\B = o(m"?) under (11), we can write \/_F =1+ 1L+ op(l),
where

I, =m™'? 21 s;(Iy—1,) and L,=m "2 21 s;1,.
= =

For I;, by summation by parts, we get from Lemma A.4 that

m—1

E(|L]) =m™'? 2 log(1+1/r)E +m™ K

Z (Ixj u/) Z (in - iuj)

m—1

=Cm 23 (r 41+ log ) 2+ 17207 4 + 0(1) = o(1).
r=1

Let , = m SR 51, Gy ', and we have E|I, — Ll =m"? s IO(AB) = o(l)
under (11) By Corollary 2 in Wu and Shao (2007), under Assumption 2.4 and (10),

— E(f,) = N(0,1). The conclusion then follows because E(f,) = o(1). |

Proof of Proposition 3.2. A careful investigation of Theorem 2.1 of Dalla et al.
(2006) and its proof suggests that their argument still applies if dy € (5,1). Let
m; = AL, Gyl It suffices to show (A.13). By Lemma A.5, A3%|X, — Xol*
(2mn)~ 1|1 —e™|7? = Cn* )% = C, 1 = j = m, where we have applied the fact
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that |1 — e™|72 = A72(1 + O(A?)) over a neighborhood of A = 0. Lemma A.3 and the
fact that El,; = f,; + o(1) uniformly over j = 1,...,m (cf. Brockwell and Davis, 1991,
Prop. 10.3.1) imply that A;*E {I,(A;)}|1 — e™ /|~ = Cforj=1,...,m. By the Cauchy-
Schwarz inequality, the third term in (17) multiplied by A3* is bounded uniformly
over j. So En; = C,j=1,...,m. Next, for any 7 € (0,1], let 7, = | Tm]|,

1 A%(X, — X,)? 1
_ E L e 707 0p(n2%2) — E /\3110—2 = 0p(1).

A2
Tm j=1 27TnG0\1—e’f\ Tm j=1

By Lemma A.3 and the argument in the proof of Proposition 3.1,

1 A?dn IYj 1

— 2o T = 2y tox()

T j=1 G0|1_€U\7|2 T j=1

m

Tm

= 2 iuj + o0p(1) =1+ 0p(1).
Tm Jj=1

Finally we need to show that

| I 2(X, — X ))tz"“
EGil - 2|2
T j=1 N2mn|l —e™|

Applying Lemma A.2 to {wy;}, we get

Re(wye™™) = op(1). (A.14)

2dy—2 Tm

T iZl NOND = e[ 721 — e™| 2 [E{Re(wye Y )Re(wy e )}

n

Tm

_22 "°2+—221d° kbt log k= o(1).

mk 2j=1

Thus (A.14) holds because X,, = Op(n%~'/?) (see Lemma A.5). The conclusion follows.
|

Proof of Theorem 3.2. (i). By Proposition 3.2, 2(d — dy) = —F,,(1 + op(1)) +
Op(log m/m). In view of (17), we first show that

(X, — Xo) , .
m~ 1?2 E 5, A2do ——" 07 (Wy e + wye™™) = op(1). (A.15)

= N2l —e™i|?
Because (X, — X,)/\27mn = Op(n®~") (see Lemma A.5), it suffices to show that

(Wy e + wye™™)

|1 — |2

T, = ndo~\m~ /> E 5; )‘?d() = op(1). (A.16)
j=1

Summation by parts ylelds T,, = nh~\m= 123" — 5,41)D(r) + D(m)}, where
D(r) =2 %Wy e + wye ’)‘/)|1 — |2 1 = r< m. Note that [1 — e™/| 2 =
A1+ O(Az)) uniformly over j = 1,...,m. By Lemma A.2, we have
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r

D> = X A2 1+ 0()) (1 + 0(A7)

k=1
X B (Wy; e™ + wy e ) (Wy e ™+ wy e )|
ro k—1

=C E R YD L Vi ek enr-2iop log 7.
J

k=2 j=1

Because dy < 1,

m—1
E(T,)) = n"“"m"”z{ 2 s, = s,lIDM] + I\D(m)\l}
r=1

m—1

= Cm_l/z{ > r 2 flog r + m/? “logm} —o;

r=1

hence (A.16) holds. When dy € (3,3), by the argument in the proof of Theorem 3.1.
(where the role of )\_fdﬂlxj is replaced by /\_?40721){,),

\m(d —dy) = —m™ 23, 5, 22%721,,(2Gy) " + 0p(1) = N(0,2).

i=1
When dy € (2,1),

(X _X0)2

22d0(d dy) = — 12d02 A2d0 po—e
0

+ 0p(1) = J(dy) U3
in view of Lemma A.7 and the fact that m'~2% 3's; j>%™2 = (2dy — 1)"*(2dy — 2) +
o(1).

(ii). Denote a(e™) = 277 a e, Recall (15) for the expression of X,, — X,. We first
claim that

X, — —a(l)EAjn ey = 0p(n®712), (A17)

Let Q; = (277)2[[0_2(2d0 - 1)_2(1 —dy), y; = nl/z_doAnft,ner = n]/z_do‘ﬁnft(do)st’
l=t=nand P, = n"> %32 A, e, . By (17) and (A.15), we have \mF,, =
I, + I, + op(1), where
" . (X, — X,)*
L=m™ 2 Go_ls,-/\jz-do\l — e 72 S T
1 ’ 2mn

m oo 2
= (zwn)ilmil/z 2 G(;] Sj )\?d072a(1)2 < E Ak,nsn*k> (] + O]P’(l))
1 k=0

—20, <§n: Y+ Pn> (1+0p(1))

1
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and

L=m 23 5, 5%L(1)Gy ' [1 = e[ 2
1

=m 2 s N L) Gyt 0p(1) =m 2 B 51, Gy !+ op(1).
1 1

The validity of the last equality in the preceding expression follows from Lemma A.4
and the argument in the proof of Theorem 3.1. Under the assumption 277 j|a;| < oo, it
is easy to see that a(e™) is differentiable in a neighborhood of zero and (d/d)\)a(e™) =
O(A™") as A — 0+. Based on the preceding properties of a(-), Robinson (1995b,
p. 1644) showed that XV's;1,Gy' = 2ZV27ws;1.(A;) + op(m'/?). Therefore I, =
m V235 2ml,(A;) + op(1) = 2, z, + op(1), where z;, = 0, z, = &, 24 &,¢,_, for
t = 2. Here ¢, = 2n 'm™ "2 2 s;cos(sA;). Letting Q, = T'(dg) ?(2dy — 1)~" and
O3 =T (dy) [ (yP™! = (y = D%~ 1)2 dy}, we shall show that

<Ezn2ynpn> :(Ulané/zwlyﬂ;/ZWZL (A'IS)
1 1

where U;, W;, and W, are i.i.d. N(0,1). Notice that P, is independent of (X7 y,,>1z,);
it suffices to show that P, = Q?W, because PS (2004, p. 687) have shown that
Sz, 20y = (U, QY2 W)). Write

n?—1 oo
— ,1/2—d 1/2—d, —
Pn =n 0 2 Ak,nen*k+n ° 2 Ak,nsn*k - K1n+K2n'
k=n k=n2

Note that [A; | = k 1= 2Z7|¢;(dy — 1)| < oo for all k = n. Then for any € > 0, the
following Lindeberg condition holds:

n?—1

2 E{AL 0! P 0er  1(n' 0|4 e, ] > €}
k=n

n?-1
=0(@n' ) > [k% ' —(k—n)P "2 X E{e?1(|g,| > n%2e/k)} = 0,

k=n+1

which entails that K,,[var(K;,)]” /> = N(0,1). Because K, and K,, are independent
of each other, the convergence of P, follows from the fact that var(K,,) =
O(f7(y®™ ! = (y = D® )2 dy) = o(1).

Combining the preceding results, we apply the continuous mapping theorem and get
\Nm(d — do) = —U, /2 + Q,(QY2W, + QY2 W,)?, where the limit has the same distri-
bution as U, /2 + J(d,) U/

It remains to show (A.17). By Beveridge-Nelson decomposition (Phillips and Solo,
1992),

o0
w=ae;+ 8 =8, §=2d8, &= 2 a.
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Letting B; , = Aj, — Aj+1,,, then we have

X, —Xo—a(l) 2 Aj 8y = Z A (&1 — 8, y)
j=0 =0
= 2 Bj,n ~n7j71 _AO,nérn

0

~.
Il

where |Ag,,&,| < oo and

=2} 2 T e} 2| oo 2 1
EB/',nén*jfl = f EBj,ne’:M Edfelj/\ —dA
j=0 ) —7 | j=0 j=0 2
o) <) 2
S4<E‘¢i(d0_l)|2|dj|> < .
i=0 =0
Thus (A.17) holds, and the proof is completed. u

Remark A.5. As we can see from the proof of Theorem 3.2, the third term of (17) is
negligible for all d, € (3,1). The first term of (17) becomes dominant when d, € (3,1),
whereas the second term is dominant when dy € (3,3). At dy = 2, the first two terms
have the same stochastic order, and the asymptotic distribution is a mixture. This phe-
nomenon has been observed by PS (2004) in the Type II case, and our result for the
Type I case is consistent with their observation. When dy € (3,1), Assumption 2.4 can
be replaced by 2.7, k|Pyu,l, < o0, ¢ > 2/(2dy — 1); compare Lemma A.7 and
Assumption 2.2.

Proof of Theorem 3.3. The proof follows the argument in PS (2004) for the Type II
case, Lemmas A.2, A.3, A.5, and A.7. For the details, see Shao and Wu (2005). |

The following lemma is used in proving the asymptotic distribution of d when dy = 1.

LEMMA A.8. Let the nonnegative random variables m; = n; ,,, ] = 1,...,m satisfy
En; = C,1 = j = m, where C is a finite constant. Suppose that the random variables
0.(x,d),m = 1 satisfy that for any b € (0,1), d € [d;,d,] C R,

sup  sup |Q,(x,d)| = op(1), asm— oo (A.19)
1

b=x=1d€E€[d,,d,
and for some y € (0,1),

sup  |Q,,(x,d)| = Cx~”[log(x)[log(x) + 1]

d€ld,,d,]

, x €[0,b]. (A.20)
Then as m — oo,

1 m
sup | — > Q,,(j/m,d)n;| = op(1).

dE€ld,,dy] | M j=1
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Proof of Lemma A.8. Let b,, = | bm]; then we have

=: Ilm(d) + I2m(d)

b, m 1
<<E+ > )’;Qm(j/m,d)nj

j=1 j=b,+1

1 m
— > 0, (j/m,d)n,
m j=

By (A.19), SUPse(d;, 5] L, (d) = supj—,—, SUPde[dl d7]|Qm(x d)|m”~ 12, by t1 M= op(1).
Under (A.20), Esupde[dl ds] 1,(d)= Cm™! j= I(J/m) Y |log( j/m)(log( j/m) + 1)| —
0 as b 4 0. The conclusion follows. |

Proof of Theorem 3.4. The following argument is a variant of the one used by Dalla
et al. (2006) in their proof of Theorem 2.1. Again, we assume X, = 0 for the conve-
nience of presentation. Let v; = logj — m ™' 27, log k and m; = ;%G ' I;. Recall (8)
for the objective function R(d). Note that R'(d) =2T,(d)/S,(d), where

] m 1 m

T,(d) = — X (j/m)**“vm, and  S,(d) = — 3, (j/m)* %y,
m j=1 m j=

Fix an € € (0,}). On Q4, := {|d — do| = €}, we have

:2€ :2€ 2
ST 1 & X,
EI 2Ej = 2 2e <1 + G > + O]P(l)

m mT m 2mnG,

+1 + OP(1)7

which yields 7, "(d) = R'(d)S,(d)/2 = 0 on Qy, N Qs,, where Q,, = {S,(d) =

(2e +2)} and ]P’(Qz,,) — lasn— oo. By the mean-value theorem, there exists a d that
lies in between d and dy such that T,(d) — T,(do) = (d — dy)T/(d) on Q;, N Oy,
where T!(d) = 2m =" X' j/m)>1@—4) log( j/m)v;m;. Assume that

T/(d) —2[1+ X2/Q2mnG,)] = 0p(1) onQ,, N Q,,. (A.21)

The proof of (A.21) is given at the end of this proof. Recall (A.11) for the form of
&;,1 =j = m. We apply Lemma A.5 and (17) and get

\NmT,(dy) = Ti

n X?  2X,Re(w, e ™)

_ _/ 2 _ n uj

- \/— 21: G, [(1 o) {I " 2mn 27n }:|
m iA;

TZE’{ %} + 0p(m>*n* log m)
1 mn
1 m Ny 2 B 1) m ) 7( o

:ﬁ U|G§| \/(— E \/U—( M""‘fje’)\/)"'op(l)-

1 0

The last equality in the preceding expression is due to Lemma A.6 and (19). By
Theorem 3.3, (d — do)(1 + op(1)) = (d — do)1(Qy,, N Qy,). Because X?/(2mn) =
GoIB(1)* + op(1),
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-z + B(1)ZP + 05(1)
2{1 +B(1)>} + o0p(1)

\m(d = dy)(1 + 0p(1)) = :
where Z{V = m™ 23V 0,|&12°Gy " and ZP = mT V2 Z (g e ™ + £ e™)Gy 2
We shall show that (Z“) Z<2)) = (Wl,\/_ 2W,). By the Cramer—Wold device, it
suffices to show that, for any @ € (0,1),

m12 vz, = aW, + \2(1 - a)W,, (A.22)
1

where z; = aGy &> + (1 — a)Gy "2 (&je™ ™ + Ee), j=1,...,m are indepen-
dent random variables. Note that X7'v; 0, m_1 2} = 1 + o(1),
var(m~'? Z'v;z;) = a® + 2(1 — ). Then the convergence (A 22) follows from
the obvious Llndeberg condition, i.e., for any 6 > 0,

m

1

— E 02E{121(|v 7l = S\m)} = — 2 UZIE{zfl(|zl| = §[m/(21log m))} — 0.

It is easily seen that IB(1) is independent of &;, j = 1,...,m, and thus independent of
Z(" and Z®. Applying the continuous mapping theorem, we get

. —W, + \2W, W,
\m(d - dy) = W (A.23)

It remains to show (A.21). To that end, write

7:1’(6?)/2 =H,, +H,,

1 1 B
= — log (j/mv;m; + — S [(jfm)* %)~ 1]log (j/m)v;m;.
1 1

Because v; = log(j/m) + 1 + O(log m/m) uniformly over j = 1,...,m (see Robinson,
1995b, Lem. 2) and X?/n = Op(1) (see Lemma A.5), we have

i log(l)vj(nj — 1= X?QmnGy)™") + 0p(1)

= H{) + H}; + H}) + 0(1),

where by (17),

J
H(l) = 210g<—> X2(2mnG,)~ ()\2\1 —eN|72 - 1),
m
” 2
P R <i> < 1 A; . —1>,
m 9 m Goll — ™|
1 20;\;Re(w,e™™) X,
Hl(f,) = ——Elog(i> . 4 .
m9 m [1—¢e™ |G, 27n
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By Lemma A.5, H} = op(1). With regard to H'2, we have
H,) = op(1) + m™" S log(j/m)v;(1,; — EL;) Gy ',
1

where the variance of the latter term is o(1) by (A.3) of Lemma A.2. That Hm = op(1)
follows from Lemma A.2 and a similar argument as before; compare the proof of
Theorem 3.3.

By Lemmas A.2 and A.5, there exists a finite constant C such that En; = C,
j =1,...,m. Therefore, on Qy, N Qa,, Hap = (1/m) 27 [(j/m)> @ %) — 1]10g( j/m)
{log(j/m) + 1}n; + op(1) = op(1) follows from Theorem 3.3 and Lemma A.8 by setting
On(x,d) = [x2@"4) — 1]log(x){log(x) + 1}, d; = dy — €, and d, = d,, + €. Thus the
conclusion holds. |

Proof of Theorem 4.1. Let J = cum(uy,u,, ,...,U,, ), where 0 = mg = m; =

Mmy—1

- = my_,. Denote by n; = m; — m;_;, | =1 =k — 1. Define the random vector ¥, =
Yo = (umn s T l,uo) Further let (e),),c; be an ii.d. copy of (g,),ez,
Q,=(...,e,_,,¢,) and define u; = F(Qo, €1,...,&,), t = 0. Following Proposition 2 in
Wu and Shao (2004), by the stationarity and the additivity of cumulants,

‘I = Cum(YO’ uml—m,,] 7um,+1—m,,| PR Mmk,l—m,,,)
* _ *
2 um(YO’ Wong=my 2=+ ’um/ﬁ—l*mf—l ’um/ﬁ*mz—l um/ﬁ*m/—l ’
!
um/+j+1*m1—1 [ umk—l*mt—l) = 2
Denote by £; = |u; — uj ||, and S; = = 272,6,(i). Proposition 2 of Wu and Shao

(2004) asserts that | B; \ = Cilmymis Where Cy only depends on k and the moments
E|ug|’, 1 = i = k. Therefore, by Proposition 2 of Wu (2007),

k—1—1 k—1—1

c C 1/2 C 172
- 1 2 gmH_,*m,,l = 2 2 Sm,‘,-*ml 1 = %S )
j=0 j=0

where C, = 18k*2(k — 1)~'/2C,, C;3 = C,k. Because the preceding expression holds for
any /, 1 =/ =k —1, we have J = C;min, ;= S,/>. Finally,

> [cum (ug, 1, 5.yt )| = k! > [cum (ug, 1, ooyt )]

my,..., my_EZL O=m;=---=my_,

=k! 20 270@ min S,/?

I=I=k—1

by our assumption. u
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Proof of Proposition 4.1. Write (25) into the following form:
po==0tel, ol =t XYLl
j=1
Note that [[e7 [} 72, ¢//> < 1 implies |[e7 |22, ¢; < 1. By Theorem 2.1 of Giraitis,
Kokoszka, and Leipus (2000), there exists a unique strictly stationary solution, and

p; € L. Denote it by ¢, = G(...,&1,&) and let {{ = G(...,e_,,&},8,...,¢,) for
t € N. Note that

oo 3
Pz3 = 8? <¢0 + E W pt—j>
j=1

] o 2 0 3
e/ {1/103 + 345 Zl Yipey 3%(21 l/’jPr—j) + <§1 ’/fjpr—j> }

By the Cauchy-Schwarz inequality, we have Ep} = [1 — Eel(Z72,4,)°]""
Eel[y5 + 3y 272 ¢ Ep, Jkr 3o(Z72,4)°Ep}] < oo, ie., p, € L3. For k € N,
let pi 1= (8)* = e¢fiho + Zjm1 ¢ (8)° + ZZ i 9421 Thus we get

k
pe— pi =& 2 Loy — picy]-
Jj=1

Let s, = |px — pils, @ = Yille?ls; then s, = 35, a;s,;, which implies s, =
S5 Ny \s,;. It suffices to show that X7, k3s)/> < oo because it implies

2 kld—Lille = 2 ks> < oo

k=1 k=1
and
DG Gl =2 o pill 2 = X ks < oo, (A.24)
k=1 k=1 k=1

where the latter implies the first assertion of (26) in view of Remark 4.1. In the preced-
ing discussion, we have applied the fact that ({; — £{)? = (o, — 0/)* =< &}|o? —
()| = |pr — p.|, where o/ is the coupled version of o} with g, replaced by &.
Let 5 = 5o and /5, = 2?;1 \/;j\/?_j; then s, = §. Define g(z) = 272, \/;jzj and
h(z) = 272 \[5,27; then h(z) = so/(1 — g(z)). Note that g(1) < 1. Let 72" (z) be the
pth derivative of i(z). A simple calculation shows that 2” (1), p = 1,2,3 are all finite
under X7, j%/? < oo. Thus S ks, = 32, k345, < oo. The conclusion
follows. |

Proof of Proposition 4.2. Note that &, s 272, |b;| <1 implies |[&, [{Z]2, b7}"/* <1.
It follows from Theorem 2.1 of Giraitis, Robinson, and Surgailis (2000) that there exists
a strictly stationary solution ¢, = G(...,&,_1,&,) and {, € £2. By the same argument as
in the proof of Proposition 4.1, {, € £L3. Fork € N, {, — {; = skﬁj’;l bi(&—j — &ij)-
The conclusion follows from a similar argument as in the proof of Proposition 4.1, and
we omit the details. u



