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Abstract

Since the pioneering work by Granger (1969), many authors have proposed
tests of causality between economic time series. Most of them are concerned
only with ”linear causality in mean”, or if a series linearly affects the (con-
ditional) mean of the other series. It is no doubt of a primary interest, but
dependence between series may be nonlinear, and/or not only through the
conditional mean. Indeed conditional heteroskedastic models are widely stud-
ied recently. The purpose of this paper is to propose nonparametric tests
for possibly nonlinear causality up to K-th conditional moment. A desirable
property of the tests is that they have nontrivial power against T 1/2-local
alternatives, where T is sample size. Their null asymptotic distributions are
not normal, but we can easily calculate the critical regions by simulation.
Monte Carlo experiments showed that the proposed tests have good power
properties, and much better than the competitors.
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1 Introduction

Causality between variables has been one of the main interest in time series econo-
metrics since the pioneering work by Granger (1969). We propose a nonparametric
test for Granger-type causality. A conceptually similar work will be Robinson (1989)
and Hidalgo (2000). The former proposed a nonparametric test on certain density
weighted conditional moment restrictions, while the latter introduced a nonpara-
metric Granger causality test in the frequency domain for weakly stationary linear
processes. He is mainly concerned with the test under long range dependent observa-
tions, and it does not have a power against some alternatives of series with nonlinear
dynamics. We construct a test statistic based on moment conditions allowing for
nonlinear dependence. It has a nontrivial power against T 1/2-local alternatives where
T is sample size. Its null asymptotic distribution is non-Gaussian, but we can easily
calculate the critical region by simulation. When applied to regression analysis for
cross section data, this test reduces to a nonparametric omitted variable test, or
significance test of regressors, which was considered in Okui and Hitomi (2002).

Causality is, philosophically, not an easy concept to capture, but Granger (1969)
gave a practical definition to deal with it in the context of time series analysis. Sup-
pose we have a two dimensional time series (xt, yt), t = 1, · · · , T . We are concerned
if there exists any causality between x and y. Granger defined that yt is said to cause
xt in mean if

E[xt − P (xt|xt−1, . . . , x1)]
2 > E[xt − P (xt|xt−1, . . . , x1, yt−1, . . . , y1)]

2, (1.1)

where P (At|Bt) is the optimum linear (or least squares) predictor of At given Bt

(see Granger (1969, p.429)), and denoted it as yt → xt. Otherwise yt � xt. An
interpretation of this definition is that we say yt causes xt when we can improve
the linear prediction of xt using the information carried by yt−1, . . . , y1. Granger
remarks this definition of causality means ”linear causality in mean”. Under the
linearity assumption that the process has a representation yt =

∑∞
j=−∞ αjxt−j + ut,

we can test the null hypothesis H0 : yt � xt against H1 : yt → xt as in Sims
(1972) or Hosoya (1977) using the property that H0 is equivalent to αj = 0 for all
j < 0. This approach has been most commonly used since Sims (1972). See e.g.
Geweke (1982), Sims, Stock and Watson (1990), Toda and Phillips (1993), Hosoya
(1991) and Lutkepohl and Poskitt (1996). To the best of our knowledge, Hidalgo
(2000) is the newest result following this line allowing for long range dependence
without a specification on the distribution. However, this approach may fail to
detect some nonlinear causal relationships. The reason is that they construct test
statistics based on linear projections of the series of interest, but we can only say
that the error terms are uncorrelated with the series of interest, not independent. In
many of the aforementioned research, the author(s) apply frequency domain analysis
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where causality is captured through cross-spectrums, or covariances of y and x. But
covariances can easily be zero under nonlinear relationships even if the two variables
are dependent. Then, it is unlikely that tests based on the covariances possess a
good power property against certain alternatives.

We propose a nonparametric test which has power even when the observations are
nonlinearly dependent. In order for this purpose, we replace the linear projections
by the optimum predictor, or conditional expectations, namely we rewrite (1.1) to
define the possibly nonlinear causality as

E[xt − E(xt|xt−1, . . . , x1)]
2 > E[xt − E(xt|xt−1, . . . , x1, yt−1, . . . , y1)]

2.

Straightforward calculation gives

E[xt − P (xt|xt−1, . . . , x1, yt−1, . . . , y1)]
2 = E[xt − P (xt|xt−1, . . . , x1)]

2

−E[E(xt|xt−1, . . . , x1, yt−1, . . . , y1) − E(xt|xt−1, . . . , x1)]
2.

Thus we define ”yt (possibly nonlinearly) causes xt in mean” if

E[E(xt|xt−1, . . . , x1, yt−1, . . . , y1) − E(xt|xt−1, . . . , x1)]
2 > 0, (1.2)

and we call this simply the causality in mean throughout this paper. We test the
null hypothesis,

H0 : E[E(xt|xt−1, . . . , x1, yt−1, . . . , y1) − E(xt|xt−1, . . . , x1)]
2 = 0 (1.3)

or
H0 : E(xt|xt−1, . . . , x1, yt−1, . . . , y1) = E(xt|xt−1, . . . , x1) w.p. 1 (1.4)

against the alternative hypothesis (1.2).
We also propose a test which can detect causality in higher order moments.

A motivation for this consideration is that we may also would like to detect, for
example, the following nonlinear dependence between series.

xt = g(xt−1, . . . , xt−p) + σ(yt−1)εt,

when yt−1 has information in predicting x2
t . This type of modeling is getting more

and more popular recently in analyzing, for instance, financial data. In general, we
would like to know if yt−1 is useful in predicting xK

t for a given positive integer K. It
straightforwardly gives a definition of ”causality in K-th moment” similarly to the
above, or we say ”yt causes xt in K-th moment” if

E[xK
t − E(xK

t |xt−1, . . . , x1)]
2 > E[xK

t − E(xK
t |xt−1, . . . , x1, yt−1, . . . , y1)]

2. (1.5)
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This definition also employs the MSE criterion for the prediction error. By a similar
manipulation to the derivation of (1.4), the null hypothesis corresponding to the
alternative of (1.5) can be written as

H0 : E(xK
t |xt−1, . . . , x1, yt−1, . . . , y1) = E(xK

t |xt−1, . . . , x1)] w.p. 1 (1.6)

We construct test statistics based on the moment conditions (1.4) and (1.6). The
next section provides the test statistic for causality in mean and its null distribution
as well as the regularity conditions. Section 3 gives results on the properties of local
alternatives. Section 4 presents testing procedure for causality up to K-th moment.
We report Monte Carlo results in Section 5. Section 6 concludes this paper. The
proofs are in the Appendix.

2 Test Statistic for Causality in Mean

2.1 Hypotheses and the corresponding moment conditions

This section provides heuristic arguments of how to test (1.4) and then provides
the test statistics. We restrict ourselves to the case when xt follows a nonlinear AR
model of the form

E[xt|xt−1, . . . , xt−p, yt−1, . . . , yt−q] = m(xt−1, . . . , xt−p, yt−1, . . . , yt−q),

and (xt, yt) is a strictly stationary process. We assume p and q are fixed and known
integers for the moment, and m(·) is an unknown function satisfying certain smooth-
ness conditions. Denote

Xt−1 = (xt−1, . . . , xt−p), Yt−1 = (yt−1, . . . , yt−q), Zt−1 = (Xt−1, Yt−1),

and put
g(Xt−1) = E[xt|Xt−1]

then the event
m(Zt−1) = g(Xt−1)

is equivalent to the event
E(ut|Zt−1) = 0

where
ut = xt − g(Xt−1)

Therefore, we can represent the null and alternative hypotheses, respectively, as

H0 : P[E(ut|Zt−1) = 0] = 1 (2.1)
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and
H1 : P[E(ut|Zt−1) = 0] < 1. (2.2)

Let sX = {s(·)|E[s(Xt−1)
2] < ∞} and sZ = {s(·)|E[s(Zt−1)

2] < ∞} be the Hilbert
L2 spaces. We can decompose sZ into sX and s⊥X , where s⊥X is a Hilbert space
orthogonal to sX . That is, for any function p(z) ∈ sZ , we can represent p(z) =
pX(x) + pX⊥(z) such that pX(x) ∈ sX and pX⊥(z) ∈ s⊥X . Noting ut is orthogonal to
sX by construction, we have

E(ut|Zt−1) = 0 ⇐⇒ E(utp(Zt−1)) = 0, for ∀p(z) ∈ s⊥X (2.3)

Thus we can rewrite the null and alternative hyptohesis to

H0 : E[utp(Zt−1)] = 0, for ∀p(z) ∈ s⊥X (2.4)

and
H1 : E[utp(Zt−1)] 	= 0, for some p(z) ∈ s⊥X . (2.5)

Let H = {hi(z)}∞i=1 be a complete orthonormal basis over s⊥X and assume the inno-
vation ut is an i.i.d. sequence with mean zero and E(u2

t |Zt−1) = σ2 under the null
hypothesis. We consider tests without the restriction of E(u2

t |Zt−1) = σ2 in Section
4. Define, for r = max(p, q),

ai =
1√
Tσ

T∑
t=r+1

uthi(Zt−1), (2.6)

then due to a central limit theorem for martingale difference sequences, we have

ai
d→ N(0, 1) under the null. We construct a test statistic combining these moment

conditions as follows. Let {wi}∞i=1 be a user determined summable positive sequence,
such as wi = 0.9i, then

ST =
T∑

i=1

wia
2
i

d→
∞∑
i=1

wiε
2
i (2.7)

where εi are i.i.d. N(0, 1) random variables. It is obvious ST
d→ ∞ under the

alternative because the expectation of ai is O(
√
T ). We will show later that a

feasible version of ST has a nontrivial power under
√
T -local alternatives.

2.2 Test statistics

The previous subsection has given the ideas on how to test the null hypothesis
(1.4), however (2.7) is infeasible. We propose a feasible test statistic in this section.
The unknown components in (2.6) are ut, σ

2 and hi(z) which are replaced by their
”estimates”. We obtain the “estimates” of ut straightforwardly by

ût = xt − ĝ(Xt−1) (2.8)
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where ĝ(Xt−1) is a nonparametric estimate of g(Xt−1). A consistent estimate for σ2

is

σ̂2 =
1

T − p

T∑
t=p+1

û2
t . (2.9)

We construct estimates of hi(z) as follows. Given {qi(z)}∞i=1, a basis of sZ , {pi(z) =
qi(z)−E[qi(Zt−1)|Xt−1 = x]}∞i=1 forms a basis of s⊥X . We obtain an orthonormal basis
on s⊥X by making {hi(z)}∞i=1 orthonormal, applying, for example, the Gram-Schmitt
procedure. Since gqi

(x) = E[qi(Zt−1)|Xt−1 = x] is unknown, we estimate it non-

parametrically. Denote it ĝqi
(x). Plugging these estimates, we produce {ĥi(z)}∞i=1.

Formally, we can construct an orthonormal basis recursively from

ĥ1(z) =

{
1

T − p

T∑
t=r+1

q1(Zt−1)
2

}−1/2

q1(z),

ĥi(z) =

{
1

T − p

T∑
t=r+1

qi(Zt−1)
2 −

i−1∑
j=1

ςji

}−1/2{
qi(z) −

i−1∑
j=1

ςjihj(z)

}
, (2.10)

where

ςji =
1

T − p

T∑
t=r+1

ĥj(Zt−1)qi(Zt−1). (2.11)

Plugging (2.9)-(2.10) into (2.6), we make a sample analogue of (2.7),

ŜT =
T∑

i=1

wiâ
2
i , (2.12)

where

âi =
1√
T σ̂

T∑
t=p+1

ûtĥi(Zt−1). (2.13)

2.3 The null distribution

We give a set of regularity conditions and the null distribution of the test statistic
proposed in the previous section.

Definition 1 Let {zt}, t = 1, . . . , T be a strictly stationary time series defined on
a probability space (Ω,F , P ). Let F t

s be the σ-algebra generated by {zs, . . . , zt}.
Then we say {zt}, t = 1, . . . , T is absolutely regular when

β(k) = E

{
sup

A∈F∞
k

|P (A|F0
−∞) − P (A)|

}
→ 0 as k → ∞. (2.14)
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We call the coefficient β(k) the coefficient of absolute regularity.

We note that the φ-mixing condition implies absolute regularity and absolute
regularity implies the strong-mixing. The following lemma by Yoshihara (1976) is
essentially useful to prove Theorem 1.

Lemma 1 Let {zt}, t = 1, . . . , T be an absolutely regular sequence of random vari-
ables with coefficient β(k). Let t1 < ... < tn be integers. Let F (a, b) be the distribution
function of zta , . . . , ztb(a ≤ b). Let s(ξ) = s(ξ1, . . . , ξn) be a Borel-measurable func-
tion. Then for δ > 0,∣∣∣∣
∫
s(ξ)dF (1, n)−

∫
s(ξ)dF (1, j)dF (j + 1, n)

∣∣∣∣ ≤ 3M1/(1+δ){β(tj+1 − tj)}δ/(1+δ)

(2.15)
providing M ≡ max

(∫ |s(ξ)|1+δdF (1, n),
∫ |s(ξ)|1+δdF (1, j)dF (j + 1, n)

)
exists.

We use a kernel method to estimate the above nonparametric functions, namely,

ĝ(x) =
r̂(x)

f̂(x)
, r̂(x) =

1

Thp

T∑
s=p+1

K

(
Xs−1 − x

h

)
xs (2.16)

f̂(x) =
1

Thp

T∑
s=p+1

K

(
Xs−1 − x

h

)
(2.17)

and

ĝqi
(x) =

r̂qi
(x)

f̂(x)
, r̂qi

(x) =
1

Thp

T∑
s=p+1

K

(
Xs−1 − x

h

)
qi(xs), (2.18)

where K(·) is a symmetric kernel function, h is the bandwidth satisfying some
conditions described below.
Assumption A1. zt = (xt, yt), t = 1, . . . , T is a strict stationary and absolutely
regular sequence of stochastic vector with absolue regularity coefficient β(k) =
O(k−(2+η)/η) for some η > 0.

Assumption A2. V (ut|Zt−1) = σ2 <∞ under the null hypothesis.

Assumption A3. Let K : Rp → R be a kernel function satisfying K(−x) = K(x),

∫
xl1

1 · · ·xlp
p K(x)dx

⎧⎨
⎩

= 1 if l1 + · · · + lp = 0
= 0 if l1 + · · ·+ lp < L
	= 0 for some l1 + · · · + lp = L,

(2.19)

∫
K(x)2dx +

∫ ‖x‖L |K(x)|dx < ∞, and ‖x‖L |K(x)| → 0 as ‖x‖ → ∞. h is a

positive constant decaying to zero satisfying T−1h−p +
√
ThL = o(1) as T → ∞.
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Assumption A4. Let ft1,t2,...,tj(ξ1, ξ2, . . . , ξj) be joint density function of xt1 , xt2 , . . . , xtj .
ft,t−1,...,t−p(ξ1, ξ2, . . . , ξp) is L times differentiable, and the first L derivatives are uni-
formly continuous and bounded for L > p/2, then

sup
ξ1,ξ2

|ft,s(ξ1, ξ2)| + sup
ξ1

|ft(ξ1)| <∞.

Let f (l1,...,lp)(x) = ∂l1+...+lpf(x)/∂xl1
1 · · ·∂xlp

p and wi(Zt) = f(Xt)
−1g(Xt)hi(Zt), then

E|wi(Zt)f
(l1,...,lp)(Xt)|2+ε <∞ for all l1, ..., lp satisfying 0 ≤ l1, ..., lp ≤ L, l1+...+lp =

L and some ε > 0.

Theorem 2 Under assumptions A1-A4,

âi = ai + op(1). (2.20)

Theorem 3 Under assumptions A1-A4,

ŜT =

T∑
i=1

wiâ
2
i

d→
∞∑
i=1

wiε
2
i . (2.21)

3 Statistical properties of the test statistic under

the
√
T -local alternatives

The above section proposes a test statistic for Granger-type causality and its null
distribution. We shall show that ŜT has a nontrivial power against

√
T -local alter-

natives. When we have a prior knowledge on the direction of alternatives, (2.44)
has a great advantage in the sense that we can include this information to construct
âi to induce a good power property. The reason is that ŜT possesses more power
for the discrepancy from the null toward hi(z) than hj(z) for wi > wj because it
gives more weight on the former than the latter. So, suppose, for instance, we know
that the alternative is likely to be the null function plus sin(Zt−1), then, by choos-
ing h1(Zt−1) = sin(Zt−1) − E[sin(Zt−1)|Xt−1], we can expect a great power in this
testing.

Theorem 4 Let k : Rp+q → R be a measurable function in the space s⊥X. We
consider the following local alternatives.

Hla : E(ut|Zt−1) =
1√
T
k(Zt−1)

8



Putting κi = E[k(Zt)hi(Zt)], when assumptions A1-A4 hold,

ŜT
d→

∞∑
i=1

wi(εi + κi)
2 (3.1)

under Hla.

4 Test Statistics for Causality up to K-th Moment

This section provides the test statistic for causality up to K-th moment. The main
idea is the same as in the previous section. Here also we restrict ourselves to the
case when the series of interest follows a nonlinear AR process under the null. We
first give a heuristic explanation on how we test the null of (1.6). Similarly to the
case of causality in mean, we rewrite (1.6) in terms of the regression residual. It is
easy to show that

E(xk
t |xt−1, . . . , xt−p, yt−1, . . . , yt−q) = E(xk

t |xt−1, . . . , xt−p) for k = 1, 2, · · · , K (4.1)

is equivalent to

E(uk
t |xt−1, . . . , xt−p, yt−1, . . . , yt−q) = E(uk

t |xt−1, . . . , xt−p) for k = 1, 2, · · · , K.
(4.2)

Thus the null hypothesis reduces to

H0 : E[Ut − E(Ut|Xt−1)|Zt−1] = 0 (4.3)

where
Ut = [ut, u

2
t , · · · , uK

t ]′. (4.4)

This is the moment condition we would like to test now. Let

Ai = Σ
−1/2
i Bi, (4.5)

where

Bi =
1√
T

T∑
t=r+1

{Ut −E(Ut|Xt−1)}hi(Zt−1), (4.6)

and
Σi = Var [{Ut − E(Ut|Zt−1)} hi(Zt−1)] . (4.7)

We introduce additional assumptions.

Assumption A5. E|ut|K <∞.

Assumption A6. E|ut|2K <∞.

Then the following result holds.
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Theorem 5 Under Assumptions A1-A5,

Ai
d→ N(0, IK). (4.8)

under H0, where IK denotes the K × K identity matrix, and parallel to (2.7), we
have

SKT =

T∑
i=1

A′
iAiwi

d→
∞∑
i=1

wi

K∑
k=1

ε2ik. (4.9)

where {εi1,··· ,εiK}i=1,2,··· is a random sample from a K dimensional standard normal
distribution.

We construct a feasible version of Ai and thus SKT to implement the test as
follows. Denote

Ût = [ût, û
2
t , · · · , ûK

t ]′,

Ê(Ut|Xt−1) =
1

Thpf̂(Xt−1)

T∑
s=p+1

K

(
Xs−1 −Xt−1

h

)
Ûs, (4.10)

Ê(UtU
′
t |Zt−1) =

1

Thp+qf̂(Zt−1)

T∑
s=r+1

K

(
Zs−1 − Zt−1

h

)
ÛsÛ

′
s, (4.11)

Ê(Ut|Zt−1) =
1

Thp+qf̂(Zt−1)

T∑
s=r+1

K

(
Zs−1 − Zt−1

h

)
Ûs, (4.12)

and construct

ŜKT =
T∑

i=1

Â′
iÂiwi (4.13)

where for i = 1, 2, 3, · · · , T,
Âi = Σ̂

− 1
2

i B̂i,

B̂i =
1√
T

T∑
t=r+1

{
Ût − Ê(Ut|Xt−1)

}
ĥi(Zt−1),

Σ̂i =
1

T

T∑
t=r+1

{
Ê(UtU

′
t |Zt−1) − Ê(Ut|Zt−1)Ê(U ′

t|Zt−1)
}
ĥi(Zt−1)

2.

Then we have

Theorem 6 If Assumptions A1-A4, and A6 hold,

ŜKT =
T∑

i=1

Â′
iÂiwi

d→
∞∑
i=1

wi

K∑
k=1

ε2ik. (4.14)

under H0.
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5 A Monte Carlo Study

In this section we report the results of a Monte Carlo study to investigate the
performance of our proposed test statistic. Throughout this section, xt is the time
series of our primary interest, and suppose that we want to know whether or not
another time series yt (in lags) accounts for the variation of xt. Let {ηt} and {εt}
be the innovation processes of xt and yt respectively, and we assume both follow
standard Normal distribution identically and independently with innovation variance
σ2

η = σ2
ε = 1.

5.1 Testing Causality in Mean

We consider four simulation settings as below. These can be considered as time
series analogue of the experiments carried out in Okui and Hitomi (2002).

DGP 0: xt = 0.65xt−1 + ηt, yt = −0.3yt−1 + εt
DGP A1: xt = 0.65xt−1 + 0.2yt−1 + ηt, yt = −0.3yt−1 + εt
DGP A2: xt = 0.65xt−1 + 0.2yt−1 + 0.4 sin(−2yt−1) + ηt, yt = −0.3yt−1 + εt
DGP A3: xt = 0.65xt−1 + 0.2y2

t−1 + ηt, yt = −0.3yt−1 + εt

Because there is no causal relationship between xt and yt in DGP 0, the null
hypothesis of non-Granger-causality should be maintained. This experiment is car-
ried out to illuminate the size property of our test. DGP 1 covers the case of linear
vector autoregressive models. In DGP 2 and 3, the target time series xt depends on
the lagged covariant time series yt−1 in some nonlinear fashions. In other words, we
observe xt and yt and want to know if yt causes xt in Granger’s sense, but we do
not know in what functional form xt depends on yt.

As a competitor to our test, we employ a nonparametric Granger causality test
from Hidalgo (2000). The basic idea of Hidalgo’s test is to use a nonparametric
estimate of cross-spectrum by which the causality from one time series to another is
determined. It should be noted that the main concern of Hidalgo (2000) is to allow
long memory time series in causality testing, and he also showed that his test has
power against

√
T -local alternatives.

The results are summarized in Table 1. T stands for the sample size of time
series, and the number of iteration is fixed to 1000. Each entry shows empirical
rejection rate of the null hypothesis of non-Granger causality, hence the two columns
under DGP 0 are the empirical size, and others show empirical power. Our test is
abbreviated as WSC after weighted squared coefficient test named in Okui and
Hitomi (2000) while Hidalgo’s nonparametric Granger causality test is shortened as
HNC.

As is seen clearly, the size of WSC test is quite decent while HNC test looks
sloppy. Hidalgo’s test depends on how many lags in cross-covariance are used to
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construct the test statistic (the choice of M in his notation). As he points out, it is
possible to make use of some model selection procedures to choose a plausible M , but
our choice here is M = T 1/4, simply following the usual assumption that facilitates
the asymptotic theory. What is remarkable is the power of WSC test in DGP A2
and A3 cases, especially when the sample sizes are moderate (T = 200) and huge
(T = 500). On the other hand, Hidalgo’s test generally fails to detect the causality
arising from nonlinear relationships. However, it is worth mentioning that Hidalgo’s
test shows high power for DGP A1 experiment even in small sample case (T = 100).
This is because DGP A1 is exactly the situation that Hidalgo’s test expects, and we
will visit this issue again in the experiments of

√
T -local alternatives.

Table 1: Empirical size and power of the proposed test (WSC) and Hidalgo’s non-
parametric causality test (HNC).

DGP 0 DGP A1 DGP A2 DGP A3
T WSC HNC WSC HNC WSC HNC WSC HNC

100 0.047 0.101 0.309 0.532 0.395 0.225 0.523 0.123
200 0.041 0.112 0.616 0.775 0.738 0.358 0.868 0.124
500 0.057 0.138 0.980 0.992 0.999 0.680 1.000 0.174

Generally speaking, the magnitude of innovation variance of covariant time series
is one of the factors that determine the difficulty of causality test. In the previous
experiment (Table 1), it is assumed that σ2

η = σ2
ε = 1. Table 2 shows the results of

the second run of simulation experiment under the choice of σ2
ε = 0.8 while σ2

η is kept
to be unity. From Table 2, it is observed that all the entries except for empirical
sizes are less than the corresponding figures in Table 1. This gives a reasonable
interpretation that the testing problem has become more difficult in this second
experiment.

Table 2: Empirical size and power of the proposed testv(WSC) and Hidalgo’s non-
parametric causality test (HNC): exogenous variable has a smaller innovation vari-
ance.

DGP 0 DGP A1 DGP A2 DGP A3
T WSC HNC WSC HNC WSC HNC WSC HNC

100 0.047 0.101 0.253 0.471 0.288 0.144 0.332 0.117
200 0.041 0.112 0.532 0.714 0.622 0.192 0.667 0.120
500 0.057 0.138 0.941 0.972 0.982 0.340 0.996 0.166
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5.2 Power under
√
T -Local Alternatives

Whether or not a statistical test has power against
√
T -local alternative is more or

less a theoretical issue rather than practical one. Just to confirm the theory, we carry
out a bunch of simulations under local alternatives. For example, in conjunction with
DGP A2 setting, we put the model in the alternative hypothesis as

xt = 0.65xt−1 +
2√
T
yt−1 +

4√
T

sin(−2yt−1) + ηt

while DGP of yt is unchanged. Note that choosing T = 100 leads to the specification
in previous simulations, so the numbers in the first row in Table 3 are more or less
similar to those in the first row of Table 1. When T varies from 100 to 500, the
coefficients varies from 0.2 to 0.089.

As Table 3 shows, WSC test does have power against
√
T -local alternatives. It

is striking that WSC exhibits quite a good performance for DGP A3 case while the
empirical rejection rate of HNC test is as low as its empirical size, which suggests
HNC test has no power effectively. On the other hand, HNC test is superior to WSC
in DGP A1 case. This is a case of linear vector autoregressive model, and for such a
case HNC test is specifically designed for. WSC test captures the effect of own lag
(namely yt−1 here) by the kernel method. Thoughout this section, we used normal
kernel K(u) = (2π)−1/2 exp(−u2/2), and our bandwidth choice is T−1/5. Because
we have not yet determined the optimal bandwidth in a data dependent way, it is
possible that nonparametric regression with respect to xt−1 might have captured the
effect of cross lag variable (yt−1) due to the superfluous flexibility or the excessive
locality of the kernel. To construct the orthonormal basis, we employed a basis of
{exp(ξ′iZt−1)} where ξi are two dimensional iid uniform random variables.

Table 3: Empirical size and power of the proposed test (WSC) and Hidalgo’s non-
parametric causality test (HNC): the case of local alternatives.

DGP 0 DGP A1 DGP A2 DGP A3
T WSC HNC WSC HNC WSC HNC WSC HNC

100 0.047 0.101 0.459 0.532 0.397 0.225 0.523 0.123
200 0.041 0.112 0.363 0.525 0.421 0.241 0.578 0.123
300 0.041 0.137 0.375 0.609 0.455 0.320 0.607 0.157
400 0.052 0.138 0.375 0.617 0.441 0.306 0.574 0.122
500 0.057 0.138 0.360 0.601 0.472 0.313 0.626 0.164
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5.3 Testing Causality up to 2nd Moment

To demonstrate the usefulness of the methodology proposed in Section 4, we consider
the following nonlinear time series model as a DGP.

DGP A4: xt = exp(−y2
t−1)ηt, yt = −0.3yt−1 + εt

In this case, we have E(xt|xt−1) = 0 and E(xt|xt−1, yt−1) = 0, but the variance
of xt depends on yt−1. Moreover, ηt (innovation of xt) multiplicatively acts on
the exponential function of y2

t−1. Therefore, neither our WSC test in mean nor
Hidalgo’s nonparametric Granger causality test seem to be able to detect such kind
of dependency. (Later it will be shown that they actually do not have any power
against DGP A4.) Hereafter, we refer ‘WSC test in mean’ to WSC1 test, and
similarly use the term WSC2 test to stand for ‘WSC test up to 2nd moment’.

Under the null of Granger non-Causality up to 2nd moment, yt−1 vanishes in the
right hand side of the model of xt, which results in a simple i.i.d. model xt = ηt.
Some simulation studies find that the size of WSC2 test depends on the choice of the
bandwidth h = CT p where p is fixed to −0.2 throughout this paper. We determine
C by simulation so that the 0.95 percentile coincides with the 95% critical value of
WSC2 test. Though the suggested values of C can be different by sample size, it
only varies between 2.2 and 2.5 in our experiments. Also note that the critical value
used in WSC1 test is no longer valid for WSC2 test. Hence new critical values are
generated by additional Monte Carlo experiments. We adopt 14.17 as upper 5%
critical value.

We generate DGP A4 for T = 100, 150, 200 and 300, and the iteration number
is fixed to 1,000. The results are summarized in Table 4. At first sight, HNC test
seems to have some power against DGP A4 but it is not true. As can be seen in
Table 1 and 2, the ‘power’ in Table 4 just reflects the sloppy size of HNC test, and
these rejection rates could be almost equal to the size of HNC test. Compare DGP
0 and DGP A3 columns in Table 1 and 2.

Table 4: Empirical size and power of WSC test up to 2nd moment (WSC2) for
DGP A4, in comparison with Hidalgo’s nonparametric causality test (HNC) and
WSC test in mean (WSC1).

T HNC WSC1 WSC2 Size(WSC2)
100 0.160 0.004 0.148 0.086
150 0.174 0.002 0.359 0.072
200 0.173 0.002 0.738 0.059
300 0.164 0.002 1.000 0.050
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Apparently, WSC1 test has virtually no power and its rejection rates are far
below the nominal size. This is due to the fact that the 5% critical value of WSC1
test is greater than that of WSC2 test almost by 2. On the other hand, our causality
test up to 2nd moment (WSC2) shows considerably good performance when we have
enough sample size (over 200), while it suffers from slight size distortion and low
power in case we have only limited number of observations. Theoretical results on
the choice of bandwidth parameter C under the complete lack of knowledge on the
DGP process should be called for in a future research.

6 Concluding Remarks

Granger causality tests previously proposed do not detect some nonlinear causal
relationships. The reason is that they construct test statistics based on a linear
representation of the time series appealing to, say, the Wold decomposition, but
we only know that the error terms are uncorrelated with the series of interest, not
independent. Observing this fact, we proposed a nonparametric testing procedure
for Granger-type causality in the case of any form of nonlinear dependence. We also
show that the test has nontrivial power against

√
T -local alternatives. The Monte

Carlo study shows that the WSC1 and WSC2 tests perform very well with quite
decent empirical size in general and good power property for causality in mean and
causality in second moment respectively. Compared with HNC test, WSC1 does
slightly worse when the series exhibit linear dependence in mean in fact, but in the
case of nonlinear dependence, it obviously outperforms HNC.

A APPENDIX: Proofs of Theorems

(Sketch of the proof of Theorem 2 ) Due to the results in Singh and Ullah (1985), we
have

T 1/4sup
ξ
|ĥi(ξ) − hi(ξ)| + T 1/4sup

ξ
|ĝ(ξ) − g(ξ)|+ T 1/4sup

ξ
|f̂(ξ) − f(ξ)| = op(1) (A.1)
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under A1-A4. We drop the subscript i for notational simplicity. Writing

σ̂â =
1√
T

T∑
t=r+1

uth(Zt−1) +
1√
T

T∑
t=r+1

ut{ĥ(Zt−1) − h(Zt−1)}

+
1√
T

T∑
t=r+1

{g(Xt−1) − ĝ(Xt−1)}h(Zt−1)

+
1√
T

T∑
t=r+1

{g(Xt−1) − ĝ(Xt−1)}{ĥ(Zt−1) − h(Zt−1)}, (A.2)

the first term on the right of (A.2) converges in distribution to a normal random
variate with mean zero and variance σ2 appealing to a central limit theorem for
martingale difference sequences. The last term of (A.2) is op(1) because of (A.1).
We evaluate the other two terms rewriting them into the U statistic form. Since we
can handle them similarly, we deal only with the latter. Expanding {f̂(Xt−1)}−1

around {f(Xt−1)}−1, and applying A5, we have

1√
T

T∑
t=r+1

{g(Xt−1) − ĝ(Xt−1)}h(Zt−1)

=
1√
T

T∑
t=r+1

{
g(Xt−1) − r̂(Xt−1)

f(Xt−1)

}
h(Zt−1)

+
1√
T

T∑
t=r+1

h(Zt−1)g(Xt−1)

f(Xt−1)
{f̂(Xt−1) − f(Xt−1)} + op(1). (A.3)

Noting w(Zt−1) = f(Xt−1)
−1h(Zt−1)g(Xt−1), the second term on the right of (A.3)

has an expression

1√
T

T∑
t=r+1

h(Zt−1)g(Xt−1)

f(Xt−1)
{f̂(Xt−1) − f(Xt−1)}

≈
√
T

(
T

2

)−1 T−1∑
t=r+1

T∑
s=t+1

U(Zs−1, Zt−1) (A.4)

where

U(Zs−1, Zt−1) =
1

2

[{
1

hp
K

(
Xt−1 −Xs−1

h

)
− f(Xt−1)

}
w(Zt−1)

+

{
1

hp
K

(
Xs−1 −Xt−1

h

)
− f(Xs−1)

}
w(Zs−1)

]
. (A.5)
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Due to assumptions A1 and A4,

u1(z) = E{U(Zs−1, z)} =
1

2

{∫
1

hp
K

(
x− ξx
h

)
f(ξx, ξy)dξ − f(x)

}
w(z)

=
1

2

⎧⎨
⎩hL

L!
f (L)(x)

∑
· · ·

∑
0≤l1,··· ,lp≤L, l1+···+lp=L

{∫ p∏
i=1

uli
i K(u)du

}
f (l1,··· ,lp)(x) + o(hL)

⎫⎬
⎭w(z),

(A.6)

where ξx is a p-vector, ξ = (ξx, ξy) is a (p + q)-vector. The third equality uses
variable transformation and A3. Define θ = E[u1(Zt−1)], U1(Zt−1) = u1(Zt−1) − θ
and U2(Zs−1, Zt−1) = U(Zs−1, Zt−1) − u1(Zs−1) − u1(Zt−1) + θ, then as is standard
in U statistic theory, we have the H-decomposition

√
T

(
T

2

)−1 T−1∑
t=r+1

T∑
s=t+1

U(Zs−1, Zt−1) =
2√
T

T∑
t=r+1

U1(Zt−1)

+
√
T

(
T

2

)−1 T−1∑
t=r+1

T∑
s=t+1

U2(Zs−1, Zt−1) +
√
Tθ. (A.7)

Note
E{U1(Zt−1)} = E{U2(Zs−1, z)} = E{U2(z, Zt−1)} = 0 (A.8)

for any z. Because of A4, we have

θ = E{u1(Zs−1)} = O(hL) (A.9)

Putting the first term on the right of (A.7) be U (1) and the second be U (2), we have

V (U (1)) =
1

T

T∑
t=r+1

V (U1(Zt−1)) +
2

T

T−1∑
t=r+1

T∑
s=t+1

Cov(U1(Zs−1), U1(Zt−1)). (A.10)

The first term on the right is O(h2L) due to (A.6) and (A.9), while the summand of
the second term equals to∫

U1(ξ1)U1(ξ2)dFt,s(ξ1, ξ2) +O(h2L). (A.11)

Because of the Lemma, we have∣∣∣∣
∫
U1(ξ1)U1(ξ2)dFt,s(ξ1, ξ2) −

∫
U1(ξ1)U1(ξ2)dF (ξ1)dF (ξ2)

∣∣∣∣ ≤ C{β(s− t)}δ/(2+δ)

(A.12)

17



but the second integral equals to zero by (A.8), which yields∫
U1(ξ1)U1(ξ2)dFt,s(ξ1, ξ2) ≤ Ch4(s− t)−

(2+η)δ
(2+δ)η = Ch4(s− t)−1−γ , (A.13)

where γ = 2(δ − η)/η(2 + δ), and thus taking δ > η,

1

T

T−1∑
t=r+1

T∑
s=t+1

Cov(U1(Zs−1), U1(Zt−1)) ≤ Ch4

T

T−1∑
t=r+1

T∑
s=t+1

(s− t)−1−γ = O(h4).

(A.14)
Therefore U (1) = op(1).

We next show U (2) = op(1). Because of (A.8) and the Lemma,

hpE{U2(Zs−1, Zt−1)} = hpE{U(Zs−1, Zt−1)} − hpθ

≤ hp

∣∣∣∣
∫
U(ξ1, ξ2)dFt,s(ξ1, ξ2) −

∫
U(ξ1, ξ2)dF (ξ1)dF (ξ2)

∣∣∣∣
≤ Chp(2+δ){β(s− t)}δ/(2+δ) (A.15)

so that

E{U (2)} ≤ Chp(1+δ)

T 3/2

T−1∑
t=r+1

T∑
s=t+1

(s− t)−1−γ = O

(
hp(1+δ)

T 1/2

)
. (A.16)

Using this, write

Var{U (2)} ≤ C

T 3h2p
E

{
T−1∑

t=r+1

T∑
s=t+1

hpU2(Zs−1, Zt−1)

}2

+O

(
h2p(1+δ)

T

)
(A.17)

For t < s < u < v, we have

h2pE{U2(Zt−1, Zs−1)U2(Zu−1, Zv−1)}
≤ h2p

∣∣∣∣
∫
U2(ξ1, ξ2)U2(ξ3, ξ4)dFt,s,u,v(ξ1, ξ2, ξ3, ξ4)

−
∫
U2(ξ1, ξ2)U2(ξ3, ξ4)dF (ξ1)dFs,u,v(ξ2, ξ3, ξ4)

∣∣∣∣
≤ Chp(3+δ)(s− t)−1−γ, (A.18)

yielding∣∣∣∣∣
T−3∑

t=r+1

T−2∑
s=t+1

T−1∑
u=s+1

T∑
v=u+1

h2pE{U2(Zs−1, Zt−1)U2(Zu−1, Zv−1)}
∣∣∣∣∣ = O

(
T 3h

p(3+δ)
)
. (2.37)
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For other cases such as t < u < s < v, u < t < s < v and so on can be treated
similarly For t < s < u, we have

h2pE{U2(Zt−1, Zs−1)U2(Zs−1, Zu−1)}
≤ h2p

∣∣∣∣
∫
U2(ξ1, ξ2)U2(ξ2, ξ3)dFt,s,u(ξ1, ξ2, ξ3)

−
∫
U2(ξ1, ξ2)U2(ξ2, ξ3)dF (ξ1)dFs,u(ξ2, ξ3)

∣∣∣∣
≤ Chp(3+δ)(s− t)−1−γ, (A.19)

yielding∣∣∣∣∣
T−2∑

t=r+1

T−1∑
s=t+1

T∑
u=s+1

h2pE{U2(Zs−1, Zt−1)U2(Zt−1, Zu−1)}
∣∣∣∣∣ = O

(
T 2h

p(3+δ)
)
. (A.20)

Other cases with only one tie are similar. For t < s, we have due to the Lemma and
M = O(h−p(1+δ)),

h2p

∣∣∣∣
∫
U2(ξ1, ξ2)

2dFt,s(ξ1, ξ2) −
∫
U2(ξ1, ξ2)

2dF (ξ1)dF (ξ2)

∣∣∣∣ ≤ Ch2p(s− t)−1−γ ,

(A.21)
where the second integral is∫

U2(ξ1, ξ2)
2dF (ξ1)dF (ξ2) ≤ C

hp

∫
f(ξ)w(ξ)2dξ = O(h−p). (A.22)

Thus, we have ∣∣∣∣∣
T−1∑

t=r+1

T∑
s=t+1

h2pE{U2(Zs−1, Zt−1)}2}
∣∣∣∣∣ = O

(
T 2h

p)
. (A.23)

Combining the above results, we have

Var{U (2)} = O
(
hp(3+δ)

)
. (A.24)

Therefore we have (A.3)=op(1). The second term on the right of (A.2) is handled
similarly to show it is op(1) rewriting it into U statistic form. �

(Sketch of the proof of Theorem 6 )
In view of Theorem 5, it suffices to show that

B̂i − Bi
p→ 0, (A.25)
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and
Σ̂i − Σi

p→ 0, (A.26)

for all i. We drop the subscript i for notational simplicity in the sequel.
To prove (A.25), write

B̂ =
1√
T

T∑
t=r+1

{Ut − E(Ut|Xt−1)}h(Zt−1)

+
1√
T

T∑
t=r+1

(Ût − Ut)h(Zt−1) (A.27)

+
1√
T

T∑
t=r+1

{Ê(Ut|Xt−1) − E(Ut|Xt−1)}h(Zt−1) (A.28)

+
1√
T

T∑
t=r+1

{Ut −E(Ut|Xt−1)}{ĥ(Zt−1) − h(Zt−1)} (A.29)

+
1√
T

T∑
t=r+1

(Ût − Ut){ĥ(Zt−1) − h(Zt−1)} (A.30)

+
1√
T

T∑
t=r+1

{Ê(Ut|Xt−1) − E(Ut|Xt−1)}{ĥ(Zt−1) − h(Zt−1)} (A.31)

= (I) + (II) + (III) + (IV ) + (V ) + (V I), (A.32)

then
(I)

d→ N(0,Σ) (A.33)

by Theorem 5. We show in the following that (II), (III), (IV ), (V ), (V I)
p→ 0.

Because

Ût − Ut = M(ut)

⎡
⎢⎢⎣

g(Zt−1) − ĝ(Zt−1)
{g(Zt−1) − ĝ(Zt−1)}2

{g(Zt−1) − ĝ(Zt−1)}K

⎤
⎥⎥⎦ (A.34)

(V ) is op(1) due to (A.1) and Assumption A6, where

M(ut) =

⎡
⎢⎢⎢⎢⎢⎣

1 0 0 · · · 0
2ut 1 0 · · · 0
3u2

t 3ut 1 · · · 0
...

...
...

. . .
...(

K
K−1

)
uK−1

t

(
K

K−2

)
uK−2

t

(
K

K−3

)
uK−3

t · · · 1

⎤
⎥⎥⎥⎥⎥⎦ . (A.35)

20



Since sup
x
|Ê(Ut|Xt−1 = x) − E(Ut|Xt−1 = x)| = op(T

− 1
4 ), we also know (V I)

p→ 0

similarly.
We handle the other terms employing the same technique used in the proof of

Theorem 2, or U statistic asymptotic theory for the absolutely regular proccesses.
We prove (II)

p→ 0. Since

(II) =
1√
T

T∑
t=r+1

⎧⎨
⎩M(ut)

⎡
⎣ g(Zt−1) − ĝ(Zt−1)

{g(Zt−1) − ĝ(Zt−1)}K

⎤
⎦
⎫⎬
⎭ h(Zt−1) (A.36)

and
sup |g(z) − ĝ(z)|k = op(T

− 1
2 )fork = 2, · · · , K, (A.37)

it suffices to show

1√
T

T∑
t=r+1

uK−1
t {g(Zt−1) − ĝ(Zt−1)}h(Zt−1) = op(1). (A.38)

The left hand side has a U-statistic form of

2√
T

T∑
t=r+1

ψt +
2

T
√
T

T∑
t=r+1

T∑
s=r+1

ψts (A.39)

where
ψt = C(Xt−1)u

K−1
t hLh(Zt−1) + o(hL). (A.40)

and

ψts =
1

2

[
uK−1

t

{
1

hpf(Xt−1)
K

(
Xt−1 −Xs−1

h

)
xs − g(Xt−1)

}
h(Zt−1) (A.41)

+ uK−1
s

{
1

hpf(Xs−1)
K

(
Xs−1 −Xt−1

h

)
xt − g(Xs−1)

}
h(Zs−1)

]
− ψt − ψs + E(ψt)

(A.42)

for a function C : Rp → R satisfying E|C(Xt−1)| <∞. Applying the same technique
used in the proof of Theorem 2 and Assumptions A3 and A6, (A.38) is verified. We
can prove (IV ) is op(1) similarly to (II). To prove (III) = op(1), noting

Ê(Ut|Xt−1) −E(Ut|Xt−1) (A.43)

=
1

T

T∑
s=r+1

{
1

hpf̂(Xt−1)
K

(
Xt−1 −Xs−1

h

)
Us − E(Ut|Xt−1)

}
(A.44)

+
1

T

T∑
s=r+1

⎧⎨
⎩ 1

hpf̂(Xt−1)
K

(
Xt−1 −Xs−1

h

)
M(ut)

⎡
⎣ g(Zt−1) − ĝ(Zt−1)

{g(Zt−1) − ĝ(Zt−1)}K

⎤
⎦
⎫⎬
⎭ ,

(A.45)
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write

(III) =
1

T
√
T

T∑
t=r+1

T∑
s=r+1

{
1

hpf̂(Xt−1)
K

(
Xt−1 −Xs−1

h

)
Us − E(Ut|Xt−1)

}
h(Zt−1)

(A.46)

+
1

T
√
T

T∑
t=r+1

T∑
s=r+1

{
1

hpf̂(Xt−1)
K

(
Xt−1 −Xs−1

h

)
M(ut) (A.47)

⎡
⎣ g(Zt−1) − ĝ(Zt−1)

{g(Zt−1) − ĝ(Zt−1)}K

⎤
⎦
⎫⎬
⎭h(Zt−1). (A.48)

The first term on the right is shown to be op(1) similarly to (II), while for the
second we only need to consider

1

T
√
T

T∑
t=r+1

T∑
s=r+1

[
1

hpf̂(Xt−1)
K

(
Xt−1 −Xs−1

h

)
uK−1

t {g(Zt−1) − ĝ(Zt−1)}
]
h(Zt−1)

(A.49)

=
1

T 2
√
T

T∑
t=r+1

T∑
s=r+1

T∑
v=r+1

[
1

hpf̂(Xt−1)
K

(
Xt−1 −Xs−1

h

)
uK−1

t (A.50)

{
g(Zt−1) − 1

hpf̂(Xt−1)
K

(
Xv−1 −Xs−1

h

)
xv

}]
h(Zt−1)

(A.51)

which has a U statistic form of degree three, and its projection (in terms of U
statistic theory) is shown to be of order Op(h

L) and the other terms are op(1) by
assumption A3.

We next prove (A.26). Writing

Σ̂ =
1

T

T∑
t=r+1

{
Ê(UtU

′
t |Zt−1) − Ê(Ut|Zt−1)Ê(U ′

t |Zt−1)
}
h(Zt−1)

2

+
1

T

T∑
t=r+1

{
Ê(UtU

′
t |Zt−1) − Ê(Ut|Zt−1)Ê(U ′

t |Zt−1)
}
{ĥ(Zt−1)

2 − h(Zt−1)
2},

the second term on the right is bounded by

sup |ĥ(z) − h(z)| 1
T

T∑
t=r+1

|
{
Ê(UtU

′
t|Zt−1) − Ê(Ut|Zt−1)Ê(U ′

t|Zt−1)
}
{ĥ(Zt−1) + h(Zt−1)}|

= op(T
− 1

4 ),
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due to (A.1). The first term equals to

1

T

T∑
t=r+1

{E(UtU
′
t |Zt−1) −E(Ut|Zt−1)E(U ′

t |Zt−1)}h(Zt−1)
2 (A.52)

+
1

T

T∑
t=r+1

{
Ê(UtU

′
t |Zt−1) − E(UtU

′
t |Zt−1)

}
h(Zt−1)

2 (A.53)

− 1

T

T∑
t=r+1

{
Ê(Ut|Zt−1)Ê(U ′

t |Zt−1) − E(Ut|Zt−1)E(U ′
t |Zt−1)

}
h(Zt−1)

2. (A.54)

(A.52) converges to Σ in probability by law of large numbers for martingale difference
sequences under assumption A6. The other two terms are shown to be op(1) similarly
to the proof that (II), (III) = op(1). �
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