Using Quasi Renewal Processes to Investigate
Feature Distributions in Markov Switching Models

Abstract
Markov switching models are widely used in the analysis of nonlinegr
time series. However, evaluation of distributions such as the number| of
regime switches, the maximal length of regimes or other feature distrib-
utions related to the data can be problematic as they are functions of the
entire state sequence. Direct computation is not possible given the px-
ponential number of possible state sequences. Estimates can be ma

but these yield no distributional information about the features, nor|is

It easy to evaluate the properties of the estimates themselves. Hele it
will be shown that by defining appropriate auxiliary processes, whigh
will be shown to be quasi renewal processes, computation of exact dis-
tributions for many features, including those above, is possible. THis
computation is then not only possible, but very efficient given the g
most linear algorithm that can be defined based on the renewal prO}er-

ties. These processes can be found for many commonly used Markov
switching models, and will be demonstrated using Hamilton’s clas
Markov switching AR(4) model used to find recessions in GNP data.
will be shown that distributional information can be found for some @
the features gualitatively mentioned in the original paper.
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1 Preliminaries

The methods which will be examined here can be applied to Mark¢v
switching models [3] with the general form

yt ~ f(St—Titaylit—l)a

PSS _pi1:0-1] = P|St|St—1], (1)

The datay; Is distributed conditional on previous data an@revious
switching statesS;_ -, ..., S;—1 In addition to the current statg; (as
well as other parameters which are implicitly assumed here).

The waiting time probabillity for a regime period (run) of length af
leastk > 1 will be defined as the following

t=1,...,n.

PW(k,1) <t| = P[Stl_k+1 =8,...,9t = 8,11 < tl, t1 >k (2

whereW (k, 1) is the waiting time for a regime period of length at leasj
k, ands is the state of the regime period.

2 Distributions Associated with Regimes In
Markov Switching Models

The non-negative integer-valued random variaklgA) is finite
Markov chain imbeddablg

e there exists a finite Markov chaifZ; : t € 0,...,n} defined on
a finite state space with initial probability vectoré,

e there exists a finite partitiohC, : = = 0,1,...,[,} on the state
space?, and

o foreveryr =0,1,...,1[,, we have

P(Xn(A)

) = P(Zn € Cyléo)

from [2].

A Markov chain{Z;} is developed such that there is a one-to-on
correspondence between classes of its states and thdse jof The
Markov chain{Z;} facilitates the computation of waiting time distri-
butions for runs, since an absorbing state §&%} can be defined to
correspond to the occurrence of the run of interest. The desired pro
pility may then be computed by determining the probability tha}
les in the corresponding absorbing state, which is computed using be
properties of Markov chains [2].
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Lemma 1 - Smoothed Transition Probabilities

For a Markov switching model withrth order lag dependence pn
{S¢}, the smoothed conditional probabilities{d; } form anrth orde
Markov process:

PStS_r11:4—1,Y1:n)

P[St‘st—Tit—la yl:n]

(3)

Theorem 2 - Waiting Time Distribution for Regimes in MS Models

Consider an-th order MS Model as defined above. {I£;}!" is
Markov chain such that, conditioned &), the desired regime hps
occurred by time if and only if Z; lies in a corresponding absorbing
statel’ € S, then conditional ory (Z), the waiting time distributio

for regimes may be computed throu@H; } by the equation

t
PW (k1) <t]=PlZ=T]=vo [ [[M; | UD), (4
j=1

where)M; Is the transition probability matrix holding transitions frpm

Z;_1andZ;, v Is a row vector holding the initial distribution df,

andU (I") is a column vector with a one in the location corresponflin
to absorbing statg, and zeros elsewhere.

e gihe continuing state, will provide the initialisation for theh run con-
these quantities by using surrogates such as the most probable sequg¢ncélitional on them — 1 previous occurrences. Thus, instead of an initig!
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3 Quasi-Renewal Processes and Multiple Oc-
currences

DefineW (k, m) to be the waiting time of the:th run of at least length
T
k occurring in the data. The additional sté#eg. 3, —1) = C, called

vector, an initial matrix will be used, defined as

m—1
Wy = (1] 0] ...]0)

where( refers to a row vector of zeros amg is the initial vector in the

a

b

upon another. Having setup the state space in this way, the followi
theorem results

previous subsection, and|b) = , with one row vector stacked
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Theorem 3 - Waiting Time Distribution for Multiple Regimes in
MS Models

For a MS Model defined as above, the waiting time distribution fqr
multiple occurrences,

PIW (ki) <t = U(i,T), i=2,... (5)

where the Markov transition, used in Eq (4), is replaced with the

M.

Wy = Wy 1 My,
Uy(2,C) «— We(2,C)+ PIW(k,1 — 1) =1,

(6)

1 =2,...m, (7)

Proof.

Let gbg% be the initial distribution for the Markov chain associated with
the:’th occurrence; = 2, 3, ..., r when the chain starts at timeSince
¢ > 1, the chain will start in one of the continuation states. Defin
W{A"(k)} to be the waiting time for théth occurrence of the pattern.
Then

PW{AN(k)} <t] = Y  PW{N"'(k)} =]
0<t;:<t
x PIW{A'(k)} < t{W{A " (k)} = t1]). (8)

This can be simplified using a renewal argument. The second term in
he summation in (8) is the same BV {A(k)} < (t — t1)] assuming
that the chain starts at timg (the chain is inhomogeneous, and thug
the starting time is needed), as the probability of ttie occurrence
conditioned on thé; — 1)’st can be calculated using the same probabi

t

Ity structures as those of the first occurrence (but starting in one of the
continuation states). Hence (8) equals
> PIW{A" (k)} = th] PIW{A(R)} < (t — )] (9)
0<t; <t
= 3 PwAT oy =nley, | [T M U o)
0<t; <t j=t1+1
by Theorem 2, where the product is taken to be an identity matrix |if
t1 =t.
Define

o) = PN (k) = tilgl) ()
— (PN ()} < 1] — PIWAN T ()} < ¢ — 1)) (12)

Then (10) equals
| t
D> ¢(<)Z,7>:1 [ mum)

0<t <t j=t1+1
which when expanded out equals

(13)

t
T oM+l )My 4+ wll) )Moy + 9 )My + 9 UD)
(14)
where the probability of seeing thie— 1)'st occurrence at time O is de-
fined to be 0 and henqeé% = 0. If wélg = Yy andw((),lt) = 0,t > 0 then
the algorithm given in (6)-(7) iteratively calculates the set of sums and
products of each bracket given in (14) for ak= 1,...,r occurrences
simultaneously in before the multiplication witl/(T").
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4 Feature and Change-Point Distributions

Many distributions can then be found directly from the waiting tim¢
distributions.

4.1 Number of Regimes in Data

The distribution of the number of regimé&:) in the data is given by

R(i) = P[W(k,i) < n|— P[W(k,i+1) <n]fori=0,...,n/2. (15)

4.2 Longest Regime Length

The distribution of the lengtlh (k) of the longest regime in the data is
given by

L(k)=PW(k,1) <n]—-PW(k+1,1) <n|fork=0,...,n. (16)

4.3 General Change Points

It has been shown that HMM’s and Regime Switching Models ar
very flexible models for change points [1]. The distribution of itie
change-point to a regime of length at le&ass$

CPi(t) = P[W (k,i) =t — k + 1] (17)

The probability of a similarly defined change point at time thus

CR(t) =Y P[W(k,i)=t—k+1] (18)

and the probability of a similarly defined change point within an interva

YN PW(Li)=t—k+1W(1,i—1) <t;—k+1]
1 =1 (19)

5 Analysis of GNP Data

The logged differenced quarterly GNP data (1951.11 to 1984.1V) fron
[3] Is used as an example. This is modelled with a Markov Switchin
AR(4) model with parameter values estimated by ML.

Peak ;) P[W(2,i) =1t1+1]
1953.1II 0.46
1957.11I 0.0036
1960.1I 0.66
1969.1IvV 0.20
1973.IV 0.065
1980.1 0.0088

7 | 198111 0.012

PW(2,i) < t,+1]
0.46
0.99

RSR)"
0.47
0.0092
0.83
0.33
0.10
0.019
0.023

Trough ¢z)  P[We(2,) = t3
1954.11 0.72
1958.11 0.13
1961.1 0.034
1970.1V 0.44
1975.1 0.48
1980.111 0.20
1982.1V 0.36

PIW.(2,1) < &)
0.18
0.87
0.92
0.52
0.36
0.74
0.57

RSP.(t,)°
0.73
0.18
0.042
0.71
0.80
0.42
0.73

0.23
0.73
0.56
0.92
0.90
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“Probability that a change point (CP) into a recessionary state has occurred at thatfime [V (2,¢) = t;+1].
’Probability that a CP out of a recessionary state has occurred at thatthmeP[W.(2, 1) = t»].

Table 1: Dating of the US business cycle peaks and troughs as det
mined by the NBER, along with their associated probabilities of oc
curring at or before each time according to Hamilton’s AR(4) meal
switching model.

5.1 Regime Variabllity Plot
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Figure 1. Regime Variablility Plot for the Hamilton (1989) data.

5.2 Change Point Probabilities
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Figure 2: Change Point Probabilities for the Hamilton (1989) data.
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