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Summary
We have derived a new analytic formula for evaluating the derivativesof a matrix

exponerial. In cortrast to someexisting methods, eigervalues and eigervectors
do not appear explicitly in the formulae, although we shav that a necessaryand
su cient condition for the validity of the formulae is that the matrix hasdistinct
eigervalues. The new formula expresseshe derivativesof a matrix exponertial in

terms of minors, polynomials, exponerial of the matrix as well as matrix inver-
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sion, and henceis algebraicallymore manageable.For sparsematrices, the formula
can be further simplied. Two examplesare discussedin somedetails. For the
companion matrix of a cortinuous-time autoregressie moving average process,
the derivatives of the exponertial of the companionmatrix can be computed re-
cursively. We illustrate an use of these formulae in the conditional least square
estimation of a CAR(p) model that leadsto a numerically stable estimation pro-
cedure. The secondexampleconcernsthe exponertial of the tridiagonal transition

intensity matrix of a nite-state-space cortinuous-time Markov chain whosein-
stantaneoustransitions must be betweenadjacen states.

Keywords: Cayley-Hamilton Theorem; CARMA models;companionmatrix; nite-

state-spacecortinuous-time Markov processesmaximum likelihood estimation;

minimal polynomial; tridiagonal matrix.

1 Intro duction

Various methods of parameter di erentiation of a matrix exponerial have been
studied in statistical medanics and quarntum theory (see,e.g., Wilcox, 1967), as
well asin the mathematics, economicsand statistics literature, seee.g., Jennrich
and Bright (1976), Van Loan (1978), Kalb eisch and Lawless (1985), Graham
(1986), Horn and Johnson(1991), Chan and Munoz-Hernandez(1997), Chen and
Zadrozry (2001). For continuous/discrete state spacemodelling (see,e.g.,Jazwin-
ski, 1970and Singer, 1995), parameter di erentiation of a matrix exponenial is
neededfor computing the analytical scorefunction. For cortinuous-time Markov
modeling, e cien t algorithm for the computation of the transition probability ma-
trix andits derivativeswith respectto the transition intensity parametersis needed
for maximum likelihood estimation. For example, see Kalb eisch and Lawless
(1985) for an approad of analyzing a panel of categoricaldata by assumingthat
the data are obtained from sampling a latent cortinuous-time nite-state-space
Markov process.

We proposein this note an alternative method for computing the derivatives
of a matrix exponertial. In cortrast to someexisting methods, eigervalues and

eigervectorsdo not appearexplicitly in the formulae, although we show that a nec-



essaryand su cient condition for the validity of the formulae is that the matrix
has distinct eigervalues. The new formula expresseghe derivatives of a matrix
exponertial in terms of minors, polynomials, exponertial of the matrix as well
as matrix inversion, and henceis algebraically more manageable.When the ma-
trix hasrepeated eigervalues,it seemshard to extend the results. Seethe end of
section 3 for discussion. Fortunately, in most statistical applications that involve
matrix exponertials, the distinct eigervalue assumption often holds. For exam-
ple, in cortinuous-time Markov chain modelling, for most models of interest, the
transition intensity matrix hasdistinct eigervaluesfor almost all parametervalues
(see,e.g.,Kalb eisch and Lawless,1985).

This note is organized as follows. In x 2, we derive the new formula for
computing the derivatives of a matrix exponerial and a necessaryand su cien t
condition for the validity of the formula. For sparsematrices, the formula may be
further simpli ed. Two interesting examplesare the exponertial of the companion
matrix arising from a cortin uous-time autoregressie moving averageprocessand
that of the tridiagonal transition intensity matrix arising from a cortinuous-time
Markov chain whoseinstantaneoustransitions must be jumps between adjacen

categories.The simpli ed formulae for thesetwo examplesare givenin x3.

2 Main results

Let A= [a;] beap p matrix whoseelemets are functions of # = (#1;:::;#,)°
By equation (2.1) of Wilcox (1967), we have that, fori = 1;:::;r,
7 !
@ _"thun @

@ o @
Alternativ ely, if we assumeA has distinct eigervaluesd;; ;d, and X is the

e'Adu: (1)

p p matrix whosejth column is a right eigervector corresmnding to d;, then
A = XDX 1 whereD = diag(d;; ;dp). Then&® = X diag(e™!; ;e*")X 1,
and

@”
@,

whereV, isap p matrix with (i; j) ertry

= XV, X % u=1 ;r; (2)
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gi(iu)tedit; i = J,

and g’ is the (i;]) ertry in G = X (@=@,)X . SeeKalb eisch and Lawless
(1985) for the above formula and related discussions.SeealsoJennrich and Bright
(1976)and Chan and Munos-HernandeZ1997). When A hasrepeatedeigervalues,
an analogousdecompsition of A to Jordan canonicalform is possible(seechapter
4 of Cox and Miller, 1965). But aspointed out by Kalb eisch and Lawless(1985),
this is rarely necessarysincefor most modelsof interestin cortin uous-time Markov
modelling, A hasdistinct eigervaluesfor almost all parameters.

One of the main results of this paper is to derive another closedform solution
for @ =@;. Forr = 1;::;;p, dene , to beap 1 vectorwith 1 in position r
and O elsewhereFor1 i;j p,letBj = ; J-O, and de ne

z

t
i = o et U)ABij e*du: (3)

Note that Bj is a zerop by p matrix exceptfor its (i; j )th elemen being unity,
and,forl k r,

@tA Zt u)A@

— (t UA
— = e e du
@ 0 @« 1
z
= te(t u)A @Xp o —@ij Bij A GUAdU
0 i=1j=1 k
z
= X @ te(t U)ABij eAdu
= R @ i : (4)
i=1j=1 @«
A closedform solution for j in terms of minors, polynomials, exponertial of the

matrix A aswell as matrix inversionis givenin Theorem1.

Let A= [a;]andB = [b;] betwop p matrices. Dene [A;B]= AB BA
as the comnutator of A and B, and let jAj be the determinart of the matrix
A. Forvectors =11, ; gland =1[1; ; ¢, where ; 21l ;pgand

211, ;pg, forj =1, ;q( p), wedenotethe (sub)matrix that liesin the

rows of A indexedby and the columnsindexedby asA( ; ). For example,
2 3

AL 3L [21:3) = § 2 % 4.

dzz dz1 AaAss
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If =, the submatrix A( ; ) is called a principal submatrix of A and is ab-
breviated A( ), see,e.g.,p. 17 of Horn and Johnson(1985). Let R§ = 1, and for
1 k p,let

RI=  jAQ ©)

1 i< <y p

Note that q( ) = P k=0 ( 1P ¥RP , ¥ is the characteristic polynomial of the ma-
trix A, and q(A) = 0 by Cayley-Hamilton Theorem. Theorem 1 belov essetially
results from di erentiating the precedingequality w.r.t. a;. Let g ) be the
(rst) derivative of qw.r.t. . Then, g{A) = P P o 1P K L(k+ 1R} A and
it isindependen oft. This fact may resultin simplerinferertial proceduresaswill
be illustrated in an examplebelon. The derivatives of the matrix exponertial is

trivial whenp= 1. Forp 2, we have the following results:

. P
THEOREM 1 Forp 2andassumingthatg{A) = Pg( 1)°  Y(k+1)RP , A

is invertible,

8 9 .28 o109
< K = <K =
s ke DRY A 4 (e ke Tk A gen
' k=0 ! ' k=0 @"] !
) 3
( Pk u RS A* Y 2By ;e”]AYS:
u=0 k=u+2

Theorem 2 gives an explicit represemation of the partial derivatives of Rf's
with respect to g; s, whereasTheorem 3 givesa necessaryand su cien t condition
for g(A) to be invertible.

THEOREM 2 (a) Forl i6j p,

(b) Forl 6] P,

@5 _
@ JAGLEODI = &
(c For3 k p,andl i6j p
p
R _ A il il e oD

@ij 1|1< <|k2p

i2f 17, g 20
and j2flg; il 29



(dForl i p,

@R}
— =1
@i
(e)For2 k p,andl i p,
@R} . .
—— = A(lly; ;! :
@ e 4 pJ ([l k 1]

izfly; Sl 19

THEOREM 3 Forp 2 {A) = P Po( 1P K Yk+ 1RE , ,AX is invertible
if and only if the matrix A hasp distinct eigenvalues.

In the casethat A hasrepeated eigervalues, Theorem 3 implies that gYA) is
singular so that Theorem 1 is inapplicable. Now, Theorem 1 may be generalized
by consideringthe equationm(A) = 0 wherem( ) is the minimal polynomial of A.
Q

( i)
where the product is over distinct eigervalues, in which case,even though the

Indeed, if A is diagonalizable,its minimal polynomial equalsm( ) =

eigervaluesare not distinct, they do not repeat in the minimal polynomial sothat
mYA) is invertible. This suggeststhat the precedingresults may be extended
to the more general casethat A is diagonalizable,or equivalertly, its minimal

polynomial is of the form m( ) = Q

( i), whereall ;'s aredistinct. However,
the coe cien ts of the minimal polynomial may not admit a simpleform. Moreover,
Theorem?2 and related results seemnot be easilygeneralizablen this more general

situation.

3 Applications

3.1 Contin uous-time autoregressiv e moving average pro-

cesses

For cortinuous/discretestate spacemodelling (see,e.g.,Jazwinski,1970and Singer,
1995), parameter di erentiation of a matrix exponertial is heededin computing
the analytical scorefunction; indeed, it is also required in other methods of esti-

mation, e.g.,least squares. The cortinuous/discrete state spacemodel is de ned



by two equations:

dx, (t)
Yn (ti)

Axn(D)dt + Bzo()dt + GAW,(t):  t 2 [to;tr] (6)

Hnixn(ti)+ Dnizn(ti)+ ni» (7)

where N (0; Ryi) is a discrete time white noise disturbance (measuremen
error), Wy (t) is the standard Brownian motion, z, is a covariate and the matrices
H., Dn and R, areobtainedfrom H, D, and R by dropping the respective rows
(and columns)if the datum y,(t;) cortains missingvalues. State equation (6) is
a linear stochastic di erential equationin the senseof Itd (cf. Arnold, 1974). See
Singer(1995) for further discussions.

A cortinuous-time autoregressie moving average (CARMA(p,q)) processis
de ned asthe solution of a di erential equationthat canbe castin the state-space
form (below, the Y s arethe obsenations with X s beingthe state vectors;see,e.g.,
Brockwell, 1993and Brockwell and Stramer, 1995for further discussions):

Yo = "Xy =12 n

dXt = (AXt + 0|)dt+ |th,

where
2 3 2 2 3 2 3
0 x© 1
0 x® .
A = 1 Xt = ) = : ) = 1]
0 0 O 1 X2 0 0 2
1 2 3 p X p 1

and the superscript T denotesthe transposeof a vector.

Note that the companionmatrix A is a function of the parameters 1; ; ,,
and due to the simplicity of the matrix, parameter di erentiation of the corre-
sponding matrix exponenial can be easily computedby the recursiwe procedure:

@ _ @
@ @i 1

A; 2 i p;

seeTheorem4 (c) and the appendix for a proof. The partial derivative of e with

respectto  is given by parts (a) and (b) of the following theorem.



THEOREM 4 (a) For p=1, @“=@, = te®*.
(b) For p 2,
8 L 9
@tA < 9( =
@ p;é; A Kp;r[Bpr;etA]. ; (8)
r=1 !
whee

8
2 (p At ©

>

ek T D GACTZ 0 T p o2

Kn =
> r=p 1

whee [Bp; €4] = B e® 4By is the commutator of By, and €.

(c) For 2 i p,

@ _ @
@; @i 1

For clari cation, the expressionf the matrix @4 =@+, for p= 1;::;4; are

A: (9)

illustrated asfollows:

@ A
=1 — =t ;
P @:
p=2 % = (2A o) Hte”  [Bar;€”));

_ @” _ 2 g ¢ fA A A
p=3 @ (BA% 2 3A 1) fte (2A  3l)[Bs1;e”] [Bsy€e”]g
p= 4 % = (4A3 3 4A2 2 3A 2|) 1ftetA

1

(BA% 2 4A  3l)[Ba €] (2A  4l1)[Ba€”] [Bus€”]g:

We now present an exampleillustrating the useof the new formulae. Suppose
that we obsened the states X; from a CAR(p) model over (possibly) unequally
spacedepoches,say, tjs, and we desireto computethe conditional leastsquareses-
timators of the parameters. First note that, the sumof squaredpredictive residuals

equals
o9 o: ;5 op) = fx e M(xy , )9 fxy, e ", )G
i=1
where =t tiiand = ( o= 1,0, ;0)". For simplicity asssumethat

o= Osothat = 0. Therefore,for1 j p,

@( o;  p)
@)




0 1+
X X 1 A . .
Kpr[Bprie 1A (Kpg) Xy € Xy ,)

I
N
x

L |

-

~
>
_{
~=.
-
@
=
S

i=1 r=1
8 0 1+
N U _ K 1
tr (%, e "xy )X (ATY 1@ e A Kpr[Bprie ATA (K 0)T
: r=1
2 80 1 93
< X 1 ) =
= 24 Vec, @ i€ A KP;F[BPf;e iA]A AJ 1Xti 1(Xti € iAXti 1)T- > Veq(Kp;é)T]:
i=1 ' r=1 '

2

I
N

>

By replacinng;é by the adjoint of K .o in the precedingexpressionhigh numerical
accuracycan be attained even when someof the eigervaluesare nearly identical.

3.2 Tridiagnal intensit y matrix in contin uous-time Mark ov

pro cesses

Kalb eisch and Lawless(1985) proposedmethods for the analysis of panel data
under a cortinuous-time Markov model with a nite state space.Let Q beap p
transition intensity matrix that is constart over an interval of length t, and €9 is
the correspnding transition probability matrix. For someapplications, the matrix
Q is a sparsematrix in the sensethat only a few elemers of Q are non-zero.
SeeKalb eisch and Lawless (1985) for examples. Chan and Munos-Hernandez
(1997) adopted the corntinuous-time Markov processeso model longitudinal data
consistingof transitional frequenciesclassi ed accordingto an orderedcategorical
responsevariable. The ordering of the categoriesmplies that the cortinuous-time
Markov chain can only jump between adjacent categoriesover an in nitesimal
period, resulting in a tridiagonal transition intensity matrix. For the tridiagonal
transition intensity matrix, the coe cien ts R's and their partial derivativeswith
respect to ¢ 's, which have closedform solutions given in Theorem 2, can be

further simplied asin Theorem5 below. From now on, assumep 2, and write



the tridiagonal transition intensity matrix as

2
G G 0
s & & &
Q= : : :
Forl i p,let
2 .
¢ & 0
& % G G
Q=§ :
0 0
0 0

where,forl k 2p 2,

0

0
Cp 4 Gp 4 Cp 3 Cpp 3
0 Cp 2 Cp 2

qi2p4 qi2p4 Oist Oist
0 OiQpZ qi2p2

8
. 2qq ifizf2i 22 1g;

q( =
20 ifk2f2 22 1g
Forl i pletRf; =1 Forp 2andl ik p dene
29( 2k 2p X2k+2 ZR 2 _ _
RE;i = ( 1)kq|1 qlk'
i1=1 i2=i1+2 k=i 1+2
Also,forl i p,let
0 0
0

2 . .
6 6
& & & &
Q=5 : :
0

inp4 inp4 qlép3 qlép3

0 ql2p 2 %p 2
where,forl k 2p 2,
8
o 2 qq ifk2f2i 22 1,22+ 1g;
&= . . , .
S0 ifk2f2 22 1,22 + 1g:
Forl i pletRy =1 Forp 2andl ik p,dene
29( 2k 2pX2k+2 %( 2 ) )
RE;i = ( 1)kq!1 q!k'
i1=1 ip=i1+2 ixk=ig 1+2

10
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By equation (4) and the tridiagonality of the matrix, we only needto compute j;
forji jj 1,andsoonly @RP=@; forji jj 1areneeded.Theorem5 gives

a closedform of the R}'s and the required derivatives.

THEOREM 5 (a) Rp=10,forp 2
(b)) Forp 2andl k p 1,

2 2k 2p y2k+2 2 2
RE = ( l)kql qk:
i1=1 i2=i1+2 ixk=ix 1+2
(c) Forp 2andl i p,
p
% = R(E.));i =1
M
(dForp 2,1 i pand2 k p,
@E 2p X2k+2 2pX2k+4 2? 2 . .
L (D4, d, .
@; < i1=1 ip=ig+2 =i 1+2 <1
(e) Forp 2
®_ @
@;i +1 @|+l;i -
(f) Forp 2,
@) .
@ = G+1:i = s
and
@r®
@iilz' = Giva = O 1:
+1;i
(@ Forp 2,1 i p land3 k p,
@p 2pX2k+4 2pX2k+6 %( 2 ) )
@k = q2| RE 2;i = q2| ( 1)k qul q!k 2;
i+l i1=1 io=i1+2 ik=ik 1+2
and
l[() Rp 2px2k+4 2px2k+6 2}( 2 ( 1)k iy :
e q2 1 i = q2 1 q-l q' :
@‘+l;i l k2 l i1=1 io=i1+2 ik=ix 1+2 ‘e
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Example: For clari cation, we write out the parameter di erentiation of the

matrix exponertial for an examplefrom Chan and Munoz-Hernandez1997). Let

2 3 2 3
o] (o] 0 estt 1 gstt 1 0
Q=qu k& O q;%=§e6“3 gotr = gstt 2 e5t+2§:
0 (o (o 0 gott ¢ gott 4
Then
h
1 = W QM+ (@ + g+ G)Q+ qaul gte'? |
f 20+ (h+ b+ &+ )l oB1 €] [Biy€®IQ ;
2 = W 1th2+ (G + %)Q+ cuaul gte® |
f 20+ (h+ b+ &+ )l 0B €] [B2i€®IQ ;
3 = W 1th2+(0a+ G+ &)Q + hpl gte® .
f 20+ (+ &+ G+ WBssi €] [Basi€9IQ :
2 = W 1h(CI2Q+OQUA|)tetQ .
f 20+ (@+ G+ G+ QB [Brrie?lQ ;
4= W (@Q+ qad)e® |
f 20+ (@+ G+ 6+ a)loBa €] [Boi€?IQ :
23 = W 1h(0|4Q+ byl )te'® |
f 20+ (@+ G+ 6+ a)loBas €] [Brsi€?IQ :
w = W (Q+ aohe® |
f 20+ (@+ &+ 6+ a)loBx €] [Baie?IQ :
where
W = 3R3Q? 2R}Q+ R3l
= 3Q°+ 2(h+ Gt G+ G)Q+ (ChGs+ ChOs + Golh)l ;
and
%(j = (11 12);
@tQ
@ B( 22 23);
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@

@—3 = (=2 22);
@< .
@, h( 32 33);
Q
@; = th nntth 12 togs 22+ tOz 23
Q Q'
@ @
Q
% = M 21 W 2t+t0s 32 tOs 33
6 I
Q Q'
t @+@ :
@3 @4
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APPENDIX

Pro of of Theorem 1: By Cayley-Hamilton Theorem(see,e.g.,page86 of Horn
and Johnson,1985),
XP
( 1P *RE (A*= 0 (10)
k=0

Taking partial derivative with respect to a; on both sides,we have
|

|
X R i, ¥ X 1 @
(1P == A+ (1P FRp, AMTH A"=0;  (11)
k=0 @y k=1 Pk r=0 @
which implies
|
Xp 5( 1 9( 1 p '
( 1)p kRB . Ak r 1Bij Ar = ( 1)p k+1 @Rp k Ak: (12)
ket =0 k=0 @;

Pre-multiplying et WA and post-multiplying €A to both sidesof equation (12)

and then integrating u fromu= 0to u =t to get

e(t u)A ( l)p kRE ‘ Ak r 1Bij AI’ euAdu
0 g k=1 r=0 9
Y4 t <Kl @Rp ! =
= et WA T (ke R AR dAqy: (13)
" k=0 @y '
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Using the fact that (see,e.g.,page95 of Hale, 1969),

Ae®® = B A if and only if AB = BA;

we have g °
|
XP 5( 1 < 1 p ' =
( 1)p kRB . Ak r 1 i Ar = ( 1)p k+1 p Ak_ tetA:
k=1 r=0 " k=0 @ij ’

Applying integration by parts to equation (3) to get
iA=A j + [Bj;e];
and then post-multiplying A to both sidesto get
i A% = A i A+ [Bij ;etA]A
= A(A i + [Bij ;etA]) + [Bij ;etA]A
= A? i T A[Bij ;etA] + [Bij ;etA]A:
Applying the sametechnique recursiwely to get

X 1
jAT=A" ; + A" U B e”]AY; wherer L
u=0

(14)

(15)

It follows from equation (15) that the left hand side of (14) can be rewritten as

( P 'Rp ;1
xP 5( 1 1
+ ( 1)p kRg ‘ Ak 1 i + Ak r 1 A' i +

k=2 r=1 u=0

xp
( DP'Rp 1+ (1P KRp AN
k=2

AI’ u l[Bij ;etA]Au

)]

X K1 xP 1y 1
+ (P ERp . A+ (1P FRp A U 2By eh A
( k=2 r=1 ) k=2 r=1 u=0
x X K2 1
= ( 1P kkRg kAk 1 i+ ( 1P kRE 5 Ak u Z[Bij ;etA]Au
8 k=1 6:2 u=0 r=u+l
<k1 z
= . (1P " Hr+ 1)RB e AT
" r=0 ’
X K 2
+7 (DPERE L (kU DAK Y B et Al
8 k=2 u=0 9
< 1 =
= (P "+ DRp + AT
" r=0 ’
2 ¥
+ ( P Kk u 1RS AC Y 2By ;e”AY:
u=0 k=u+2
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This provesthe result.
Pro of of Theorem 2:
The proofsfor (a), (b) and (d) are trivial.
(c) First note that, for3 k p,
R = AQ: )

1 hhg, <lg p

AQs WD+ AQs LD

1l1< <y p 1 i< <l p

ij2f 19 g i2f 11, kg
X or j2f 195 ilyg
= JAG 3 1 5l 2l 05 51 Sl 2D

1 I1< <y 2 p
i2f1q; ;Ik 20
and j2f Iq; ;Ik 20

+ A 5D
1 1< <y p
i2f1q; ;Ikg
or j2f 11; lyg

which impliesthat, forl 16 p,

p X
% = e JAMG 1 she 2L D51 e 2Di

i2f 19, 3lg 20
and j2f Iq; ;lk 29

(e)For2 k p,

X . .
RP = JA(l S KDI
Pl X |
= Al S KDi+ Al Dl
1 19< <y p 1 I43< <lg p
i2f 19, slgg izfly; kg

which impliesthat, for1 i p,

p X
% ) 1 I3< <y 1 PJA([ll’ ,Ik 1])J

izfly; 5l 19
Pro of of Theorem 3:
The charactreistic polynomial can be written as
\p
a ) =]l Aj=i:1( i);

wherethe s are the eigervaluesof A. Now, the derivative of the characteristic

polynomial equalsg ) = P D ngi( ;). Hence,gqA) = P D Qjei(A i)

If vk is an eigervector of A correspnding to the eigervalue , then

xXP
A= (e

i=1j6i

15



In other words, the eigervaluesof g{(A) areP - Qjei( kK )= Qjek( Kk jhk=
1; 2; ::; p, which are non-zeroif and only if all the eigervaluesof A are distinct.
Pro of of Theorem 4:

(a) The proof is trivial.

(b) The proof for p= 2istrivial. Forp 3, rst note that,

NV 00

( 1P K 4, for 1 k p 2
1 fork=p 1

Rp & 1 (16)

N oo TV

(. 2f( 1P ¥ g, for0 k p L

@ 0: for k = p;

N oo TV

( 1P, fork =0
= (17)
0; forl k p;

"V

and

[Bp1; €41AY = [BpAY; €*] = [Bpusn) ;€] for0 u p L (18)

Thus,

|
@” Zte(t wa @
@1 0 @,

z t
et WAB e du
0

= o (by equation (3))
8 91

< X 2 = h
CPAP T+ (1P K M k+ 1)( 1P K ke AS (PP 1P
' k=0 '

X3 K1

( 1)P k( 1)IO k+1 Kl (k u 1)Ak u 2[Bp1;etA]Au
u=0 k=u+2 3

X 2
( P P(p u DA " “[Bpy;e*]A"S
u=0

e*du (by equation (1))

(by Theorem 1, gquations (16) and (17))

< 9(2 1

= pAp 1 (k+ 1) k+2Ak.
' k=0 '

8

< X3 K1

e + (K U 1) k1 AX Y 2By ;€]

u=0 k=u+2
9

K 2
0(p U DAP Y [Bpue s e?] ( by equation (18))
u:
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8 9

< X 2 K1 K1 =
= Kpg. te® + (K 1) AT B, €] (p AP " B, "]
: r=1 k=r+1 r=1 ,
8 ( by letting r = u+ 1) 9
< K2 X K1 =
= Kpg. te® + (v r 1) A" ?By;e”] (p r)AP " 1B, e”].
' r=1 v=r+2 r=1 '
) 28( by letting v=k + 1) 9
K < xXP =
= Kpddte™  (p nAP T (k 1 1) AKX T2 By
r:il ) k=r+2 '
B et
[ g(p 1) ]1 9
< =
= Kp;é. te” Kp;r[Bpr;etA]. :
) r=1 '
This provesthe result.
(c)For2 i p
z
@tA — te(t u)A _OeuAdu
@ . P
t
= et “)'A o L Ae" du ( because? A= 9
@tA . A b UA _— UAA .
@ . ( becauseAe™ = e A):

Pro of of Theorem 5:
The proofsfor (c), (e) and (f) are trivial.

(@) & (b) Let gy = p, 1 = O, then the transition intensity matrix can be

rewritten as

2 3
o G G 0 0
o) & & & 0
Q=l01=§ I :
0 Gp 4 p 4 Op 3 Gp 3
0 Gp 2 Gp 2 Op 1
and

i 1, fl1 j=i+1 p;
B 2; f1 j=i 1 p 1
0; otherwise.

8
§ Gi 2 i1y f1 i=j p;
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We will prove later that, forp 2,and1 k p,
2p y2k+1 2p y2k+3 R 1
RE = ( Da, a: (19)
i1=0 io=i1+2 k=i 1+2

But becauseyp = oy 1 = 0, we have, by equation (19),

X R 1
R = ( D9, q,=0
1120 ip=i142  ip=ip 142
and,forl k p 1,
2§( 2k 2p X2k+2 25( 2
RP = ( Vg, g,
171 ip=i1+2 Q=i 142
This provesparts (a) and (b) of the theorem.

For equation (19), we will prove it by mathematical induction. First, it is
easily seenthat equation (19) holdsfor p= 2and1 k 2. Now, suppose
equation (19) holdsfor R}, where2 r p landl k r,wewant to shav
that, for2 k p, R} is given by the right hand side of equation (19) (the proof
for k = 1is trivial).

Note that, for the tridiagonal matrix Qp, we have

jl Qi = ( Coyp)] | Qo i Gp 10 1p) | Qo 2;

which implies that

»® p kpP k Xt p k 1pp 1 k
(1P "Ry ® = ( +patpa) (1) Ry k1
k=0 k=0

X 2 5
Cp 2Ckp 3k_0( 1P ZRE K2

Comparing the coe cients of ¥ on both sides,we have, fork = 1;:::;p 2,
(DP*Rp % = (P *Rpic+( 1P % M 2+ & )R] i 1
(P 2y oty 3R} & 2
Equivalertly, we have, for k = 2;::;;p 1,
( DRE = ( DFRE ™+ ( 1 Yap 2+ p )RE 3
( 1)k 2qZp 2q2p 3RE 21 (20)

18



But, fork=3; ;p 1,

2p x2k 12p x2k+1

p 1 _
Ry =
i1=0 io=i1+2
2p x2k+l 2p x2k+3
p —
Rk 1~
i1=0 io=i1+2
2p X2k+l 2p X2k+3
REZ =
k 2

i1=0 io=i1+2

and so,for k = 3;

2pX2k 12pX2k+1

( D'RY =
i1=0
28 2k 2p y2k+2

io=i1+2

+
i1=0
2p y2k+1 2p y2k+3

io=i142

+
i1=0
2p X2k +1 2p X2k+3

io=i14+2

+
i1=0
2p x2k+1 2p X2k+3

io=i14+2

i1=0
2py2k 12p y2k+1

io=i142

i1=0
29( 2k 2p X2k+2

io=i1+2

+
i1=0
2p X2k+1 2p X2k+3

io=i142

+
i1=0 io=i14+2
2p X2k+1 2p X2k+3

i1=0 io=ig1+2

The proofs for k = 2 and p are similar to that of 3 k p

equation (19).

(d) First note that, for 1 [ < < g 1 pandi Z fl;
jQull; 5l 1Di = jQu(ly;  ;lh 1l)j. For1 Iy < < k1
fli; 5l 10, iQp(l1; 31k )i = O, beausethe matrix Qy([ls;

;P 1, equation (20) becomes

2}( 3
k .
( 1)°g, g
ik=ix 1+2
3
k 1 .
( 1) "9, G ,;
ik 170k 272
%( 5
k 2 .
( 1) G, G 2
ik 2=ix 3+2
R 5 xR 3
g. O
ik 1=k 2+2 ig=ik 1+2
R 6 xR 4 xR 1
G,
ik 270k 3+2 ik 1=ik 2+2 ix=2p 2
RS X X
G,
ik zzik 3+2 ik 1:2p 3ik:2p 2
R 5 X X
G,
ik zzik 3+2 ik 1:2p 3ik:2p 1
R 5 X X
G,
ik 2=ik 3+2 ik 1=2p 3ik=2p 2
RS R 3
g. O
ik 1=k 2+2 ig=ik 1+2
R 6 xR 4 xR 1
G,
ik 2=ig 3+2 ik 1=ikx 2¥2 ix=2p 2
R 5 X X
G,
ik 2=ix 3+2 iy 1=2p 3ix=2p 1
ZR 1
G. G-
iK=ix 1+2

a zerorow vector. Thus, by Theorem 2 (e), we have that, for 2

19

Gy

G

Gy

Gy

Gy

Gy

1. This proves

pandi 2
.l 1]) contains
k



=

P,

= |x~o

X
% - iQu(lls; il )i

o _ X . .
= iQpMly sl 1D+ I[O(LEH 1))
1 13< <y 1 p 1< <lg 1 p
izflg; 5l 19 i2f 19, 5l 19

= (/N ([EH PR ) )

1 i< <y 1 p
p .
Rk 1;iv

wherethe last equality follows from equation (5), Theorem5 (b) and the de nition

of R;.
(g) By Theorem?2 (c), we have that, for3 k pandl i p 1,
p X
gkl = iQp(li + L1y sl 2l i1y 51k 2D
s 1 1< <y o p

i2f 19; sl 290
and i+1 2f 1q; ;lk 29

- Q+1;i JQD([Ili ;lk 2]1['1’ ;lk 2])]
1 13< <l 2 p
i2f1q; ;I;< 29
and i+1 2flq; Iy 29

= G JQp(Mss sk 2L 0as sl 2Di
1< <lg 2p
i2f1q; ;lk 29
and i+1 2flq; ;Ik 29

Gt [0/ (LEHE PRPY I [P PP )

1 14< <y 2 p
i2f 11; g 20
or i+12f I9; sl 29

= G Qs sl 2l 5l 2D
1 i< <lgx 2 p

= i RE 2;i :

The proof for @R =@} .1 ; is similar.
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