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Summary

We have derived a new analytic formula for evaluating the derivativesof a matrix

exponential. In contrast to someexisting methods, eigenvaluesand eigenvectors

do not appear explicitly in the formulae, although we show that a necessaryand

su�cien t condition for the validit y of the formulae is that the matrix has distinct

eigenvalues. The new formula expressesthe derivativesof a matrix exponential in

terms of minors, polynomials, exponential of the matrix as well as matrix inver-
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sion,and henceis algebraicallymoremanageable.For sparsematrices,the formula

can be further simpli�ed. Two examplesare discussedin somedetails. For the

companion matrix of a continuous-time autoregressive moving average process,

the derivatives of the exponential of the companionmatrix can be computed re-

cursively. We illustrate an use of these formulae in the conditional least square

estimation of a CAR(p) model that leadsto a numerically stable estimation pro-

cedure.The secondexampleconcernsthe exponential of the tridiagonal transition

intensity matrix of a �nite-state-space continuous-time Markov chain whosein-

stantaneoustransitions must be betweenadjacent states.

Keywords: Cayley-Hamilton Theorem;CARMA models;companionmatrix; �nite-

state-spacecontinuous-time Markov processes;maximum likelihood estimation;

minimal polynomial; tridiagonal matrix.

1 In tro duction

Various methods of parameter di�erentiation of a matrix exponential have been

studied in statistical mechanics and quantum theory (see,e.g., Wilcox, 1967), as

well as in the mathematics,economicsand statistics literature, seee.g., Jennrich

and Bright (1976), Van Loan (1978), Kalb
eisch and Lawless (1985), Graham

(1986), Horn and Johnson(1991), Chan and Munoz-Hernandez(1997), Chen and

Zadrozny (2001). For continuous/discretestate spacemodelling (see,e.g.,Jazwin-

ski, 1970and Singer, 1995), parameter di�erentiation of a matrix exponential is

neededfor computing the analytical scorefunction. For continuous-time Markov

modeling, e�cien t algorithm for the computation of the transition probability ma-

trix and its derivativeswith respect to the transition intensity parametersis needed

for maximum likelihood estimation. For example, seeKalb
eisch and Lawless

(1985) for an approach of analyzing a panel of categoricaldata by assumingthat

the data are obtained from sampling a latent continuous-time �nite-state-space

Markov process.

We proposein this note an alternative method for computing the derivatives

of a matrix exponential. In contrast to someexisting methods, eigenvalues and

eigenvectorsdo not appearexplicitly in the formulae,although we show that a nec-
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essaryand su�cien t condition for the validit y of the formulae is that the matrix

has distinct eigenvalues. The new formula expressesthe derivatives of a matrix

exponential in terms of minors, polynomials, exponential of the matrix as well

as matrix inversion, and henceis algebraically more manageable.When the ma-

trix has repeatedeigenvalues,it seemshard to extend the results. Seethe end of

section3 for discussion.Fortunately, in most statistical applications that involve

matrix exponentials, the distinct eigenvalue assumption often holds. For exam-

ple, in continuous-time Markov chain modelling, for most models of interest, the

transition intensity matrix hasdistinct eigenvaluesfor almost all parametervalues

(see,e.g.,Kalb
eisch and Lawless,1985).

This note is organized as follows. In x 2, we derive the new formula for

computing the derivativesof a matrix exponential and a necessaryand su�cien t

condition for the validit y of the formula. For sparsematrices, the formula may be

further simpli�ed. Two interesting examplesare the exponential of the companion

matrix arising from a continuous-time autoregressive moving averageprocessand

that of the tridiagonal transition intensity matrix arising from a continuous-time

Markov chain whoseinstantaneous transitions must be jumps between adjacent

categories.The simpli�ed formulae for thesetwo examplesare given in x3.

2 Main results

Let A = [aij ] be a p � p matrix whoseelements are functions of # = (#1; :::; #r )0.

By equation (2.1) of Wilcox (1967), we have that, for i = 1; :::; r ,

@etA

@#i
=

Z t

0
e(t � u)A

 
@A
@#i

!

euA du: (1)

Alternativ ely, if we assumeA has distinct eigenvalues d1; � � � ; dp and X is the

p � p matrix whosej th column is a right eigenvector corresponding to dj , then

A = X DX � 1, whereD = diag(d1; � � � ; dp). Then etA = X diag(ed1 t ; � � � ; edp t )X � 1,

and

@etA

@#u
= X VuX � 1; u = 1; � � � ; r; (2)

whereVu is a p � p matrix with (i; j ) entry

g(u)
ij (edi t � edj t )=(di � dj ); i 6= j;
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g(u)
ii tedi t ; i = j;

and g(u)
ij is the (i; j ) entry in G(u) = X � 1(@A=@� u )X . SeeKalb
eisch and Lawless

(1985)for the above formula and related discussions.SeealsoJennrich and Bright

(1976)and Chanand Munos-Hernandez(1997). When A hasrepeatedeigenvalues,

an analogousdecomposition of A to Jordan canonicalform is possible(seechapter

4 of Cox and Miller, 1965). But aspointed out by Kalb
eisch and Lawless(1985),

this is rarely necessary, sincefor most modelsof interest in continuous-timeMarkov

modelling, A hasdistinct eigenvaluesfor almost all parameters.

One of the main results of this paper is to derive another closedform solution

for @etA =@#i . For r = 1; :::; p, de�ne � r to be a p � 1 vector with 1 in position r

and 0 elsewhere.For 1 � i; j � p, let B ij = � i � 0
j , and de�ne

� ij =
Z t

0
e(t � u)A B ij euA du: (3)

Note that B ij is a zero p by p matrix except for its (i; j )th element being unity,

and, for 1 � k � r ,

@etA

@#k
=

Z t

0
e(t � u)A @A

@#k
euA du

=
Z t

0
e(t � u)A

0

@
pX

i =1

pX

j =1

@aij

@#k
B ij

1

A euA du

=
pX

i =1

pX

j =1

@aij

@#k

Z t

0
e(t � u)A B ij euA du

=
pX

i =1

pX

j =1

@aij

@#k
� ij : (4)

A closedform solution for � ij in terms of minors, polynomials,exponential of the

matrix A as well as matrix inversion is given in Theorem1.

Let A = [aij ] and B = [bij ] be two p � p matrices. De�ne [A; B ] = AB � BA

as the commutator of A and B, and let jAj be the determinant of the matrix

A. For vectors � = [� 1; � � � ; � q] and � = [� 1; � � � ; � q], where � j 2 f 1; � � � ; pg and

� j 2 f 1; � � � ; pg, for j = 1; � � � ; q(� p), we denote the (sub)matrix that lies in the

rows of A indexedby � and the columnsindexedby � as A(� ; � ). For example,

A([1; 3]; [2; 1; 3]) =

2

6
4

a12 a11 a13

a32 a31 a33

3

7
5 :
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If � = � , the submatrix A(� ; � ) is called a principal submatrix of A and is ab-

breviated A(� ), see,e.g., p. 17 of Horn and Johnson(1985). Let Rp
0 = 1, and for

1 � k � p, let

Rp
k =

X

1� l1< ���<l k � p

jA([l1; � � � ; lk ])j: (5)

Note that q(� ) =
P p

k=0 (� 1)p� kRp
p� k � k is the characteristic polynomial of the ma-

trix A, and q(A) = 0 by Cayley-Hamilton Theorem. Theorem 1 below essentially

results from di�erentiating the precedingequality w.r.t. ai;j . Let q0(� ) be the

(�rst) derivative of q w.r.t. � . Then, q0(A) =
P p� 1

k=0 (� 1)p� k� 1(k + 1)Rp
p� k� 1A

k and

it is independent of t. This fact may result in simpler inferential proceduresaswill

be illustrated in an examplebelow. The derivatives of the matrix exponential is

trivial when p = 1. For p � 2, we have the following results:

THEOREM 1 For p � 2 andassumingthat q0(A) =
P p� 1

k=0 (� 1)p� k� 1(k+1) Rp
p� k� 1A

k

is invertible,

� ij =

8
<

:

p� 1X

k=0

(� 1)p� k� 1(k + 1)Rp
p� k� 1A

k

9
=

;

� 1 2

4

8
<

:

p� 1X

k=0

(� 1)p� k+1

 
@Rp

p� k

@aij

!

Ak

9
=

;
tetA

�
p� 2X

u=0

pX

k= u+2

(� 1)p� k(k � u � 1)Rp
p� kAk� u� 2[B ij ; etA ]Au

3

5 :

Theorem 2 gives an explicit representation of the partial derivatives of Rp
k 's

with respect to aij s, whereasTheorem3 givesa necessaryand su�cien t condition

for q0(A) to be invertible.

THEOREM 2 (a) For 1 � i 6= j � p,

@Rp
1

@aij
= 0:

(b) For 1 � i 6= j � p,

@Rp
2

@aij
= �j A([j ]; [i ])j = � aj i :

(c) For 3 � k � p, and 1 � i 6= j � p,

@Rp
k

@aij
= �

X

1� l 1 < ��� <l k � 2 � p

i =2f l 1 ; ��� ;l k � 2g

and j =2 f l 1 ; ��� ;l k � 2 g

jA([j; l1; � � � ; lk� 2]; [i; l1; � � � ; lk� 2])j:
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(d) For 1 � i � p,

@Rp
1

@aii
= 1:

(e) For 2 � k � p, and 1 � i � p,

@Rp
k

@aii
=

X

1� l 1 < ��� <l k � 1 � p

i =2 f l 1 ; ��� ;l k � 1 g

jA([l1; � � � ; lk� 1])j:

THEOREM 3 For p � 2, q0(A) =
P p� 1

k=0 (� 1)p� k� 1(k + 1)Rp
p� k� 1A

k is invertible

if and only if the matrix A has p distinct eigenvalues.

In the casethat A has repeatedeigenvalues,Theorem 3 implies that q0(A) is

singular so that Theorem 1 is inapplicable. Now, Theorem 1 may be generalized

by consideringthe equationm(A) = 0 wherem(� ) is the minimal polynomial of A.

Indeed, if A is diagonalizable,its minimal polynomial equalsm(� ) =
Q

(� � � j ),

where the product is over distinct eigenvalues, in which case,even though the

eigenvaluesare not distinct, they do not repeat in the minimal polynomial so that

m0(A) is invertible. This suggeststhat the preceding results may be extended

to the more general casethat A is diagonalizable,or equivalently, its minimal

polynomial is of the form m(� ) =
Q

(� � � j ), whereall � j 's are distinct. However,

the coe�cien ts of the minimal polynomial may not admit a simpleform. Moreover,

Theorem2 and related resultsseemnot beeasilygeneralizablein this moregeneral

situation.

3 Applications

3.1 Con tin uous-time autoregressiv e moving average pro-

cesses

For continuous/discretestatespacemodelling (see,e.g.,Jazwinski,1970andSinger,

1995), parameter di�erentiation of a matrix exponential is neededin computing

the analytical scorefunction; indeed, it is also required in other methods of esti-

mation, e.g., least squares.The continuous/discrete state spacemodel is de�ned
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by two equations:

dxn (t) = Ax n (t)dt + Bzn (t)dt + GdWn (t); t 2 [t0; tT ] (6)

yn (t i ) = Hni xn (t i ) + Dni zn (t i ) + � ni ; (7)

where � ni � N (0; Rni ) is a discrete time white noise disturbance (measurement

error), Wn (t) is the standard Brownian motion, zn is a covariate and the matrices

Hni , Dni and Rni are obtained from H , D, and R by dropping the respective rows

(and columns) if the datum yn(t i ) contains missing values. State equation (6) is

a linear stochastic di�erential equation in the senseof It ô (cf. Arnold, 1974). See

Singer(1995) for further discussions.

A continuous-time autoregressive moving average(CARMA(p,q)) processis

de�ned asthe solution of a di�erential equationthat can be cast in the state-space

form (below, the Ys are the observations with X s being the state vectors;see,e.g.,

Brockwell, 1993and Brockwell and Stramer, 1995for further discussions):

Yt i = � T X t i ; i = 1; 2; � � � ; n;

dX t = (AX t + � 0l )dt + � ldWt ;

where

A =

2

6
6
6
6
6
6
6
6
6
6
6
4

0 1 0 � � � 0

0 0 1 � � � 0
...

...
...

. . .
...

0 0 0 � � � 1

� 1 � 2 � 3 � � � � p

3

7
7
7
7
7
7
7
7
7
7
7
5

; X t =

2

6
6
6
6
6
6
6
6
6
6
6
4

X (0)
t

X (1)
t

...

X (p� 2)
t

X (p� 1)
t

3

7
7
7
7
7
7
7
7
7
7
7
5

; l =

2

6
6
6
6
6
6
6
6
6
6
6
4

0

0
...

0

1

3

7
7
7
7
7
7
7
7
7
7
7
5

; � =

2

6
6
6
6
6
6
6
6
6
6
6
4

1

� 1

...

� p� 2

� p� 1

3

7
7
7
7
7
7
7
7
7
7
7
5

;

and the superscript T denotesthe transposeof a vector.

Note that the companionmatrix A is a function of the parameters� 1; � � � ; � p,

and due to the simplicity of the matrix, parameter di�erentiation of the corre-

sponding matrix exponential can be easily computedby the recursive procedure:

@etA

@� i
=

 
@etA

@� i � 1

!

A; 2 � i � p;

seeTheorem4 (c) and the appendix for a proof. The partial derivative of etA with

respect to � 1 is given by parts (a) and (b) of the following theorem.
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THEOREM 4 (a) For p = 1, @etA =@� 1 = tetA .

(b) For p � 2,

@etA

@� 1
= K � 1

p;0

8
<

:
tetA �

p� 1X

r =1

K p;r [Bpr ; etA ]

9
=

;
; (8)

where

K p;r =

8
><

>:

(p � r )Ap� r � 1 �
P p

k= r +2 (k � r � 1)� kAk� r � 2; 0 � r � p � 2;

I ; r = p � 1;

where [Bpr ; etA ] = Bpr etA � etA Bpr is the commutator of Bpr and etA .

(c) For 2 � i � p,

@etA

@� i
=

 
@etA

@� i � 1

!

A: (9)

For clari�cation, the expressionsof the matrix @etA =@� 1, for p = 1; :::; 4; are

illustrated as follows:

p = 1 :
@etA

@� 1
= tetA ;

p = 2 :
@etA

@� 1
= (2A � � 2I )� 1(tetA � [B21; etA ]);

p = 3 :
@etA

@� 1
= (3A2 � 2� 3A � � 2I )� 1f tetA � (2A � � 3I )[B31; etA ] � [B32; etA ]g

p = 4 :
@etA

@� 1
= (4A3 � 3� 4A2 � 2� 3A � � 2I )� 1f tetA

� (3A2 � 2� 4A � � 3I )[B41; etA ] � (2A � � 4I )[B42; etA ] � [B43; etA ]g:

We now present an exampleillustrating the useof the new formulae. Suppose

that we observed the states X t from a CAR(p) model over (possibly) unequally

spacedepoches,say, t i s, and we desireto computethe conditional leastsquareses-

timators of the parameters.First note that, the sumof squaredpredictive residuals

equals

g(� 0; � � � ; � p) =
NX

i =1

f xt i � � � e� i A (xt i � 1 � � )gT f xt i � � � e� i A (xt i � 1 � � )g;

where � i = t i � t i � 1 and � = (� � 0=� 1; 0; � � � ; 0)T . For simplicity asssumethat

� 0 = 0 so that � = 0. Therefore,for 1 � j � p,

@g(� 0; � � � ; � p)
@� j
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= � 2
NX

i =1

 
@e� i A

@� j
xt i � 1

! T

(xt i � e� i A xt i � 1 )

= � 2
NX

i =1

xT
t i � 1

(AT ) j � 1

0

@� i e� i A �
p� 1X

r =1

K p;r [Bpr ; e� i A ]

1

A

T

(K � 1
p;0)T (xt i � e� i A xt i � 1 )

= � 2
NX

i =1

tr

8
><

>:
(xt i � e� i A xt i � 1 )xT

t i � 1
(AT ) j � 1

0

@� i e� i A �
p� 1X

r =1

K p;r [Bpr ; e� i A ]

1

A

T

(K � 1
p;0)T

9
>=

>;

= � 2

2

4
NX

i =1

vec

8
<

:

0

@� i e� i A �
p� 1X

r =1

K p;r [Bpr ; e� i A ]

1

A A j � 1xt i � 1 (xt i � e� i A xt i � 1 )T

9
=

;

3

5

T

vec[(K � 1
p;0)T ]:

By replacingK � 1
p;0 by the adjoint of K p;0 in the precedingexpression,high numerical

accuracycan be attained even when someof the eigenvaluesare nearly identical.

3.2 Tridiagnal in tensit y matrix in contin uous-time Mark ov

pro cesses

Kalb
eisch and Lawless(1985) proposedmethods for the analysisof panel data

under a continuous-timeMarkov model with a �nite state space.Let Q be a p� p

transition intensity matrix that is constant over an interval of length t, and etQ is

the corresponding transition probability matrix. For someapplications,the matrix

Q is a sparsematrix in the sensethat only a few elements of Q are non-zero.

SeeKalb
eisch and Lawless (1985) for examples. Chan and Munos-Hernandez

(1997) adopted the continuous-time Markov processesto model longitudinal data

consistingof transitional frequenciesclassi�ed accordingto an orderedcategorical

responsevariable. The ordering of the categoriesimplies that the continuous-time

Markov chain can only jump between adjacent categoriesover an in�nitesimal

period, resulting in a tridiagonal transition intensity matrix. For the tridiagonal

transition intensity matrix, the coe�cien ts Rp
k 's and their partial derivativeswith

respect to qi;j 's, which have closed form solutions given in Theorem 2, can be

further simpli�ed as in Theorem 5 below. From now on, assumep � 2, and write
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the tridiagonal transition intensity matrix as

Qp =

2

6
6
6
6
6
6
6
6
6
6
6
4

� q1 q1 0 � � � 0 0 0

q2 � q2 � q3 q3 � � � 0 0 0
...

...
...

. . .
...

...
...

0 0 0 � � � q2p� 4 � q2p� 4 � q2p� 3 q2p� 3

0 0 0 � � � 0 q2p� 2 � q2p� 2

3

7
7
7
7
7
7
7
7
7
7
7
5

:

For 1 � i � p, let

Qi
p =

2

6
6
6
6
6
6
6
6
6
6
6
4

� qi
1 qi

1 0 � � � 0 0 0

qi
2 � qi

2 � qi
3 qi

3 � � � 0 0 0
...

...
...

. . .
...

...
...

0 0 0 � � � qi
2p� 4 � qi

2p� 4 � qi
2p� 3 qi

2p� 3

0 0 0 � � � 0 qi
2p� 2 � qi

2p� 2

3

7
7
7
7
7
7
7
7
7
7
7
5

;

where,for 1 � k � 2p � 2,

qi
k =

8
><

>:

qk ; if i =2 f 2i � 2; 2i � 1g;

0; if k 2 f 2i � 2; 2i � 1g:

For 1 � i � p, let Rp
0;i = 1. For p � 2 and 1 � i; k � p, de�ne

Rp
k;i =

2p� 2kX

i 1=1

2p� 2k+2X

i 2= i 1+2

� � �
2p� 2X

i k = i k � 1+2

(� 1)kqi
i 1

� � � qi
i k

:

Also, for 1 � i � p, let

~Qi
p =

2

6
6
6
6
6
6
6
6
6
6
6
4

� ~qi
1 ~qi

1 0 � � � 0 0 0

~qi
2 � ~qi

2 � ~qi
3 ~qi

3 � � � 0 0 0
...

...
...

. . .
...

...
...

0 0 0 � � � ~qi
2p� 4 � ~qi

2p� 4 � ~qi
2p� 3 ~qi

2p� 3

0 0 0 � � � 0 ~qi
2p� 2 � ~qi

2p� 2

3

7
7
7
7
7
7
7
7
7
7
7
5

;

where,for 1 � k � 2p � 2,

~qi
k =

8
><

>:

qk ; if k =2 f 2i � 2; 2i � 1; 2i; 2i + 1g;

0; if k 2 f 2i � 2; 2i � 1; 2i; 2i + 1g:

For 1 � i � p, let ~Rp
0;i = 1. For p � 2 and 1 � i; k � p, de�ne

~Rp
k;i =

2p� 2kX

i 1=1

2p� 2k+2X

i 2= i 1+2

� � �
2p� 2X

i k = i k � 1+2

(� 1)k ~qi
i 1

� � � ~qi
i k

:
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By equation(4) and the tridiagonalit y of the matrix, we only needto compute� i;j

for ji � j j � 1, and so only @Rp
k=@qi;j for ji � j j � 1 are needed.Theorem 5 gives

a closedform of the Rp
k 's and the required derivatives.

THEOREM 5 (a) Rp
p = 0, for p � 2.

(b) For p � 2 and 1 � k � p � 1,

Rp
k =

2p� 2kX

i 1=1

2p� 2k+2X

i 2= i 1+2

� � �
2p� 2X

i k = i k � 1+2

(� 1)kqi 1 � � � qi k :

(c) For p � 2 and 1 � i � p,

@Rp
1

@qi;i
= Rp

0;i = 1:

(d) For p � 2, 1 � i � p and 2 � k � p,

@Rp
k

@qi;i
= Rp

k� 1;i =
2p� 2k+2X

i 1=1

2p� 2k+4X

i 2= i 1+2

� � �
2p� 2X

i k = i k � 1+2

(� 1)k� 1qi
i 1

� � � qi
i k � 1

:

(e) For p � 2,

@Rp
1

@qi;i +1
=

@Rp
1

@qi +1 ;i
= 0:

(f ) For p � 2,

@Rp
2

@qi;i +1
= � qi +1 ;i = � q2i ;

and

@Rp
2

@qi +1 ;i
= � qi;i +1 = � q2i � 1:

(g) For p � 2, 1 � i � p � 1 and 3 � k � p,

@Rp
k

@qi;i +1
= � q2i

~Rp
k� 2;i = � q2i

2p� 2k+4X

i 1=1

2p� 2k+6X

i 2= i 1+2

� � �
2p� 2X

i k = i k � 1+2

(� 1)k� 2~qi
i 1

� � � ~qi
i k � 2

;

and

@Rp
k

@qi +1 ;i
= � q2i � 1

~Rp
k� 2;i = � q2i � 1

2p� 2k+4X

i 1=1

2p� 2k+6X

i 2= i 1+2

� � �
2p� 2X

i k = i k � 1+2

(� 1)k� 2~qi
i 1

� � � ~qi
i k � 2

:
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Example: For clari�cation, we write out the parameter di�erentiation of the

matrix exponential for an examplefrom Chan and Munoz-Hernandez(1997). Let

Q =

2

6
6
6
6
4

� q1 q1 0

q2 � q2 � q3 q3

0 q4 � q4

3

7
7
7
7
5

=

2

6
6
6
6
4

� e� 5 t+ � 1 e� 5 t+ � 1 0

e� 6 t+ � 3 � e� 6 t+ � 3 � e� 5 t+ � 2 e� 5 t+ � 2

0 e� 6 t+ � 4 � e� 6 t+ � 4

3

7
7
7
7
5

:

Then

� 11 = W � 1
h
f Q2 + (q2 + q3 + q4)Q + q2q4I gtetQ

�f 2Q + (q1 + q2 + q3 + q4)I g[B11; etQ ] � [B11; etQ ]Q
i

;

� 22 = W � 1
h
f Q2 + (q1 + q4)Q + q1q4I gtetQ

�f 2Q + (q1 + q2 + q3 + q4)I g[B22; etQ ] � [B22; etQ ]Q
i

;

� 33 = W � 1
h
f Q2 + (q1 + q2 + q3)Q + q1q3I gtetQ

�f 2Q + (q1 + q2 + q3 + q4)[B33; etQ ] � [B33; etQ ]Q
i

;

� 12 = W � 1
h
(q2Q + q2q4I )tetQ

�f 2Q + (q1 + q2 + q3 + q4)[B12; etQ ] � [B12; etQ ]Q
i

;

� 21 = W � 1
h
(q1Q + q1q4I )tetQ

�f 2Q + (q1 + q2 + q3 + q4)I g[B21; etQ ] � [B21; etQ ]Q
i

;

� 23 = W � 1
h
(q4Q + q1q4I )tetQ

�f 2Q + (q1 + q2 + q3 + q4)I g[B23; etQ ] � [B23; etQ ]Q
i

;

� 32 = W � 1
h
(q3Q + q1q3I )tetQ

�f 2Q + (q1 + q2 + q3 + q4)I g[B32; etQ ] � [B32; etQ ]Q
i

;

where

W = 3R3
0Q2 � 2R3

1Q + R3
2I

= 3Q2 + 2(q1 + q2 + q3 + q4)Q + (q1q3 + q1q4 + q2q4)I ;

and

@etQ

@� 1
= � q1(� 11 � � 12);

@etQ

@� 2
= � q3(� 22 � � 23);

12



@etQ

@� 3
= q2(� 21 � � 22);

@etQ

@� 4
= q4(� 32 � � 33);

@etQ

@� 5
= � tq1� 11 + tq1� 12 � tq3� 22 + tq3� 23

= t

 
@etQ

@� 1
+

@etQ

@� 2

!

;

@etQ

@� 6
= tq2� 21 � tq2� 22 + tq4� 32 � tq4� 33

= t

 
@etQ

@� 3
+

@etQ

@� 4

!

:
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APPENDIX

Pro of of Theorem 1: By Cayley-Hamilton Theorem(see,e.g.,page86of Horn

and Johnson,1985),

pX

k=0

(� 1)p� kRp
p� kAk = 0: (10)

Taking partial derivative with respect to aij on both sides,we have

pX

k=0

(� 1)p� k

 
@Rp

p� k

@aij

!

Ak +
pX

k=1

(� 1)p� kRp
p� k

k� 1X

r =0

Ak� r � 1

 
@A
@aij

!

Ar = 0; (11)

which implies

pX

k=1

(� 1)p� kRp
p� k

k� 1X

r =0

Ak� r � 1B ij Ar =
p� 1X

k=0

(� 1)p� k+1

 
@Rp

p� k

@aij

!

Ak : (12)

Pre-multiplying e(t � u)A and post-multiplying euA to both sidesof equation (12)

and then integrating u from u = 0 to u = t to get

Z t

0
e(t � u)A

( pX

k=1

(� 1)p� kRp
p� k

k� 1X

r =0

Ak� r � 1B ij Ar

)

euA du

=
Z t

0
e(t � u)A

8
<

:

p� 1X

k=0

(� 1)p� k+1

 
@Rp

p� k

@aij

!

Ak

9
=

;
euA du: (13)

13



Using the fact that (see,e.g.,page95 of Hale, 1969),

AetB = etB A if and only if AB = BA;

we have
pX

k=1

(� 1)p� kRp
p� k

k� 1X

r =0

Ak� r � 1� ij Ar =

8
<

:

p� 1X

k=0

(� 1)p� k+1

 
@Rp

p� k

@aij

!

Ak

9
=

;
tetA : (14)

Applying integration by parts to equation (3) to get

� ij A = A� ij + [B ij ; etA ];

and then post-multiplying A to both sidesto get

� ij A2 = A� ij A + [B ij ; etA ]A

= A(A� ij + [B ij ; etA ]) + [B ij ; etA ]A

= A2� ij + A[B ij ; etA ] + [B ij ; etA ]A:

Applying the sametechnique recursively to get

� ij Ar = Ar � ij +
r � 1X

u=0

Ar � u� 1[B ij ; etA ]Au ; wherer � 1: (15)

It follows from equation (15) that the left hand sideof (14) can be rewritten as

(� 1)p� 1Rp
p� 1� ij

+
pX

k=2

(� 1)p� kRp
p� k

(

Ak� 1� ij +
k� 1X

r =1

Ak� r � 1

 

Ar � ij +
r � 1X

u=0

Ar � u� 1[B ij ; etA ]Au

!)

= (� 1)p� 1Rp
p� 1� ij +

pX

k=2

(� 1)p� kRp
p� kAk� 1� ij

+
pX

k=2

(� 1)p� kRp
p� k

k� 1X

r =1

Ak� 1� ij +
pX

k=2

(� 1)p� kRp
p� k

k� 1X

r =1

r � 1X

u=0

Ak� u� 2[B ij ; etA ]Au

=

( pX

k=1

(� 1)p� kkRp
p� kAk� 1

)

� ij +
pX

k=2

(� 1)p� kRp
p� k

k� 2X

u=0

k� 1X

r = u+1

Ak� u� 2[B ij ; etA ]Au

=

8
<

:

p� 1X

r =0

(� 1)p� r � 1(r + 1)Rp
p� r � 1A

r

9
=

;
� ij

+
pX

k=2

(� 1)p� kRp
p� k

k� 2X

u=0

(k � u � 1)Ak� u� 2[B ij ; etA ]Au

=

8
<

:

p� 1X

r =0

(� 1)p� r � 1(r + 1)Rp
p� r � 1A

r

9
=

;
� ij

+
p� 2X

u=0

pX

k= u+2

(� 1)p� k(k � u � 1)Rp
p� kAk� u� 2[B ij ; etA ]Au:

14



This provesthe result.

Pro of of Theorem 2:

The proofs for (a), (b) and (d) are trivial.

(c) First note that, for 3 � k � p,

Rp
k =

X

1� l1< ��� <l k � p

jA([l1; � � � ; lk ])j

=
X

1� l 1 < ��� <l k � p
i;j 2f l 1 ; ��� ;l k g

jA([l1; � � � ; lk ])j +
X

1� l 1 < ��� <l k � p
i =2f l 1 ; ��� ;l k g

or j =2f l 1 ; ��� ;l k g

jA([l1; � � � ; lk ])j

= �
X

1� l 1 < ��� <l k � 2 � p
i =2f l 1 ; ��� ;l k � 2g

and j =2f l 1 ; ��� ;l k � 2g

jA([i; j; l1; � � � ; lk� 2]; [j; i; l1; � � � ; lk� 2])j

+
X

1� l 1 < ��� <l k � p
i =2f l 1 ; ��� ;l k g

or j =2f l 1 ; ��� ;l k g

jA([l1; � � � ; lk ])j;

which implies that, for 1 � i 6= j � p,

@Rp
k

@aij
= �

X

1� l 1 < ��� <l k � 2 � p

i =2f l 1 ; ��� ;l k � 2g
and j =2f l 1 ; ��� ;l k � 2g

jA([j; l1; � � � ; lk� 2]; [i; l1; � � � ; lk� 2])j:

(e) For 2 � k � p,

Rp
k =

X

1� l1< ��� <l k � p

jA([l1; � � � ; lk ])j

=
X

1� l 1 < ��� <l k � p
i 2f l 1 ; ��� ;l k g

jA([l1; � � � ; lk ])j +
X

1� l 1 < ��� <l k � p
i =2 f l 1 ; ��� ;l k g

jA([l1; � � � ; lk ])j;

which implies that, for 1 � i � p,

@Rp
k

@aii
=

X

1� l 1 < ��� <l k � 1 � p
i =2 f l 1 ; ��� ;l k � 1 g

jA([l1; � � � ; lk� 1])j

Pro of of Theorem 3:

The charactreistic polynomial can be written as

q(� ) = j�I � Aj =
pY

i =1

(� � � i );

where the � 0
i s are the eigenvaluesof A. Now, the derivative of the characteristic

polynomial equalsq0(� ) =
P p

i=1
Q

j 6= i (� � � j ). Hence,q0(A) =
P p

i=1
Q

j 6= i (A � � j I ).

If vk is an eigenvector of A corresponding to the eigenvalue � k , then

q0(A)vk =
pX

i =1

Y

j 6= i

(� k � � j )vk :

15



In other words, the eigenvaluesof q0(A) are
P p

i=1
Q

j 6= i (� k � � j ) =
Q

j 6= k(� k � � j ); k =

1; 2; ::; p, which are non-zeroif and only if all the eigenvaluesof A are distinct.

Pro of of Theorem 4:

(a) The proof is trivial.

(b) The proof for p = 2 is trivial. For p � 3, �rst note that,

Rp
p� k� 1 =

8
><

>:

(� 1)p� k � k+2 ; for � 1 � k � p � 2;

1; for k = p � 1:
(16)

@Rp
p� k

@ap1
=

8
><

>:

@
@� 1

f (� 1)p� k+1 � k+1 g; for 0 � k � p � 1;

0; for k = p;

=

8
><

>:

(� 1)p+1 ; for k = 0;

0; for 1 � k � p;
(17)

and

[Bp1; etA ]Au = [Bp1Au; etA ] = [Bp(u+1) ; etA ]; for 0 � u � p � 1: (18)

Thus,

@etA

@� 1
=

Z t

0
e(t � u)A

 
@A
@� 1

!

euA du (by equation (1))

=
Z t

0
e(t � u)A Bp1euA du

= � p1 (by equation (3))

=

8
<

:
pAp� 1 +

p� 2X

k=0

(� 1)p� k� 1(k + 1)(� 1)p� k � k+2 Ak

9
=

;

� 1
h
(� 1)p+1 (� 1)p+1 tetA

�
p� 3X

u=0

p� 1X

k= u+2

(� 1)p� k(� 1)p� k+1 � k+1 (k � u � 1)Ak� u� 2[Bp1; etA ]Au

�
p� 2X

u=0

(� 1)p� p(p � u � 1)Ap� u� 2[Bp1; etA ]Au

3

5

(by Theorem1; equations (16) and (17))

=

8
<

:
pAp� 1 �

p� 2X

k=0

(k + 1)� k+2 Ak

9
=

;

� 1

8
<

:
tetA +

p� 3X

u=0

p� 1X

k= u+2

(k � u � 1)� k+1 Ak� u� 2[Bp(u+1) ; etA ]

�
p� 2X

u=0

(p � u � 1)Ap� u� 2[Bp(u+1) ; etA ]

9
=

;
( by equation (18))
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= K � 1
p;0

8
<

:
tetA +

p� 2X

r =1

p� 1X

k= r +1

(k � r )� k+1 Ak� r � 1[Bpr ; etA ] �
p� 1X

r =1

(p � r )Ap� r � 1[Bpr ; etA ]

9
=

;

( by letting r = u + 1)

= K � 1
p;0

8
<

:
tetA +

p� 2X

r =1

pX

v= r +2

(v � r � 1)� vAv� r � 2[Bpr ; etA ] �
p� 1X

r =1

(p � r )Ap� r � 1[Bpr ; etA ]

9
=

;

( by letting v = k + 1)

= K � 1
p;0

2

4 tetA �
p� 2X

r =1

8
<

:
(p � r )Ap� r � 1 �

pX

k= r +2

(k � r � 1)� kAk� r � 2

9
=

;
[Bpr ; etA ]

� [Bp(p� 1); etA ]
i

= K � 1
p;0

8
<

:
tetA �

p� 1X

r =1

K p;r [Bpr ; etA ]

9
=

;
:

This provesthe result.

(c) For 2 � i � p,

@etA

@� i
=

Z t

0
e(t � u)A � p� 0

i e
uA du

=
Z t

0
e(t � u)A � p� 0

i � 1AeuA du ( because� 0
i � 1A = � 0

i )

=

 
@etA

@� i � 1

!

A ( becauseAeuA = euA A):

Pro of of Theorem 5:

The proofs for (c), (e) and (f ) are trivial.

(a) & (b) Let q0 = q2p� 1 = 0, then the transition intensity matrix can be

rewritten as

Qp = [qi;j ] =

2

6
6
6
6
6
6
6
6
6
6
6
4

� q0 � q1 q1 0 � � � 0 0 0

q2 � q2 � q3 q3 � � � 0 0 0
...

...
...

. . .
...

...
...

0 0 0 � � � q2p� 4 � q2p� 4 � q2p� 3 q2p� 3

0 0 0 � � � 0 q2p� 2 � q2p� 2 � q2p� 1

3

7
7
7
7
7
7
7
7
7
7
7
5

;

and

qi;j =

8
>>>>>>><

>>>>>>>:

� q2i � 2 � q2i � 1; if 1 � i = j � p;

q2i � 1; if 1 � j = i + 1 � p;

q2i � 2; if 1 � j = i � 1 � p � 1;

0; otherwise.
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We will prove later that, for p � 2, and 1 � k � p,

Rp
k =

2p� 2k+1X

i 1=0

2p� 2k+3X

i 2= i 1+2

� � �
2p� 1X

i k = i k � 1+2

(� 1)kqi 1 � � � qi k : (19)

But becauseq0 = q2p� 1 = 0, we have, by equation (19),

Rp
p =

1X

i 1=0

3X

i 2= i 1+2

� � �
2p� 1X

i p = i p� 1+2

(� 1)pqi 1 � � � qi p = 0;

and, for 1 � k � p � 1,

Rp
k =

2p� 2kX

i 1=1

2p� 2k+2X

i 2= i 1+2

� � �
2p� 2X

i k = i k � 1+2

(� 1)kqi 1 � � � qi k :

This provesparts (a) and (b) of the theorem.

For equation (19), we will prove it by mathematical induction. First, it is

easily seenthat equation (19) holds for p = 2 and 1 � k � 2. Now, suppose

equation (19) holds for Rr
k , where2 � r � p � 1 and 1 � k � r , we want to show

that, for 2 � k � p, Rp
k is given by the right hand sideof equation (19) (the proof

for k = 1 is trivial).

Note that, for the tridiagonal matrix Qp, we have

j�I � Qpj = (� � qp;p)j�I � Qp� 1j � qp;p� 1qp� 1;pj�I � Qp� 2j;

which implies that

pX

k=0

(� 1)p� kRp
p� k � k = (� + q2p� 2 + q2p� 1)

p� 1X

k=0

(� 1)p� k� 1Rp� 1
p� k� 1�

k

� q2p� 2q2p� 3

p� 2X

k=0

(� 1)p� k� 2Rp� 2
p� k� 2�

k :

Comparing the coe�cien ts of � k on both sides,we have, for k = 1; :::; p � 2,

(� 1)p� kRp
p� k = (� 1)p� kRp� 1

p� k + (� 1)p� k� 1(q2p� 2 + q2p� 1)R
p� 1
p� k� 1

� (� 1)p� k� 2q2p� 2q2p� 3Rp� 2
p� k� 2:

Equivalently, we have, for k = 2; :::; p � 1,

(� 1)kRp
k = (� 1)kRp� 1

k + (� 1)k� 1(q2p� 2 + q2p� 1)R
p� 1
k� 1

� (� 1)k� 2q2p� 2q2p� 3Rp� 2
k� 2: (20)
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But, for k = 3; � � � ; p � 1,

Rp� 1
k =

2p� 2k� 1X

i 1=0

2p� 2k+1X

i 2= i 1+2

� � �
2p� 3X

i k = i k � 1+2

(� 1)kqi 1 � � � qi k ;

Rp� 1
k� 1 =

2p� 2k+1X

i 1=0

2p� 2k+3X

i 2= i 1+2

� � �
2p� 3X

i k � 1= i k � 2+2

(� 1)k� 1qi 1 � � � qi k � 1 ;

Rp� 2
k� 2 =

2p� 2k+1X

i 1=0

2p� 2k+3X

i 2= i 1+2

� � �
2p� 5X

i k � 2= i k � 3+2

(� 1)k� 2qi 1 � � � qi k � 2 ;

and so, for k = 3; � � � ; p � 1, equation (20) becomes

(� 1)kRp
k =

2p� 2k� 1X

i 1=0

2p� 2k+1X

i 2= i 1+2

� � �
2p� 5X

i k � 1= i k � 2+2

2p� 3X

i k = i k � 1+2

qi 1 � � � qi k

+
2p� 2kX

i 1=0

2p� 2k+2X

i 2= i 1+2

� � �
2p� 6X

i k � 2= i k � 3+2

2p� 4X

i k � 1= i k � 2+2

2p� 1X

i k =2 p� 2

qi 1 � � � qi k

+
2p� 2k+1X

i 1=0

2p� 2k+3X

i 2= i 1+2

� � �
2p� 5X

i k � 2= i k � 3+2

X

i k � 1=2 p� 3

X

i k =2 p� 2

qi 1 � � � qi k

+
2p� 2k+1X

i 1=0

2p� 2k+3X

i 2= i 1+2

� � �
2p� 5X

i k � 2= i k � 3+2

X

i k � 1=2 p� 3

X

i k =2 p� 1

qi 1 � � � qi k

�
2p� 2k+1X

i 1=0

2p� 2k+3X

i 2= i 1+2

� � �
2p� 5X

i k � 2= i k � 3+2

X

i k � 1=2 p� 3

X

i k =2 p� 2

qi 1 � � � qi k

=
2p� 2k� 1X

i 1=0

2p� 2k+1X

i 2= i 1+2

� � �
2p� 5X

i k � 1= i k � 2+2

2p� 3X

i k = i k � 1+2

qi 1 � � � qi k

+
2p� 2kX

i 1=0

2p� 2k+2X

i 2= i 1+2

� � �
2p� 6X

i k � 2= i k � 3+2

2p� 4X

i k � 1= i k � 2+2

2p� 1X

i k =2 p� 2

qi 1 � � � qi k

+
2p� 2k+1X

i 1=0

2p� 2k+3X

i 2= i 1+2

� � �
2p� 5X

i k � 2= i k � 3+2

X

i k � 1=2 p� 3

X

i k =2 p� 1

qi 1 � � � qi k

=
2p� 2k+1X

i 1=0

2p� 2k+3X

i 2= i 1+2

� � �
2p� 1X

i k = i k � 1+2

qi 1 � � � qi k :

The proofs for k = 2 and p are similar to that of 3 � k � p � 1. This proves

equation (19).

(d) First note that, for 1 � l1 < � � � < lk� 1 � p and i =2 f l1; � � � ; lk� 1g,

jQp([l1; � � � ; lk� 1])j = jQi
p([l1; � � � ; lk� 1])j. For 1 � l1 < � � � < lk� 1 � p and i 2

f l1; � � � ; lk� 1g, jQi
p([l1; � � � ; lk� 1])j = 0, beausethe matrix Qi

p([l1; � � � ; lk� 1]) contains

a zero row vector. Thus, by Theorem 2 (e), we have that, for 2 � k � p and
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1 � i � p,

@Rp
k

@qi;i
=

X

1� l 1 < ��� <l k � 1 � p

i =2 f l 1 ; ��� ;l k � 1g

jQp([l1; � � � ; lk� 1])j

=
X

1� l 1 < ��� <l k � 1 � p
i =2 f l 1 ; ��� ;l k � 1g

jQi
p([l1; � � � ; lk� 1])j +

X

1� l 1 < ��� <l k � 1 � p
i 2f l 1 ; ��� ;l k � 1 g

jQi
p([l1; � � � ; lk� 1])j

=
X

1� l1< ��� <l k � 1 � p

jQi
p([l1; � � � ; lk� 1])j

= Rp
k� 1;i ;

wherethe last equality follows from equation(5), Theorem5 (b) and the de�nition

of Rp
k;i .

(g) By Theorem2 (c), we have that, for 3 � k � p and 1 � i � p � 1,

@Rp
k

@qi;i +1
= �

X

1� l 1 < ��� <l k � 2 � p

i =2f l 1 ; ��� ;l k � 2g
and i +1 =2f l 1 ; ��� ;l k � 2 g

jQp([i + 1; l1; � � � ; lk� 2]; [i; l1; � � � ; lk� 2])j

= � qi +1 ;i

X

1� l 1 < ��� <l k � 2 � p

i =2f l 1 ; ��� ;l k � 2 g
and i +1 =2 f l 1 ; ��� ;l k � 2 g

jQp([l1; � � � ; lk� 2]; [l1; � � � ; lk� 2])j

= � qi +1 ;i

X

1� l 1 < ��� <l k � 2 � p
i =2f l 1 ; ��� ;l k � 2 g

and i +1 =2 f l 1 ; ��� ;l k � 2 g

j ~Qi
p([l1; � � � ; lk� 2]; [l1; � � � ; lk� 2])j

� qi +1 ;i

X

1� l 1 < ��� <l k � 2 � p
i 2f l 1 ; ��� ;l k � 2g

or i +1 2f l 1 ; ��� ;l k � 2g

j ~Qi
p([l1; � � � ; lk� 2]; [l1; � � � ; lk� 2])j

= � qi +1 ;i

X

1� l1< ��� <l k � 2 � p

j ~Qi
p([l1; � � � ; lk� 2]; [l1; � � � ; lk� 2])j

= � q2i
~Rp

k� 2;i :

The proof for @Rp
k=@qi +1 ;i is similar.
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