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Abstract

In regression problems where covariates can be naturally grouped, the group Lasso
is an attractive method for variable selection, since it respects the grouping structure in
the data. We study the selection and estimation properties of the group Lasso in high-
dimensional settings when the number of groups exceeds the sample size. We provide
sufficient conditions under which the group Lasso selects a model whose dimension is
comparable with the underlying model with high probability and is estimation consistent.
However, the group Lasso is in general not selection consistent and tends to also select
groups that are not important in the model. To improved the selection results, we propose
an adaptive group Lasso method, which is a generalization of the adaptive Lasso and
requires an initial estimator. We show that the adaptive group Lasso is consistent in
group selection under certain conditions, if the group Lasso is used as the initial estimator.
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1 Introduction

Consider the linear regression model with p groups of covariates

p
Y;:Zlekﬁk"i'gla Z:L y 1,
k=1

where Y; is the response variable, ¢; is the error term, X, is a dp x 1 covariate vector
representing the kth group and, G is the dj x 1 vector of corresponding regression coeflicients
of the kth group. For such a model, the group Lasso (Yuan and Lin 2005, Antoniadis and Fan
2001) is an attractive method for variable selection since it respects the grouping structure in
the covariates. This method is a natural extension of the Lasso (Tibshirani 1996), in which
an £ norm of the coefficients associated with a group of variables is used as a component



in the penalty function. However, the group Lasso is in general not selection consistent and
tends to select more groups than there are in the model. To improve the selection results of
the group Lasso, we consider an adaptive group Lasso method, which is a generalization of
the adaptive Lasso (Zou 2006). We provide sufficient conditions under which the adaptive
group Lasso is selection consistent, if the group Lasso is used as the initial estimator.

The need to select groups of variables arises in many statistical modeling and applied
problems. For example, in multifactor analysis of variance, a factor with multiple levels can
be represented by a group of dummy variables. In nonparametric additive regression, each
component can be expressed as a linear combination of a set of basis functions. In both cases,
the selection of important factors or nonparametric components amounts to the selection of
groups of variables. Several recent papers have considered group selection using penalized
methods. In addition to the group Lasso, Yuan and Lin (2006) proposed the group lasso,
group Lars and group nonnegative garrote methods. Kim, Kim and Kim (2006) considered the
group Lasso in the context of generalized linear models. Zhao, Rocha and Yu (2008) proposed
a composite absolute penalty for group selection, which can be considered a generalization
of the group Lasso. Meier, van de Geer and Bithlmann (2008) studied the group Lasso for
logistic regression. They showed that the group Lasso is consistent under certain conditions
and proposed a block coordinate descent algorithm that can handle high-dimensional data.
Huang, Ma, Xie and Zhang (2008) proposed a group bridge method that can be used for
simultaneous group and individual variable selection.

There have been much work on the penalized methods for variable selection and esti-
mation with high-dimensional data. Several approaches have been proposed, including the
least absolute shrinkage and selection operator (Lasso, Tibshirani 1996), the smoothly clipped
absolute deviation (SCAD) penalty (Fan and Li 2001, Fan and Peng 2004), the elastic net
(Enet) penalty (Zou and Hastie 2006), and the minimum concave penalty (Zhang 2007).
Much progress has been made in understanding the statistical properties of these methods
in both fixed p and p > n settings. In particular, several recent studies considered the Lasso
with regard to its variable selection, estimation and prediction properties, see for example,
Knight and Fu (2001); Greenshtein and Ritov (2004); Meinshausen and Buhlmann (2006);
Zhao and Yu (2006); Meinshausen and Yu (2008); Huang, Ma and Zhang (2006); van de Geer
(2008); and Zhang and Huang (2008), among others. All these studies are concerned with
the Lasso for individual variable selection.

In this article, we study the asymptotic properties of the group Lasso and the adaptive
group Lasso in high-dimensional settings when p > n. We generalize the results about the
Lasso obtained in Zhang and Huang (2008) to the group Lasso. We show that, under a
generalized sparsity condition (GSC) and the sparse Riesz condition introduced in Zhang
and Huang (2008) as well as certain regularity conditions, the group Lasso selects a model
whose dimension has the same order as the underlying model, selects all groups whose /o
norms are of greater order than the bias of the selected model and is estimation consistent.
In addition, under a narrow-sense sparsity condition (NSC) and using the group Lasso as the
initial estimator, the adaptive group Lasso can correctly select important groups with high
probability.

Our theoretical and simulation results suggest the following one-step approach to group
selection in high-dimensional settings. First, we use the group Lasso to obtain an initial
estimator and reduce the dimension of the problem. Then we use the adaptive group Lasso
to select the final set of groups of variables. Since the computation of the adaptive group
Lasso estimator can be carried using the same algorithm and program for the group Lasso,
the computational cost of this one-step approach is approximately twice that of a single group



Lasso computation. This approach that iteratively uses the group Lasso twice follows the
idea of adaptive Lasso (Zou 2006) a proposal by Biithlmann and Meier (2008) in the context
of individual variable selection.

The rest of the paper is organized as follows. In Section 2, we state the results on the
selection, bias of the selected model and the convergent rate of the group Lasso estimator.
In Section 3, we describe the selection and estimation consistency results about the adaptive
group Lasso. In Section 4, we use simulation to compare the group Lasso and adaptive group
Lasso. Proofs are given in Section 5. Concluding remarks are given in Section 6.

2 The asymptotic properties of the group Lasso

Let Y = (Y1,...,Y,) and X = (Xy,---,X,), where X}, is the n x dj, covariate sub-
matrix corresponding to the kth group. For a given penalty level A > 0, the group Lasso
estimator of 8 = (f8,...,8,) is

p
= argmin 2 = XOT(Y = X8)+ XY Vel (2.1)
k=1

where 3 = (8, ,5,)".

We consider the model selection and estimation properties of B under a generalized
sparsity condition (GSC) of the model and a sparse Riesz condition (SRC) on the covariate
matrix. These two conditions were first formulated in the study of the Lasso estimator (Zhang
and Huang 2008). The GSC assumes that, for some 7; > 0, there exists an Ay € {1,--- ,p}

such that D ;4 [|Bkll2 < m1, where [ - |2 denotes the {2 norm. Without loss of generality,
let Ap={q+1,---,p}. Then the GSC is

p

Z 1Bkll2 < m. (2.2)

k=q+1

Thus the number of the true important groups is q. A more rigid way to describe sparsity is
to assume 7; = 0, that is,
Hﬁk|]2:0,k:q+1,...,p. (2.3)

This is a special case of the GSC and we call it the narrow-sense sparsity condition (NSC). In
practice, the GSC is a more realistic formulation of a sparse model. However, the NSC can
often be considered a reasonable approximation to the GSC, especially when 7; is smaller
than the noise level associated with model fitting.

The SRC controls the range of eigenvalues of sub-matrix consisted of a fixed number of
design vectors ;. For A C {1,--- ,p}, define

X4 = (Xk,k S A), YAA :XAXA/TL.

Note that X4 is an n x ), 4 dp matrix. The design matrix X satisfies the sparse Riesz
condition (SRC) with rank ¢* and spectrum bounds 0 < ¢, < ¢* < oo if

IXavl3

HE < ¢*,VA with ¢* = |A| = #{k : k € A} and v € R=rea s, (2.4)
nl\v b)

* =

Let ) )
A={k:|Brll2 >0,1<k<p}



which is the set of indices of the groups selected by the group Lasso. An important quantity
is the cardinality of A, defined as

G = Al =#{k: Bill2 > 0,1 <k <p}, (2.5)

which determines the dimension of the selected model. If § = O(gy,), the selected model has
comparable dimension as the underlying model.

Following Zhang and Huang (2008), we also consider two measures of the selected model.
The first measures the error of the selected model,

&= |- P)x; (2.6)

where P is the projection matrix from R" to the linear span of the set of selected groups
and I = I, is the identity matrix. Thus @? is the sum of squares of the mean vector not
explained by the selected model. To measure the important groups missing in the selected
model, define
270114 1/2
G2 = (Y IBlBI{I Bkl = 012 (2.7)

ké Ao
We now describe several quantities that will be useful in describing the main results.
Let da = maXxj<g<p dk, db = minlgkgp dk, d= da/db and Nd = Zizl dk.
Define

* 1/2 * 2 1/2 *
nc*vdg nc __ ¢
rr=r1(\) = (M) , 2 =712(A) = ()\QdZ(21> » €= (2.8)

where 72 = maxaca, || 2 rea XeBkll2,

My = Mi(\) = 2+ 4r? + 4V déery + Ade, (2.9)
2 , 16,
My = My()\) = §<1 drd -+ 2de + 4V2A(1+ VEVers + Zde ) (2.10)
2 2
My = My(N) = & (1 +drf + AVAR(1 + 20T+ 8 )r + 315 + Sde(T + 45)). (2.11)

Let

Ay = 20/8(1 + cp)dad2q*enc log(Ng V ay),

where cg > 0, a, > 0, satisfying pd,/(Ng V a,)'T% ~ 0. We also consider the following
constraints
Ao =inf{\: Mig+1<q"}, inf() = oo, (2.12)

A > max{Ao, A\pp}- (2.13)

For large p, the lower bound here is allowed to be A, , = 20[8(1 + co)dad?q*enc* log(N,)]'/?
with a,, = 0; for fixed p, a,, — oo is required.
We assume the following basic condition.

(C1) The errors €1, - , &, are independent and identically distributed as N (0, o?).



Theorem 2.1 Suppose that ¢ > 1 and that (C1), the GSC (2.2) and SRC (2.4) are satisfied.
Let ¢, and (2 be defined as in (2.5), (2.6) and (2.7), respectively, for the model A selected
by the group Lasso from (2.1). Let My, My and Mz be defined as in (2.9), (2.10) and (2.11),
respectively. Then, if the constraints (2.12), (2.13) are satisfied, the following assertions hold
with probability converging to 1,

G<#{k:||Blla >0 or k¢ Ay} < M(Ng,
@ = (I - P)XB|} < Ma(N)Bi(N),
A M) B2()\
G= 3 183G = 0y < MBVBIA)

Cyl
k¢ Ao
where By(\) = ((AZdz%Q)/(nC*))l/Q'

Remark 2.1 The condition ¢ > 1 is not necessary, since it s only used to express quantities
in terms of ratios in (2.8) and Theorem 2.1. If ¢ = 0, we use

7‘2q _ nc*v/dym 7“2(] _ nc*n%

to recover My, My and My in (2.9), (2.10), (2.11), respectively, resulting

< dnc*v/dam

8
g 02 < —\/d,d 2 =0.
q< N, , W0 < g 11, G5 =0

Remark 2.2 Ifn =0 in (2.2), then 1y =ro =0 and

M1 = 2—|—4d5,
2 16
M, = §(1+2d6+§d62>,
2, 2
My = §(1+§dc(7+40)>,

all only depend on d and ¢. This suggests that the relative sizes of the groups affect the
selection results. Since d > 1, the most favorable case is d = 1, that is, when the groups have
equal sizes.

Remark 2.3 Ifd) =--- =d, =1, the group Lasso simplifies to the Lasso, and Theorem 2.1
is a direct generalization of Theorem 1 on the selection properties of the Lasso obtained by
Zhang and Huang (2008). In particular, when dy = --- =d, =1,
— nc*m 1/2 o — nc*n3 1/2
1 = /\q y 12 — /\2q )
My, = 24472 +4VEry + 4¢,
2 16
M, = g(l +4r? + 26+ 4V2(1 + VE)Very + 352),
2 2
My = 3 (1 drd VR 2VT )+ 303 + SElT + 45)),

which are the same as the constants in Theorem 1 of Zhang and Huang (2008).



Remark 2.4 A more general definition of the group Lasso is

— 1 P
§* = argmin 5V = XB)T(Y = XB) + XD _(Bi.RibB)?, (2.14)
k=1
where Ry, is a dj X dy positive definite matriz. This is useful when certain relationships among

the coefficients need be specified. By the Cholesky decomposition, there exists a matriz Qy
such that Ry = dQL Q. Let f* = Qi3, and X} = Xlezl. Then (2.14) becomes

P
B* = arg Hﬁli*n(Y - X BT (Y — X*B*) + A Z V|2
k=1

The generalized sparsity condition for (2.14) is

p

> (BLQuQrBR)Y < .

k=q+1
The SRC can be assumed for X - Q~', where X - Q™! = (XlQl_l, e ,Xszjl).

Immediately from Theorem 2.1, we have the following corollary.

Corollary 2.1 Suppose that the conditions of Theorem 2.1 hold and X\ satisfies the constraint
(2.13). Then, with probability converging to one, all groups with ||Be||3 > M3(A\)g\2/(c.c*n?)
are selected.

From Theorem 2.1 and Corollary 2.1, the group Lasso possesses similar properties to the
Lasso in terms of sparsity and bias (Zhang and Huang 2008). In particular, the group Lasso
selects a model whose dimension has the same order as the underlying model. Furthermore,
all the groups with coefficients whose £2 norm are greater than the threshold given in Corollary
2.1 are selected with high probability.

Theorem 2.2 Let {¢,0,r1,72,¢0,d} be fized and 1 < ¢ < n < p — oo. Suppose that the
conditions in Theorem 2.1 hold. Then the following assertions hold with probability converging
to 1,

cxr? + 12 /g
CcsC* n

”B —Bll2 <

)

(20’ My 10g(Nd)q + (7’2 + dMlé)Bl) +

\/NCs

and
||Xﬁ — Xﬁ”g < 20+/M; log(Nd)q + (2’/’2 + dMlé)Bl.

Theorem 2.2 is stated for a general A that satisfies (2.12) and (2.13). The following
result is an immediate corollary of Theorem 2.2 .

Corollary 2.2 Let A = 20\/8(1 + ¢y)dad?q*cc*nlog(Ng) with a fized cz) > c¢g. Suppose all
the conditions in Theorem 2.2 hold. Then

18— Bll: = 0y (ValogNa)/n ) and X5 = XBl2 = O,(V/alog(Na) ).

This corollary follows by substituting the given A value into the expressions in the results of
Theorem 2.2.



3 Selection consistency of the adaptive group Lasso

As shown in the previous section, the group Lasso has excellent selection and estimation
properties. However, there is room to improve, in particular, with regard to selection.
Although the group Lasso selects a model whose dimension is comparable to the underlying
model, the simulation results reported in Yuan and Lin (2005) and those given below suggest
that it tends to select more groups than there are in the underlying model. To correct the
tendency of over selection by the group Lasso, we generalize the idea of the adaptive Lasso
(Zou 2006) for individual variable selection to the present problem of group selection.

Consider a general group Lasso criterion with a weighted penalty term,

SV = XBY(Y = X0) + 3D wn /] (31)

k=1

where wy, is the weight associated with the kth group. The Ay = Awy, can be regarded as
the penalty level corresponding to the kth group. For different groups, the penalty level Ag
can be different. If we can have lower penalty for groups with large coefficients and higher
penalty for the groups with small coefficients (in the /5 sense), we expect to be able to improve
variable selection accuracy and reduce estimation bias. One way to obtain the information
about whether a group has large or small coefficients is by using a consistent initial estimator.

Suppose that an initial estimate  is available. A simple approach to determining the
weight is to use the initial estimator. Consider

1
- = k
1Bl2

Thus for each group, its penalty is proportional to the inverse of the norm of Bi. This choice
of the penalty levels for each group is a natural generalization of the adaptive Lasso (Zou
2006). In particular, when each group only contains a single variable, (3.2) simplifies to the
adaptive Lasso penalty. Below, we first give a general result concerning the selection and
estimation properties of the adaptive group Lasso.

Let 0, = maxgeac [|Bkll2, 0p = mingeag ||Bill2. We say that an initial estimator 3 is

W =1,...,p. (3.2)

consistent at zero with rate r,, if r, maxgea, ||Brll2 = Op(1) Where 7, — 0o as n — oo and,
there exists a constant &, > 0 such that, for any € > 0, P(mingecag 1Bkll2 > €46) > 1 — € for
n sufficiently large.

In addition to (C1), we assume the following conditions.

(C2) The initial estimator 3 is consistent at zero with rate r,, — co.

(C3)
dallogq) | Mi*q
—
/nby 7192 ’
ndloglp—q) | d*¢* 0
5\rn Tneb\/% ‘
(C4) All the eigenvalues of ¥ 4¢ 4 are bounded away from zero and infinity.
Define
- 1 .
§" = argmin (¥ — XBY (Y = XB)+ A 118elly " /el Bell2- (3.3)
k=1



Theorem 3.1 Suppose that (C1)-(C4) and the narrow-sense sparsity condition (2.3) are
satisfied. Then

P(||Btll2 # 0,k & Ao, 1Bl = 0,k € Ag) — 1.

Therefore, the adaptive group Lasso is selection consistent if an initial estimation con-
sistent estimator is available and the conditions stated in Theorem 3.1 hold. For fixed p and
dy,, the ordinary least squares estimator can be used as the initial estimator. However, when
p > n, the least squares estimator is no longer feasible. By Theorems 2.1 and 2.2, the group
Lasso estimator ﬂ is consistent at zero with rate y/n/(qlog(Ng)). If we use ﬁ as the initial
estimator, (C3) can be changed to

(C3)
da(logq) | Mdy'*q
— 0,
\/’Tl@b nﬁg
Vdalog(p — ) og(Na) | (dat)™?/log(Na) _
A Opv/ndy .
Corollary 3.1 Let the initial estimator B = B, where B 1s the group Lasso estimator.

Supposed that the NSC (2.3) holds and that (C1), (C2), (C3)" and (C4) are satisfied. Then
P(|Ikll2 # 0.k & Ao, | 5]l = 0.k € Ag) — 1

This corollary follows directly from Theorem 3.1. It shows that the iterated group Lasso
procedure that uses a combination of the group Lasso and adaptive group Lasso is selection
consistent.

Theorem 3.2 Suppose that the conditions in Theorem 2 hold and 0, > tp for some constant
ty > 0. If A\ ~ O(n®) for some 0 < o < 1/2, then

. 2
I3~ 5l = 0,4/ £ + 25 = 0/ D,

IX8" = X2 ~ O(m) = 0,(/q).

Theorem 3.2 implies that for the adaptive group Lasso, given a zero-consistent initial
estimator, we can reduce a high-dimensional problem to a lower-dimensional one. The
convergence rate is improved compared with that of the group Lasso by choosing appropriate
penalty parameter .

4 Simulation Studies

In this section, we use simulation to evaluate the finite sample performance of the group
Lasso and the adaptive group Lasso. Consider

A 1Belle > 0
Ap = {Ilﬁkz’ i 1B ll2 > 0.



If Ay = oo, then Bz = 0. Thus we can drop the corresponding covariates X from the
model and only consider the groups with || BZHQ > 0. After a scale transformation, we can
directly apply the group least angle regression algorithm (Yuan and Lin 2006) to compute
the adaptive group Lasso estimator B* The penalty parameters for the group Lasso and the
adaptive group Lasso are selected using the BIC criterion (Schwarz 1978).

We consider two scenarios of simulation models. In the first scenario, the group sizes are
equal. In the second, the group sizes vary. For every scenario, we consider the cases p < n
and p > n. In all the examples, the sample size n = 200.

Ezample 1. In this example, there are 10 groups and each group consists of 5 covariates. The
covariate vector is X = (X1,---, X10) where X; = (X5(j_1)41, ", X5(j—1)45), 1 < j < 10.
To generate X, we first simulate 50 random variables Ry, - - - , R5p independently from N (0, 1).
Then Zj,7 = 1,---,10 are simulated from a multivariate normal distribution with with mean
zero and Cov(Zj,, Zj,) = 0.6191772|. The covarites X1, --- , X5 are generated as

Zj + Rsj—1)4k

X5(j—1)+k: \/§ )1§]§10,1§k§57

The random error € ~ N(0, 3%). The response variable Y is generated from Y = Z,lcozl X, B+
€, where

81 =1(0.5,1,1.5,2,2.5), B = (2,2,2,2,2),
ﬁ?} = :/610 — (070707070)'

Ezample 2. In this example, the number of groups is p = 10. Each group consists of 5
covariates. The covaraites are generated the same way as in Example 1. However, the
regression coeflicients

By =(05,1,1.5,1,0.5), B = (1,1,1,1,1),
B3 = (~1,0,1,2,1.5), s = (—1.5,1,0.5,0.5,0.5),
Bs == B = (0,0,0,0,0).

Example 3. In this example, the number of groups p = 210 is bigger than the sample size
n. Each group consists of 5 covariates. The covaraites are generated the same way as in
Example 1. However, the regression coefficients

Bi = (0.5,1,1.5,1,0.5), B = (1,1,1,1,1),
By = (—1,0,1,2,1.5), B = (~1.5,1,0.5,0.5,0.5),
65 == 6210 = (070707())0)-

Ezample 4. In this example, the group sizes differ across groups. There are 5 groups with
size 5 and 5 groups with size 3. The covariate vector is X = (X, -, X19) where X; =
(XsG-1)+1:» Xs-1)+5), 1 < J <5y and Xj = (X3(j_6)126, " » X3(j—6)+28):6 < j < 10. In
order to generate X, we first simulate 40 random variables R1,--- , R4o independently from
N(0,1). Then Z;,5 =1,---,10 are simulated with a normal distribution with mean zero and
Cov(Zj,,Zj,) = 0.61732l. The covarites X1, --- , X40 are generated as

Zj+ Rs(j_1)+k

X5(j—1)+k2771§j§5,1§k§57



Zj + R3(j—6)+25+k .
Xopsasin = ——— 5 0] S10,1<k <3

The random error € ~ N(0, 3%). The response variable Y is generated from Y = Z,lgozl XiOr+
€, where

By =(0.5,1,1.5,2,2.5), B = (2,0,0,2,2),

/33 = 255 == (070707070)7
/36 - (_17_27 _3)7
Br == P =(0,0,0).

Ezxample 5. In this example, the number of groups is p = 10 and the group sizes differ across
groups. The data are generated the same way as in Example 4. However, the regression
coefficients

=(0.5,1,1.5,2,2.5), B2 = (2,2,2,2,2),
(=1,0,1,2,3), 84 = (—1.5,2,0,0,0),
=(0,0,0,0,0),
(
(—
(

66 - 27 -2 1) ﬁ7 = (07 _3a 15)7
Bs = (—1.5,1.5,2), By = (=2, -2, —2),
B10 = (0,0,0).

Ezxample 6. In this example, the number of groups p = 210 and the group sizes differ across
groups. The data are generated the same way as in Example 4. However, the regression
coefficients

B1=1(0.5,1,1.5,2,2.5), B = (2,2,2,2,2),
B3 =(-1,0,1,2,3), 8, = (—1.5,2,0,0,0),
Bs = -+ = Bioo = (0,0,0,0,0),

Bro1 = (2,-2,1), Bio2 = (0,3, 1.5),

Bro3 = (—=1.5,1.5,2), Broa = (-2, -2, -2),

Bros = - -+ = B210 = (0,0,0).

The results are given in Table 1 based on 400 replications. The columns in the table
include the average number of groups selected with standard error in parentheses, the median
number of groups selected with the 25% and 75% quantiles of the number of selected groups
in parentheses, model error, percentage of occasion on which correct groups are included
in the selected model and percentage of occasions on which the exactly correct groups are
selected with standard error in parentheses.

Several observations can be made from Table 1. First, in all six examples, the adaptive
group Lasso performs better than the group Lasso in terms of model error and the percentage
of correctly selected models. The group Lasso which gives the initial estimator for the adaptive
group Lasso includes the correct groups with high probability. And the improvement is
considerable for models with different group sizes. Second, the results from models with
equal group sizes (Examples 1 ,2 and 3) are better than those from models with different
group ones (Examples 4, 5 and 6). Finally, when the dimension of the model increases, the
performance of both methods becomes worse. This is to be expected since selection in models
with a larger number of groups is more difficult.

10



Table 1: Simulation study. Mean number of groups selected, median number of variables
selected (med), model error (ME), percentage of occasions on which correct groups are
included in the selected model (% incl) and percentage of occasions on which exactly correct
groups are selected (% sel), averaged over 400 replications with estimated standard errors
in parentheses, by the group Lasso and adaptive group Lasso, for Examples 1-6. The true

numbers of groups are included in [ | in the first column.

group Lasso adaptive group Lasso

c=3 mean med ME % incl %sel | mean med ME % incl % sel
Ex 1, [2] 2.04 2 8.79 100%  96.5% 2.01 2 8.54 100%  99.5%
0.18)  (22) (0.94) (0)  (0.18) | (0.07) (2,2) (0.90) (0)  (0.07)

Ex 2, [4] 4.11 4 8.52 99.5%  88.5% 4.00 4 8.10 99.5% 98%
(0.34)  (44)  (0.94) (0.07) (0.32) | (0.14) (44) (0.87) (0.07) (0.14)
Ex 3, [4] 4.00 4 9.48 93% 86.5% 3.94 4 8.19 93% 92.5%
(0.38) (4,4 (1.19) (0.26) (0.34) | (0.27) (4,4) (0.96) (0.26) (0.26)
Ex 4, [3] 3.17 3 8.78 100%  85.3% 3 3 8.36 100%  100%

(0.45)  (3,3) (1.00) (0) (0.35) (0) (3,3) (0.90) (0) (0)
Ex 5, [§] 8.88 9 7.68 100% 40% 8.03 8 7.58 100%  97.5%
0.81)  (8,10) (0.94)  (0)  (0.49) | (0.16) (8,8) (0.86)  (0)  (0.16)

Ex 6, [§] 12.90 9 14.61 66.5% 7% 11.49 8 9.28 66.5% 47%
(1242) (8,11) (7.21) (0.47) (0.26) | (12.68) (7.8) (5.79) (0.47) (0.50)

5 Concluding remarks

We have studied the asymptotic selection and estimation properties of the group Lasso
and adaptive group Lasso in “large p, small n” linear regression models. For the adaptive
group Lasso to be selection consistent, the initial estimator should possess two properties: (a)
it does not miss important groups and variables; and (b) it is estimation consistent, although
it may not be group-selection or variable-selection consistent. Under the conditions stated
in Theorem 2.1, the group Lasso is shown to satisfies these two requirements. Thus the
iterated group Lasso procedure, which uses the group Lasso to achieve dimension reduction
and generate the initial estimates and then uses the adaptive group Lasso to achieve selection
consistency, is an appealing approach to group selection in high-dimensional settings.

ACKNOWLEDGEMENTS. The authors are grateful to Professor Cun-Hui Zhang for sharing his
insights into the problem and related topics. Huang is also a member of the Department of
Biostatistics of the University of lowa. The work of Huang is supported in part by the NIH
grant RO1CA120988 and NSF grants DMS 0706108 and 0805670.

6 Proofs
We first define some notations which will be used in proofs. Let
: o AL
{k:|1Bll2 >0,k <p} CA C{k: X[ (Y - XB) = W}U{L... Jq}.
k2

Set Ay = {1, ,p}\Al, As :Al\AQ, Ay = A1 N Ay, A5 = AQ\A(), Ag = Ao N Ap. Thus
we have A1 = A3 U Ay, A3sNAy = 0, Ao = A5 U Ag, As N Ag = 0. Let ’Al‘ = ZkeAi dj. which
means the number of columns in the sub-matrix X 4, of covariate matrix X and N(A;) be
the cardinality of set A;, i =1,---,6. Assume q; = N(A4;).

11



Lemma 1 Let Ay C{1,---,p}, Xa, = (Xi, k € Ag) and Sy = X} Xa,/n. Then

nes(|Agl)

[[13
ca(lAl)”

V13
([ An])

—1/2
< 1= I3 < 184,113 <

for all v of proper dimension. Further more, if A N Ay =0, then

I( — P1)X 4, B4, 13
neo(|A1 U Agl)

1BaNI3 + 25 Z1xBa 13 <

where Py is the projection to the span of {xy,l =1,--- ,di, k € Ay}

Lemma 1 is Lemma 1 in Zhang and Huang (2008).

Proof of Theorem 2.1. The basic idea used in the proof of Theorem 2.1 follows that
in the proof of the rate consistency of the Lasso in Zhang and Huang (2008). However, there
are many difference in technical details, e.g., in the characterization of the solution via the
KKT conditions, in the constraint needed for the penalty level and in the use of maximal

inequalities. Thus we write out the details of the proof.

The proof consists of three steps. Step 1 proves some inequalities related to g1, @ and (5.
Step 2 translates the results of Step 1 into upper bounds for ¢, @ and (3. Step 3 completes

the proof by showing the probability of the event in Step 2 converging to one.
Since [ is a solution of (2.1), by the KKT condition,

' Ay — AVdif A
X (Y = Xf) = AW V|| l2 > 0,

MWy < X (Y = XB) < Wi, V||Bill2 =0,

where the second inequality is componentwise.

Define , .
XY - XB)
Sp = ———".

M/ Ly,

From (6.1), we have

=1, if ||Bll2 >0,
llskll2 o
< 1a if ||5k”2 = 07

and

X:41 (Y - XAIBAl) = SA17
- CAZ S X:42 (Y - XAlﬁAAl) S CA27

where Sy, = (S,/ﬁ, e ,S,;q_)/ is an |A;| x 1 vector, Si, = A\\/dk,Sk;; Ca, = (C,;,l, e

,qui) is

an |A;| x 1 vector, Cg, = A dk/-lI(”ﬁAkz”Q = O)edkixl, where all the elements of matrix €dy,, x1

is 1 and k; € A;. From (6.2) and (6.3),

X,/41 (XA1BA1 + XAQIBAQ +ée— XAlﬁAAl) - SA17

namely
n¥118a, +nXi2fa, + X4, —nd1184;, = Say,

12



and
~Cay <n%01(Ba, — Bay) +nD22Ba, + X g6 < Cay.

Since all the eigenvalues of ¥1; are bounded below by ¢, (]A41]), we assume without loss of
generality that Y11 is of full rank. By the definition of X,

n-1 R B ot
;Ll SAl - (ﬂAl - ﬂAl) + Z1112125AZ + #XAlg’ (64)

and
nS02Ba, — nEo1 11 1284, < Cay — Xppe — SN Sa, + S S X e (6.5)

where ¥;; = X,/4iXAj /n.

Step 1. Define
1

Vljzﬁ

Ezll/QQAjlsAjw j = 173747 (66)

and
W = (I—Pl)XAkﬁAk,k :27 76'

where @ 4,; is the matrix representing the selection of variables in A, from A;.

Consider j = 4. For any k € Ay, by the definition of Ay, we have |||l > 0, then
sl = 1, 50 154,13 = S, skl = N(As). Since g1 = N(As) + N(As) < g + N(Ag),
then [[sa,[3 > a1 — .

By the definition of Vi; in (6.6) and Lemma 1,

~1/2 1Qa,154:13  Srea, IMWdksel3 _ N2dy(q1 — q)
v P 2 1/2 S > 4 4 — €Ay > .
|| 14”2 || QA41 A4||2 = NC*(‘AID nc*(|A1|) = TLC*(|A1D
That is,
N dy(q1 — q)
Vigl2 > 224 4 6.7
Vialg > S ©.7)
By (6.4),
E*l

Vi (Vis + Vig) = S’A4QA41%SAI
’ > 1 24 o
= SA4QA41 |:(ﬂA1 - ﬁAl) + Zﬁ Z12@42 + nXAle}

Sy Qanl Xt e R
Ay 4 - 11 “*Aq + SA4(ﬂA4 . ﬂA4)-

= S:44QA4121_11212BA2 +

For any k € Ay, Ay = A1 N Ag, s = ,@k/HBkHQ, we have

St =3 s S AV < AW S 16l

k€A, 15k 12 k€A k€A,

Thus, since ||3||2 > 0 for any k € Ay, we have

Wi, 5 = A > 0
k|2

13



Thus 5214/3’,44 > 0. Therefore,

/ / - S QanXtX, e
Via(Vis + Via) < S, Qa1 57 T2Ba, + —21 B A b Vda A D 1Bkl
keAy

By (6.5),
lwall3 = (Xa,84,) (I — P1)X 4,84, = B4, (052284, — 821511 C1284,)
< B, (Cay — X6 — Son S84, + Zor 21 Xy €)
= —wye — Sy, X1y L1284, + B4,Cs-
It follows that
Via(Vis + Via) + [lwzl3

S/ QA lzilX/ ’ / _
Aa T2 U A —wy)e — SA3QA3121112125A2

- n
+ B1,Cas + VdaX Y 11 Bell2.

keAy

<

Define L
Xa, Xy QA413A4/TL — w2

X4, 30 Qa1 s /n = wall2

Since X4, and wy are orthogonal,

_ ’
X4, 20 Qa1 Sas/n — wall3 = [Viall3 + w23

Thus
IVaal3 + llwal3 + VigVis < (IVaall3 + llwall3)/2]u'e]
+ Vis ol S5 2 S128.a, lav/ + A/ dallBasllz + VA 3 15k (6:8)
ke Ay

By the definition of Vi, in (6.6) and Lemma 1,

1, 1/2 o Q1S53 Yrea, IWkskl3  A2d,N(As)
Visll2 = = ||2 S < 3 = 3 <
Waallz = Z11E0 " QagrSaallz < ne. (| A1) ne(JAl]) T ned(JAy)

That is,
N2d,N(A3)
ne«(JA)
Since A2 = A5 U Ag, A5 N Ag = () under the generalized sparsity condition, we have ||G4,/2 <

18452 + 1|86 |2-
By (6.8), we have

[Viall3 + llwzll3
< (Vi3 + lwal3)?u’e
+ [Vaall2|Vasllz + 1Vasll2|Pr X 4y Basll2 + Vda X D 1Bkll2 + AV/dallBas |12

1Vis]3 <

ke A4UAg (6 9)
, A/ dg N (A3 '
< (IViall3 + s 320 e + WHVMHz
* 1
A2d, N (A3)\ /2
1Al () + MW
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Step 2. Define

F\ne(Al)) T \ne([Aol VALY )

In this step, let’s consider the event

(|A1| \/db))\ dp 32

2
el < e (AL (‘Al’Vd"M 4.

we will prove this event has probability going to 1 later in Step 3.
By (6.7),

This implies
/ d.B} 1
2 o NGBy 2 Viull2 &+ B2
u'ef? < Bt < LIVl + BY).
and

1 :
(IVaall3 + llwal3)2lu'e] < Z(IVaall3 + llwa3) + fu'ef?

)

w13 + B
2

IN

1
5 (Va3 +

By (6.9),

1 1 1
1Vialls + llw2ll3 < S[1Vaalls + ZHMH% + ZB% + Vda A + Vda A Bas |2

WA, Ndaq \ V2
+ V|2 + | X 4,84, |2 <> :
~ *(\A1|)H ll2 + [| X 4,84, |l e (AL

It follows that
Bf
1Vaall3 + *Hw2\ + 2v/da A1 + 27/ dg A Bas |2

Ndag \'?
#2Vidls + Xl (i)

(6.10)

Consider the set A; contains all large By # 0. We have ¢; > ¢ and

)\\/@Bk

{k: |Blla > 00r k¢ Ao} C Ay C {k: Xp(Y — XB) = L
k112

ork ¢ Ao}

Thus As = As \ Ao = 0, |[Baslla = 0, N(43) = ¢ < q1 and |[£* %1084, lav/n =
[PLX 4,84, 12 = [[P1X 468462 < 12
By (6.10),

3 B}
[Vaall3 + Sllwall} < S+ 2v/dadi + 2Vde By + 2VdB [ Vaa

If 22 < ¢ + 2bz, then 22 < 2¢ + 4b%. Therefore,

IViall3 < BY +4v/da Ay + 4Vdna By + 4d B3,
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It follows from (6.7) that

nc(|ADIViall3 _ gllVaall2

-t < —
(0 —a)" < A2d, B?

6.11
< +7’LC |A1 4\/7)\ 14 A2 d )+ 4)\2daq ( )
=T, TN e (AN T ne (A )

For general A, A5 may be no longer empty, N(A3) + N(As) < g. Then
Ndag \ V2
asley/@a+ (o il ) 1P Xasbal
A2d, N (As) 2 Ndyq \?
< (2%eA85) X A Gad PX
< (ST Xl () Xl
IN2d,q 1/2
< PX X
< (o) max(IP X a1 K s o)
MN2d,q 1/2
< - “(|A ) X
< (i) (Ve TaDIsml + 1 Xaubl)
9N2d,q 1/2
< v 1
< (earoimn) (VOlal+ 0+ vGom),
where Cs5 = ¢*(|As])/ci(|A1| U |As]).
By (6.10),
3 B2 Nd,q 2
21 2wl < 2L 42 A Gad
Viallz + Sllwallz < <=+ 2[[Vaall2 nen (AL
2A2d,q 1/2
2 V 1+ +/C 2/do\
+ (nc*(]A1| v |A0!)> ( Cs||lwall2 + (1 + 5)772> + m
B2
< S IVl + dB3 + VBd(L+ v/Cs)m Ba + 2v/da Xy + v/8dCs Ba w2
If 22 < ¢+ bz, then 2% < 2¢ + b%. Thus
, 4 (B? 9 32 9
lwall3 < 5 ( 5 +dB + V(1 +/C5)naBy + 2v/dan: | + 5 AC5B3. (6.12)

From Zhang and Huang (2008), we have ||w2||% > (HﬂAS||2(rw>,ﬂ75)1/2 —ng)Q, | X 4,084,]]2 <
ne + | XA 8452 < m2 + (nc*(]A5\))1/2HﬂA5H2. It follows that

(||5A5H2\/7”LC* _71+2\/ a1+ 2/ da || Bas |2+
A2daq N2dug \M?
- = 49 *(| A - .
nen (A <”””5A5”2 e {[43) (nc*<rA1|>)
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Since N(As) + N(As) = g, by the Cauchy-Schwarz inequality,

1/2
VA |Bas HQ+\/TH5A5\2< AQ(TZQD)
< 1B Iz (Af N e )

cx([ A1)

e (|43
< Iaslrva (1+ )

Therefore,

2 B Ndag \ V2
2L 4o\ Jdom + 2 | 2 Sed
+ m + 212 (n@(\Aﬂ))

|8 lBnens < 5|

2

+2||Bas |22 /d (1+C*(|A5D>1/2+ A"dag 22 ) 4 20018 |21 /e s —
As |2 aqd (| Aq]) (|A ) 211045 |2 " 772

4 B1 A2d,q )1/2 Nd,g 3,
+ Vda A + R T N
n ”2< (AL one (A~ 4™

4 dg c*(|A 1/2
sl L (14 + 5020 ) o 2l

NCx.5 c«(|A1])

where ¢, 5 = c. (|41 U A5)).
Since 22 < ¢ + 2bx implies 22 < 4b% + 2¢ for b2 + ¢ > 0, we have

2
4 d * A 1/2
uline.s < [ 2 (14 S0 " 1,

NCs5 c«([A1])
8 Vi Ndyg \Y? Ndyg 3, (0:43)
> 5 + Ay + < I
3 e ( <|Alr>> 2ne.(jAd) 4"
Step 3. Consider c.(|Am|) = cx,¢*(|Am|) = ¢, for N(4,,) < ¢* and,
/ A1l vV dy)N2d
g1 < N(ALUAs) < ¢, luel? < (A] v dp)Xdy (6.14)

4dgnc(|Aq])

Then we have ¢ = Cs = ¢*(|A5|) /ex(|A1| V| A5]) = ¢* /ex, cus = cu(|A1U As5|) = ¢4, B3 = éB?,
r? = \/d, m/B? and r3 = n3/B?. From (6.11), (6.12) and (6.13), we have:

(1 — Q)" +q < (2442 + 4V dery + 4de)q, (6.15)
1 32
lwa 3 < 3 {2 + 4dE + 4V8d(1 + VE)Very + 8rF + 3d52] B2, (6.16)

and

1 4
ne|Bas |3 < 3 [2 + 872 + 8Vde(1 + 2v/1 + &)ry + 4de (1 + 3(1 + c)) + 67~§] Bi. (6.17)
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By the definition of My, My, M3, (6.15), (6.16) and (6.17) become
(@1 — )" +q < My,
w213 < M2BY,
neul A3 < MB2.

when (2.12) and (2.13) are satisfied.
Define

/ XA(X;XA)—liiA — (I - Pa)XB
| Xa(X 3 Xa)~154 — (I — Pa)XB|2|’

(6.18)

xr,,, = Imax

max
‘A|:m ”UAk HQZlvk“:l? UL

for [A| = q1 =m >0, S4 = (S, ,5, ) where Su, = A\/da,Ua,, |Ua, |2 = 1. Let
Qa = X4(X 1 X4)"" where X} = \/d}, X}, for k € A. By (6.18),

5/ QaUa — (I* PA)Xﬂ
QaUa — (I — PA)XB|l2|

T, = Imax

|Al=m |Ua, ll2= lk 1,

(6.19)

*
m

For a given A, let Vj; = (0,---,0,1,0,---,0) be the |A| x 1 vector with the jth element
in the Ith group to be 1. Then

]
Ua = Z Z Vi,

leA j=1
and Z?l: 1 a%j = 1. We have
]
€ (QaUa — (I = P)XB)| =D aye QaVij—¢ (I - Pa)XJ|
leA j=1

< max\e QaV;| ZZ‘QM + (I - Py)XS

leA j=1
< max €'QaVi;| Y Vdi+ (I - Pa)XB).

leA

By the definition of Q) 4,
1QaUAs — (I — PA)XBI3 = (|QaUAll3 + I(I — Pa)XBll2)"/2,

By the SRC,
Ndy o A2d,
QaUall3 = URQ4QaUs > ———~UiUs = ————=m
H H2 AWA ne (|AD A ne (|AD

Define
_ maxj ; HQAWJ 2 ZkeA \/>

1QAUAll2

By the definition of ) 4 and SRC,

_ Wa 3pea V) /(ne-(AD)'? davem _ day/ehlig
T (Wdym)/(ner(JA])? vy, T Vdy
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Thus by (6.19),

e (I —Py)Xp
(1 = Pa)XB|2

3

r QaVy HQAW]’HQZZGA\/CTZ_i_
1QaVijll2 [QaUAll2

Next, we show that (6.14) holds for the penalty level vector A satisfying (2.12) and (2.13)
with probability going to 1. Define

z; < max max
[Al=m Lj

Dy = {(U,€) : 27, < 0/8(1 4 c0)V2((mdy) V dp) log(Ng V ay),¥m > mg}.
By the definition of A, , and z},, we have

(|A1| V db))\de

(X,) € Oy = u'ef? < ()7 < WL

y for N(Al) > mo > 0.

Therefore (6.15) implies that for all Ay, k = 1,--- , p satisfying (2.12) and (2.13),
(X,e) € Q= q1 < Mgq.

Since €1, -- &, are iid normal with Ee; = 0 and Var(e;) = o2, by the definition of
xy,, it is less than the maximum of ( b ) > kea di normal variables with mean 0 and variance

UQVEQ, plus the maximum of ( 7]% ) normal variables with mean 0 and variance o2,

P{(X,e) € Qmy}

> 1= Y ([ )mdsexp(—Gmds v do)(1-+ co)og(Na V )]

m=0

11— Z <§L> exp(—(mdp V dp)(1 4 c) Ve log(Ng V ay))]

m=0

X g 1 S !
> — . — z
= (1 Z m)! (Nd v an)(l-i-co)(mdb\/db)) (1 ~ m)! (Nd vV an)(1+00)(mdedb)>

(pda)db pdq
- {2 " Wav an et~ P a0 |

B (p)® ~ expl p )
(Ng V an)(H—co)db p (Ng Vv an)(H—cO)

— 1,

when (6.14) holds, since pdy/(Ny V a,)1+) ~ 0. This complete the proof of Theorem 2.1.
O

Proof of Theorem 2.2. For simplicity, we only consider the case when {c*, c., 11,2, co, 0, d}
are fixed and \/v/n > 20+/8(1 + cp)dqd2q*ec* log(Ng) — oo. In this case, My, My and M are
fixed constant and the required configurations for GSC, SRC, (2.12) and (2.13) in Theorem
2.1 become

2 2 )2
MO I
cn ¢ n

Consider p > n > ¢" > q¢ — oo, let Ay = {k : Bkl > 0 or k ¢ Ag}. Define
vy = Xa,(0a, — Ba,) and g1 = X£1(Y — Xf). By Lemma 1,

Mig+1<q", m< (6.20)

« 1/2, » «
HUng = HXAI (ﬂAl - ﬂAl)H% = nHZl{ (ﬁAl - BAI)H% > C*nH/BAl - /BAI Hga
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and

(BA1 - ﬁA1)/gl = ’U;(Y - XA113A1) - Ull(Xﬂ + g — XAlﬂAAl - XA1/6A1 + XAlﬁAl)
= 0 (X3 — Xa, 84, +) — |1 5-

By the Karush-Kuhn-Tucker conditions,

HOO - as

Ay By
[g1]lc £ max [|—=
k1 Belle>0 || Brll2

and
X8 — Xa,Ba,ll2 = | Xa,84, 12 < n2.

Therefore,

lorlla < [ X8 — X 4,84, + Prella +n 2= g1 2

6.21)
llg1ll2 doN (A1) (

< P, < P, AN ———2.

<m+| 16H2+\/1Tc*_772+” 1€|2 + ne.

Since || Pigll2 < 204/N(A;1)log(Ny4) with probability converging to one under the normality
assumption, we have

IX(B = B)ll2 < 1Xa, (Bay — Bay)ll2 + | X 4584, |2

doN (A
< 2my + || Pigll2 + A n(gl)

dq
< 2roB; +20\/N(A1>10g<Nd) + A L

NCy

o M-

< 2r9B; +20'\/N(A1)10g(Nd) + A d 14
V' ne.

< (27’2 + 4M1dE)B1 + 204/ N(Al) log(Nd)

It follows that

(Y =gz <l o L oo N g Ve + VMR, (6.22)

nc. nc
keA * *

ﬁ
ﬁ

Now since Ay C Ap, by the second inequality in (6.20),

2
#{k € Ao: [|Bull2 > M/n} < “Lg ~ O(g).

Thus by the SRC and the third inequality in (6.20),

1 n3 r2g\?
2 2 2 2
I A < — X0l A < < 6.23
S Ul > Mnk < o 5 WXl (e > A < O < S (62
0 0
and ) 2
14
> IBkl3 {2 < A/} < 1255 (6.24)

keAg
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By (6.22),(6.23) and (6.24), we have

e 4+ 13 /g
CyC* n’

13— B2 <

(20 M log(Na)q + (ra + \/dMlé)Bl> i

/ey

and R
||Xﬁ — Xﬁ”g < 20+/M; log(Nd)q + (2’/“2 =+ 1/ dMlé)Bl.

This complete the proof of Theorem 2.2. O

Proof of Theorem 3.1. Let &= 3 — 8 and W = XT¢/\/n and let

n

V(u) =Y [(ei —ziw)® =)+ > Mev/dillur + Brlla,
k=1

i=1

P
= mq}n(s — Xu)/(a — Xu) + Z)\k\/dkﬂuk + Brll2,
k=1

where A\, = A/||Bk|l2. By the KKT conditions,

Xi(Y = XB) = Mev/dy—2— if |Gl # 0.

18k |2

— MevVdreq,x1 < X (Y — XB) < Apvdied, xi, if || Br|l2 = 0.

If there exists 4 such that
N 1
ZASAS(\/(EUAS) — WAS = _%SAS’ (625)

g ll2 < [|Brll2, for k € A,

and o o
A ~ A
—77; < ZAOAS(\/’EUAS) - ”AO < TTS’

then we have || 3|l #0, for k=1,--- ,q, and ||Bglla =0, for k=g +1,--- ,p. By (6.25),

(6.26)

1
« -1 _ -1
(Vniiag) = Sge 4 Wag = _\/ﬁEAgAgSAS-
By (6.26),
) B 1 B
ZAOA(%(\/EUAS) — WAO = EAOASEA(%ASWAS - WAO - \/HEAOA(C]EA(%A(C)SA(CJ

= —nPX (I = Pag)e = n 28045554 4 Sas.
Define the events

Ev = {n" (S0t ac X age)rllz < Vol Blla — 72| (Z 58 ac Sag)ell2s & € Af),

and

By = {n"2||(X 4, (I — Pag)e)illa < n 2| Chll2 - nil/QH(ZAOA?)EZglAgSAB)kHQv k€ Ao}
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where (-); means the dj dimensional sub-vector of vector (-) corresponding to the kth group
for k € Ag or k € AS. Then we have, P(||Bxlla # 0,k € Ag, and ||Billa = 0,k & Ag) >
P(El N EQ)

Since P(By N By) = 1 — P(ESU ES) > 1 — P(ES) — P(ES), to show P(||Bkll2 # 0,k €
Ag and ||fk]l2 = 0,k & Ag) — 1, it suffices to show P(E$) — 0 and P(ES) — 0.

First, we consider P(EY). Define R = {||Bx|l3* < a1, ', k € Ag} where c; is a constant.
Then

P(E{) = P(Ef(\R) + P(E{(|R) < P(E{(|R) + P(R°).
By condition (C2), P(R¢) — 0. So it suffices to show that P(E{(\R) — 0.
Let N, = ZZ 1dg, let 7 < -0 <7, be the eigenvalues of ZASAS and let vy, , YN,
be the associated elgenvectors We have ¥, Ap Ag = Zf\fl Tl_lfywlT. The jth element in the [th
group of vector X7, A8 Ag Sag is

ZT/ SAC '71]

I'=1
By the Cauchy-Schwartz inequality,

Nyg q
ujy <72 Y InlBlSagls = 7P NellSagl3 < 72Ny (D Addly)- (6.27)
=1 k=1

Therefore, )
lugll3 < dimy 2g*d2 (A6, 1)2.
Define vae = /nby — n~Y2¢c 1 231 —p2s ! X “12xT (] —
AG = V/NUp — N C1T; qaq p o NAg =1 AcAg ApggAO_n (
Pag)e and
Cag = (e[l > vag )

Then P(Ef) < P(Cag). By Lemmas 1 and 2 of Huang, Ma and Zhang (2008), we have,

K (dglog q)/?

UA(C)

P(C4,)

IN

where K is a constant. Under condition (C3),

k(dologq)t/? K(d,log q)'/?

- 1. B3/2 —0
UAS V(0 — (Acrda’"q) /(65m))
Namely, P(E$(\R) — 0. Thus P(Ef) — 0.

Next, we consider P(ES). Similarly as above, define D = {||B]l3* > rn,k € Ao} N R.
Then

P(E$) = P(E5( D) + P(E5( | D°) < P(Es()D) + P(D°).

By condition (C2), we know P(D€¢) — 0. Thus it suffices to show that P(ES(\ D) — 0. By
(6.27),

’*ZZ Xao)ij (Xagluw] < Z\Uﬂ < 1 P d2 e 6, Y,

=1 =1

where wu; is the [th element of vector 228 Ag S Ag-

22



Define vy, = n~ Y2 \rp\/dy — n_1/27f1q2d2/25\019;1,
Ca = (max 66l > vay).
Then P(Q¢) < P(Ca,). By Lemmas 1 and 2 of Huang et al. (2008), we have,

K (da log(p — q))"/?

P <
(CAO) > VA,
Under (C3),
K(dglog(p — q))'/? _ K+/nd,(log(p — q))"/? 0
vAg (W — (o> ?er) [ (Oyra)

Namely P(ES(\ D) — 0. Thus P(ES) — 0. This completes the proof the Theorem 3.1. O

Proof of Theorem 3.2. Let A = {k: ||Bkl2 >0,k =1,--- ,p}, § = #{k : k € A}. By the
definition of A, when ||8x||2 = 0, we have ||B;;H2 =0. 50 > ) c e ||B,’;||2 =0.

Given the initial estimator from the group Lasso, the dimension of our problem 3.1 is
reduced to ¢ and § < M7q < ¢* and A, c Ay by Theorem 2.1 with probability converging to
one. By the definition of B,

SV =X Beay 1Bl < g lY - XA L g, (629)
-y | B H2 i ||ﬁk||2
=AY Y sl — 1821 <35 Y 13 il (6.20)

18k 12 18 H

keA keA

Let 6 ; = 21/2(5* B84), D= zgz/zx;i. We have

SIY = X385013 - 1Y — X 36,03
= SIX (35— I3+ X405~ B)
= %5;@ —(Dg)'d4.
By (6.28) and (6.29),
%5;@ —(De)s;—n* <.

Therefore,
16,4 — Dzl — [|De]l3 — 20" < 0.

It follows that [|d

i — Della < ||Del|2 + (20*)'/2. By the triangle inequality,
16,4112 < 1164 = Dellz + | Dell2 < || Dellz + (20%)"/2.

Thus
16 4115 < 6[|De||3 + 6n*.
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Let D; be the ith column of D. Then De = Y | D;e;. Since ¢;,4 = 1,--- ,p are iid
N(0,0?%),
n
E(|De|3) = Y _ | Dill3Es} = o*tr(D'D) = 0°4.
i=1
Then by the SRC and consistent of the group Lasso estimator, with probability converging
to one,
A ~/d, A
nesl|B5 — 84113 < 60° Mg + )‘STBZWA = Blle,

namely

184 — B4ll3 <

602 M - d,
o 1q+<>\ Vd,

NCx EpOpncs

2
) 1241185 — B1l13/2.

Thus for A = n® for some 0 < a < 1 /2, with probability converging to one,

R 602 M q d, A
184 — Bill2 < \/ o nT (ﬁ)ebc*)Q(ﬁ)Z ~ O(Vq/n),

and HXABA —X;iBill2 < \/nc*||BA—ﬂA||2, then ||XABA_XA5AH2 ~ O(/q). This completes
the proof of Theorem 3.2. O
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