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The open-loop Threshold Model, proposed by Tong [30], is a
piecewise-linear stochastic regression model useful for modeling con-
ditionally normal response time-series data. However, in many appli-
cations, the response variable is conditionally non-normal, e.g. Pois-
son or binomially distributed. We generalize the open-loop Thresh-
old Model by introducing the Generalized Threshold Model (GTM).
Specifically, it is assumed that the conditional probability distribution
of the response variable belongs to the exponential family, and the
conditional mean response is linked to some piecewise-linear stochas-
tic regression function. We introduce a likelihood-based estimation
scheme for the GTM, and the consistency and limiting distribution
of the maximum likelihood estimator are derived. A simulation study
is conducted to illustrate the asymptotic results.

1. Introduction. The threshold autoregressive (TAR) model by Tong
[29, 30] is perhaps the most popular nonlinear time-series models. Its exten-
sion that incorporates covariates is known as the open-loop threshold model
(Tong [29]) which is a piecewise-linear stochastic regression model. While
the model formulation of the threshold models does not impose the inno-
vations to be normal, normality is generally the implicit assumption given
that the threshold models specify a piecewise conditional mean structure.

However, in many applications including time-series response consisting
of counts, the response variable is conditionally non-normal, e.g. Poisson or
binomially distributed. Motivated by our recent works on modeling plague
in Samia, Chan and Stenseth [24] and Samia et al. [26], we generalize the
open-loop threshold model by introducing the Generalized Threshold Model
(GTM). Specifically, it is assumed that the conditional probability distribu-
tion of the response variable belongs to the exponential family, and the
conditional mean response is linked to some piecewise-linear stochastic re-
gression function through a known and invertible link function. The GTM is
an extension of the generalized linear model (Nelder and Wedderburn [21],

AMS 2000 subject classifications: Primary 62M10; secondary 62J12
Keywords and phrases: consistency, delay, exponential family, limiting distribution,
maximum likelihood estimation, stochastic regression, threshold

1



2 N.I. SAMIA AND K.S. CHAN

McCullagh and Nelder [20]), in which both non-normal response distribu-
tions and piecewise linearity are accommodated. Hence, the link function
is a natural device to remove any inherent constraints on the conditional
mean function of a response variable, so that on the scale of the link func-
tion, the mean response is a piecewise-linear stochastic regression function.
Note that if the link function is not the identity function, the conditional
mean function of a GTM is generally piecewise nonlinear.

Threshold models may be estimated by various methods including con-
ditional least squares and conditional maximum likelihood estimation. The
conditional mean function of a threshold model is generally discontinuous,
resulting in non-standard asymptotics for the estimators. Chan [5], Chan and
Tsay [8], and Qian [23] established the asymptotic behavior of the thresh-
old estimator in the threshold autoregressive models. Hansen [13] and Koul,
Qian and Surgailis [15] studied the limiting behavior of the threshold esti-
mator in the context of threshold regression models. We extend the previous
asymptotic work to the GTM, where the vector of covariates may also con-
tain lags of the response variable. However, because the conditional mean
function of a GTM is generally piecewise nonlinear on the original scale, the
ensuing complexity requires very different sets of regularity conditions and
proof techniques than previous work for the threshold models.

The organization of the paper is as follows. Section 2 describes and for-
mulates the model, namely the GTM. Section 3 presents the large-sample
properties (i.e. consistency and limiting distribution) of the maximum like-
lihood estimator for the GTM. Section 4 conducts a simulation study that
demonstrates the asymptotic theory for the GTM. We conclude in Section 5.
The proofs of the results stated in Section 3 are deferred to Appendix A.

2. Model Formulation. Let {a;,t=1,---,T} be a positive process,
and let y; be a random variable whose conditional probability density func-
tion given a;, belongs to the (one-parameter canonical) exponential family,
and takes the form

1
pay

where ; is the natural canonical parameter, a; are known weights, ¢ is a
known dispersion parameter, and c¢ is a normalization constant. In practice,
a; model the weight of the data cases so generally equal to 1; it is assumed
that they are uniformly bounded away from 0 and +o0.

Let X = {zy,t =1,--- ,T} be a p-dimensional vector covariate process
that includes a univariate subprocess Z = {z;,t =1,--- ,T}. Let Z; denote
the part of z; without the lags of the response variable y;. Denote by F;, the

(2'1) f(yt; Vs At ¢) = exp {yt% - b(%)} +c (yt; ¢Gt) )
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o-algebra generated by as, ys_1,Zs,s < t. The Generalized Threshold Model
(GTM) specifies that, conditional on Fy, y; belongs to the exponential family
with conditional mean p; given by

Bixy, if z_q<r
(2.2) glm) = { o
Bowy, if zpq >1;

t=1,---,T; and with conditional variance given by ¢a,;v(u;), where v(u;) =

. 2
b(v) = 9531 ig the variance function. The link function g is assumed to
of

be a known invertible smooth function whose inverse is denoted by g~'. On
the scale of the link function g, the conditional mean of y; is piecewise linear
and the model is assumed to be discontinuous; i.e. the regression parameters
are such that 81 # (2, /1 and (2 being p x 1 vectors. (For some special cases
(Chan and Tsay [8]), the regression function may be continuous despite its
having distinct regression parameters in the two regimes, hence a further
technical condition stated in (C1) below is needed to ensure discontinuity in
the regression function.) The parameter d is a non-negative integer referred
to as the delay or threshold lag, and r is the threshold. For simplicity, we
consider a two-regime model, but it can be easily extended to a multiple-
regime model. The analysis of the above GTM is conditional on the observed
a’s, &’s, and F;. (We assume the initial values of y defining F; are known.)

Let 6 = (81, 35, r,d)" denote the parameters of the GTM. The parameter
space for 6 is Q = R x R x {0,1,---,D}, where D is a known upper
bound of d, the delay parameter. Let 0o = (/31 o, 33 9,70, do)" denote the true
parameters. Conditional on the a’s, the T’s and Fi, the log likelihood, in
canonical form, is given by

T
(2.3) Z; yeve — b)) + ¢ (vi: dar)

where b(v;) = % = p¢; see McCullagh and Nelder [20] and Firth [12].
Henceforth, b(v;) is assumed to be a twice-differentiable function with posi-
tive second-order derivative, i.e. b(y;) is strictly convex and b(v;) is a strictly
monotone increasing function. In particular, since p; is a one-to-one function
of v, we can use u; as the parameter such that the log likelihood defined
by (2.3) can be shown to equal

T

(2.4) 1(0) = Z _21¢dt(ytvﬂt) + Ly,
t=1
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where d(y; ) = =2 [ aio(uydu is the deviance measure of fit, and £;(s)
is the log likelihood for a single observation y; given JF;; see Breslow and
Clayton [3].

Each distribution belonging to the exponential family has a unique canon-
ical link function n = b~' for which n(j) = v = Bal(z_q < ) +
Byl (2i_q > 1), where I(.) is the indicator function. Recall that as a result
of the monotonicity of b, the canonical parameter 4 is a monotone function
of us. The canonical parameter space is generally either the real line, or a
one-sided infinite interval, or an interval, depending on the distribution of
the exponential family under consideration. In the case that the canonical
parameter space is a proper subset of the real line, using the canonical link
in the model is not attractive, in part because it puts restrictions on the
parameter 3;,7 = 1,2. To avoid this issue, we shall assume that the link
function (canonical or not) is such that the parameters (;,7 = 1,2, are un-
constrained and that v, = w{B 2 I(z—q < ) + BoxI(2z—q > 1)}, where w
is an increasing function. It is easy to check that w = nog~!, where 7 is the
canonical link function and ¢ is the link function considered in the model.
Therefore, the log likelihood can be written as the sum of the log likelihoods
of the two generalized linear submodels (in the lower and upper regimes) up
to an additive constant, i.e.

T
10) =" Mg, (ye; ap, @)1 (z0—a < 1) + Mg, (915 a, 20) 1 (2—q > 1)

t=1

(2.5) + c(y; dar),
T

(2.6) = 1(6),
t=1

where Mg, (ys; ar, ) = ﬁ{w(ﬂgmt)yt —bo w(ﬂ;a?t)},i = 1,2, and [;(0) is
defined as the t-th summand of (2.5). The functions ¢; in (2.4) differ from [,
in that the latter are functions of @ whereas the former are functions of the
mean parameter. Note that

T
(2.7) 10) <> bilye).
=1

Samia, Chan and Stenseth [24] studied the specific case where the non-
negative discrete response variable equals zero in the lower regime; mean-
ing that if the threshold is not met, the response is zero, which restriction
greatly simplifies the theoretical study of the model. While the latter model
is of general applicability for analyzing epidemiological time series and other
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time-series data (Samia, Chan and Stenseth [24] and Stenseth et al. [27]), the
proposed GTM relaxes the restriction of zero response in the lower regime,
and provides full generality of piecewise linear stochastic regression on the
link scale for continuous or discrete valued time series. Before we end this
section, we give two examples illustrating the GTM.

Example 1. Let {y;} be positive-valued time series with conditional margi-
nal exponential distribution with mean p; and the log-link function:

Bro + Brilog(yi—1), if log(ye—1) <r

2.8 1 =
( ) Og(l‘bt) {,620 + /621 1Og(yt71)’ if 1Og(yt71) >,

hence z; = log(y:—1) and xy = (1,2;) with the true delay parameter d =
0. Also, assume ¢ = 1 and a; = 1. This is an observation driven model;
see Cox [9]. The model can be readily generalized to include higher lags
of the response variable, as well as exogeneous covariates. Lawrance and
Lewis [19] proposed the NEAR model for analyzing non-negative time series
with stationary exponential distribution. One of their motivation for the
use of the exponential marginal distribution is to handle data with high
number of zeroes, e.g. in wind speed data. For data with zeroes, the above
GTM can be modified by replacing log(y;—1) by log(y;—1 + 1). Note that
the canonical parameter space consists of the set of non-positive numbers,
and hence we use the non-canonical log-link function that ensures that the
regression coefficients are non-constrained.

It follows from the conditional exponential distribution that y; = ue;
where e; is independent of the past y’s and distributed as an exponential
distribution of unit mean. Consequently,

Bro + Bi1log(yi—1) + log(ey), if log(y,—1) <7

2.9 1 =
(2:9) &(u) {520 + Bo1log(yi—1) +log(er), if log(yi—1) >,

showing that z; = log(y;—1) is a two-regime first-order threshold autore-
gressive (TAR) process. It can be readily checked that —log(e;) is Gum-
bel distributed with location parameter equal to 0 and scale parameter
equal to 1. The probability density function (pdf) of log(e;) equals h(x) =
exp(x — exp(x)),z € R, and hence all its moments are finite. Chan et al.
[6] obtained the necessary and sufficient conditions for the stationarity and
ergodicity for the first-order TAR models. In particular, the above GTM is
geometrically ergodic if 811 < 1,821 < 1, 811821 < 1. These conditions will
be assumed throughout this example. Indeed, geometric ergodicity of {z;}
entails that it admits a unique stationary pdf, denoted by =, such that the
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L'-norm of p¥(z,-), the conditional probability density of z;,; given z; = z,
from the stationary density 7 be bounded by H(z)p* for some 0 < p < 1
and a m-integrable function H, i.e.

(2.10) /\pk(z, 3) — x(3)|dz < H(2)p".

Furthermore, Chan et al. [6] showed that, for this example, there exists
some constant K > 0 such that H(z) < K + K|z|. Moreover, the stationary
density, m, of z; = log(y;—1) satisfies the invariant equation:

(211) (z) = [ h(z= {80+ Buyhly <)~ (B + BaayH (y > 7))y

from which it can be checked that 7 is positive everywhere, bounded and
infinitely differentiable. The 1-step ahead conditional probability density
function of 2,11 = Z given z; = z equals p(z,2) = h(Z — {f1o + S112}H (2 <
1) — {820 + P21z} (2 > 1)) so that the joint stationary density of (z, zi41)
at (z,2) equals 7(z)p(z, 2), is bounded and positive everywhere. It can be
similarly checked that the joint density of (z;, z;) are everywhere positive
and uniformly bounded in ¢ and j.

For the purpose of verifying some regularity conditions stated in the next
section, we claim that under the stationary distribution exp(M|z]) is an
integrable function for any positive constant M. (Hence, H in (2.10) is 7-
square integrable.) This claim can be verified by routine analysis showing
that the function exp(M|z|) satisfies the drift condition stated for the func-
tion g in Theorem 1 of Chan [4]. Hence, {y; = exp(z¢4+1)} is stationary, and
has finite moments of all orders.

To compute the log likelihood, note that the pdf of y; can be written
as exp(vy: + log(—)) where v = —1/us and b(y) = —log(—). It can
be checked that the log-link function implies that w(z) = —exp(—x) and
hence b o w equals the identity function; these results will be instrumental
in studying the consistency of the maximum likelihood estimator.

Example 2. Consider time series of counts {y; } where the covariate process
{z} is exogeneous, i.e. it does not involve the y’s. Furthermore, assume that
given the covariate process, the conditional distribution of the response is
Poisson and we use the log canonical link. Also, assume ¢ = 1 and a; = 1.
It is then clear that {log(u)} is a stationary ergodic process and so is {y:}
whenever {z;} is stationary ergodic. For this example, b(y¢) = exp(y:), w is
the identity function and bow = b.
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3. Large-Sample Properties of the Estimator. The following as-
sumptions will be used to establish the asymptotic properties of the max-
imum likelihood estimator. All expectations in the sequel are taken under
the true model, unless stated otherwise.

(C1) The regression parameters are such that 51 o # (20 and that P{(81,0—
ﬂgp)laﬁt # 0|zi—q, = ro} > 0. The cumulant function b(~y;) is strictly
convex.

(C2) The process {(as,z;,y;) } is stationary ergodic, having finite second
moments.

(C3) The process Z = {z} admits a marginal probability density function
m(.) that is continuous at the true threshold ry which is an interior
point of the range of z, and m(rg) > 0. The joint marginal probability
density functions m;;(.,.) of (z;,z;)", for all i # j, with 0 < |i — j| < D,
are assumed to be positive everywhere and uniformly bounded. Also,
there exists € > 0 such that for all 0 < j < D and (8 with |§| =1,

(3.1) P(|8 2] > €, z_q, € A, z—j € B) >0,

for any A of the form (—oo,rg] or its complement, and B of the form
(—o0, ] or its complement, for any real constant r.

Some explanations on these assumptions follow. Even though the regres-
sion parameters in the two regimes are distinct, the regression function may
still be a continuous function. For example, this is the case with real-valued
x¢ and mean specification: p; = Bzl (zy < 0) + Boxyl(zy > 0), which is
a continuous function for any ; and (2. Hence, (C1) imposes the further
restriction that the two associated linear submodels are conditional distinct
given the threshold variable at the threshold, with which we exclude the
special case of a ‘continuous’ threshold model; see Chan and Tsay [8]. Dis-
continuity is an essential condition for showing that the maximum likelihood
estimator of the threshold parameter r is T-consistent. Strict convexity of
the cumulant function guarantees the strict concavity of the log likelihood
function in (2.3) and, hence for known threshold and delay and with suffi-
ciently large sample size, at most one global maximum likelihood estimator
of the regression parameters [3;,7 = 1,2, exists.

Without the assumption (C2) of {(at,x;,yt)/} being stationary ergodic,
the consistency of the estimators may not be true as shown in Example 1
of Chan [5] which is a special case of a GTM with identity link and normal
conditional distributions. Therefore, in the case of a threshold autoregressive
(TAR) model (which is a special case of the GTM), Chan and Tong [7] have
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shown that under some conditions on the model parameters, the TAR model
is stationary and geometric ergodic. In particular, under the condition that
the sum of the magnitude of the autoregressive coefficients in each regime
is less than 1 and under mild moment and density conditions of the error
process, a TAR model is stationary and geometric ergodic; see Tong [29, p.
464, Example A1.2].

Assumption (C3) also requires the threshold variable to have a contin-
uous marginal distribution satisfying some mild regularity conditions. The
condition on x; rules out redundancy in z;, e.g. x; cannot be linearly depen-
dent. Note that (3.1) required by (C3) holds under very general conditions,
e.g. it holds if P(|3 x| > €|z1—i, z1—;) > 0 a.s. w.r.t. the joint distribution of
(2t—i, 2e—j) for 0 < i, j < D. Conditions (C1-C3) ensure model identifiability
of the GTM. We now state additional assumptions.

(C4) The parameter vector § = (ﬁi, Bé, r,d)" lies in a compact space ; C €,
and €); contains the true parameter 6y, an interior point of €2y in the
relative topology of the Euclidean space.

While the assumption of a compact parameter space, stated in Assump-
tion (C4), may appear restrictive, it can be removed or considerably weak-
ened in several cases of the GTM, as demonstrated in the following two
lemmas. Indeed, Lemma 3.1 shows that the maximum likelihood estimator
of a GTM with canonical link function is stochastically bounded under some
mild regularity conditions. We now state Lemma 3.1. (Proofs of all results
in this section are deferred to the Appendix.)

LEMMA 3.1.  Suppose that (C1)-(C3) hold. Assume, furthermore, that
(i) the link function considered in the model is the canonical link with the
canonical parameter space equals R', and (i) E(|l;(00)|) < oo and E(¢; (1))
< oo where 0] (y;) = max(¢;(y;),0). Then, there exists T > 0 such that, for
T sufficiently large, the maximum likelihood estimator Op of the parameter
vector 0 lies in the compact set 1 = {0 € Q: |0 — 0| < 7} almost surely.

The condition on the canonical link function stated in Lemma 3.1 holds
for many distributions including binomial, Poisson and normal (with known
variance), and it ensures that the piecewise linear stochastic regression func-
tion is unconstrained on the link scale. The condition E(|l;(6p)|) < oo holds
under (C2) and if the b function is Lipschitz continuous in the sense as
stated in (C5) below. (Using the canonical link is equivalent to requiring
the function w to be the identity function.) Recall the notation ¢;(y;) is the
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maximum log likelihood for the ¢-th data case with the mean u; = y;. For
discrete response variables, the probability mass function is bounded above
by 1, so £ (y;) < 0, hence the condition F(¢;(y;)) < oo clearly holds for
such cases. It also holds for normal distributions with known positive vari-
ance. For responses that are conditionally Gamma with £ being the shape
parameter, it can be checked that

le(ys) = —log(ys) — k + klog(k).

Consequently, £, (y;) < 0 holds if E{—log(y;)I(y; < 1)} < co. As remarked
earlier, for some distributions including the Gamma distribution, the canon-
ical parameter space is a proper subset of R', thereby necessitating the use
of a non-canonical link function to ensure that the regression function is
unconstrained. However, the preceding lemma can be extended to the case
that the link function is such that b o w is the identity function and w is a
strictly concave function, which is valid for some distributions, e.g. Gamma
distributions. Specifically, we have the following result.

LEMMA 3.2.  Suppose that (C1)-(C3) hold. Assume, furthermore, that
(i) the link function considered in the model is such that bow equals the iden-
tity function and w is strictly concave, (i) E(|l;(60)|) < oo, (iii) E(£] (y;)) <
oo and () yi/1i(0o) has finite variance, where i (6y) is the true conditional
mean of y;. Then, there exists T > 0 such that, for T sufficiently large, the
mazimum likelihood estimator Op lies in the compact set Q1 = {0 € Q:
|0 — 6p| < 7} almost surely.

Let |- | denote the absolute norm of the enclosed expression. Let
1
(32) Mpg(ay, xi,y) = E{%yt = b(v)}

be the log likelihood for a single observation, namely y;, where v = w(ﬁ,xt)
=no g_l(ﬂ/xt), 1 being the canonical link function and ¢ the link func-
tion considered in the model. The following Assumption (C5) requires the
functions w and b to be Lipschitz continuous.

(C5) There exist a square-integrable function @ and an integrable function
m such that |w(3'z) — w(Bz)| < @(x)|8 — 6% and |bow(f'x) —bo
w(f* z)| < m(x)|8 — B*|, for every 3, * in a compact set, and for all
x (in the support of x).

It follows from (C2) and (C5) that there exists an integrable function
A(at7 Tt, yt) such that ’M,@(atu T, yt) - Mﬂ* (atv Tt, yt)| S A(ata Tt, yt)‘/B - ﬁ*yu
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for all B, 8, in a compact set, and all as, x¢, and ;. The following two
Assumptions (C6) and (C7) are imposed on the function A(as, ¢, yt).

(C6) There exist 7 > 0 and M > 0 such that, for all z,_g4, € [ro — 7,70 +
T],E{A(at,mt,yt)let,do} < M.

(C7) There exists a A > 0 such that the process [{A(a¢, z¢,y)I(—A <
Zicdyg — 10 < A),z—go I (—A < zp_gqy — 10 < A)}/] is p-mixing with
summable mixing coefficients.

Assumption (C6) is a conditional second-moment bound on the function
A(a, z¢, y:). We now briefly summarize the p-mixing property of a stationary
process, say, {W;}. Let A be the o-algebra generated by {W;,t < j} and let
B be the o-algebra generated by {W;,t > j + k}. The process {W;} is said
to be p-mixing if there exists a sequence of numbers {p(k)} with p(k) — 0
as k — oo, and such that for any square-integrable random variables f and
g such that f is A-measurable and ¢ is B-measurable,

(3.3) |corr(f, )| < p(k).

See Billingsley [2, §19] and Doukhan [10, p. 3 and §1.3] for further discussion
of p-mixing. The p-mixing assumption stated in Assumption (C7) “controls
the degree of time series dependence”, as noted by Hansen [13]. For ge-
ometrically ergodic Markov processes, the p-mixing condition required in
(C7) often holds in view of (2.10) and the fact that the process defined in
(C7) confines z;_g4, to lie in a compact set; this approach is taken when we
demonstrate the validity of (C7) for Example 1 at the end of this section.

The following Assumption (C8) is a mild regularity condition; see Feller
[11] for a discussion of weak continuity.

(C8) The conditional distribution of (at,z;) given z;_g, = z is weakly con-
tinuous at z = rq, i.e. the conditional distribution as a function of z is
continuous at ry in the topology of weak convergence.

The following Theorem 3.1 states the consistency of the maximum likeli-

hood estimator O = ([5‘/1, B;, 7, c?)/

THEOREM 3.1.  Assume that (C1)-(C5) hold. Then, the mazimum like-
lihood estimator O = (ﬂ/l,ﬂ;,f,d)/ is strongly consistent; that is, Op — 6y
almost surely.

Because of Theorem 3.1, it follows from the discreteness of the delay
parameter that, for all sufficiently large T, d = dy with probability 1. Thus,
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without loss of generality, we may and shall assume henceforth that the delay
parameter is known. Also, we write d for dy. The parameter d is, furthermore,
deleted from 0. We next show in Theorem 3.2 that the maximum likelihood
estimator of the threshold is T-consistent. The O,(1/T) fast convergence
rate is due to the discontinuity of the conditional mean function; see Chan
[5], Chan and Tsay [8], and Hansen [13].

THEOREM 3.2.  Suppose that O is consistent and assume that (C5)-
(C8) hold. Then the mazximum likelihood estimator of the threshold is T'-
consistent, i.e., 7 = 1o+ O,(1/T), where T is the sample size.

Define § = ([ﬁ,ﬁé)’,@ = (r,8'). Let 1(0) be the log likelihood defined
by (2.3), and let 0, = arg max; [(0), for a fixed r. The log likelihood function
of the GTM defined by (2.2), is given by

T
1(6) = Z

1='Et Y — bow(s llxt)}l(zt—d <r)

%‘H

+f{w(525'3t)yt — bow(Byxy) M (2i—a > 1) + c(ys; pay)

day
T
= > Mg, (s ap, w) I (2—a < 1) + Mp, (ys; ar, x) I (2—q > )
i=1
+C(yt; Qbat),

where Mg, (ys; ar, x) = ¢at{w(ﬂ z)yr — bow(Biwy)},i = 1,2.
Let vs(y; ar, v) = {Mﬁl(ytaatyxt)l(zt—d = TO)vMﬁz(ytaahxt)I(zt—d >
TO)} L
where Mg, (ys; ar, ) = a%iMﬁi(yt;at,xt),i =1, 2. Define
(3.4)
1 & :

Vr(0) = S {Mp, (s ar, w1 (z—a < 7), Mg, (o3 ar, )1 (21—q > 7)} .
=1

The maximum likelihood estimator 6 = 45 is a root of the estimating
equation W7 (d) = 0. On the other hand, for the GTM defined by (2.2) with
known true threshold and delay, the maximum likelihood estimator equals
STO which is a root of the following estimating equation

T
1 . . /
(3.5) T > {Mg, (ys; ar, ) (2-a < 70), Mg, (ys; ar, m) 1 (z-a > 10)} = 0.
i=1
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The following classical conditions will be used to study the limiting dis-
tribution of the maximum likelihood estimator. Assumptions (D1)—(D3) re-
quire the existence of third derivatives of Mg(y; a,z) with some (conditional
or unconditional) moment bounds. Assumption (D4) essentially determines
the curvature of the log likelihood function.

(D1) Let Mg(y;a,x) = %Mg(y; a,x). The domain of ¢ is an open subset of

the Euclidean space, in which 3; — Mg(y; a,x) is twice continuously
differentiable for every (y;a,x).

(D2) Let Mg(y;a,x) = %Mg(y;a,x). For some neighborhood of 3; o, say
Vi,i = 1,2, there exists function m(y;a,x) such that ]Mg(y;a,x)\ <
m(y; a, x) for all y, a, z, and 8 € V1 UV;. There exists M > 0 and A > 0
such that E{m(ys; as, x¢)|z—q} < M for all z,_q € [ro — A, 19 + Al

(D3) For some neighborhood of f3; g, say V;,i = 1,2, the third-order partial
derivatives of Mg(y; a,x) with respect to § are dominated by a fixed
integrable function m3(y; a, z) for every peViUVa.

(D4) E{Mﬂl,o(yﬁabxt)l(zt—d < 79)} and E{Mﬁz,o(yt;atvxt)I(zt—d > 70)}
exist and are nonsingular, where
Mgiﬂo(yt;at,xt) = %Mgi(yt;at,xtﬂgi:gw,i = 1,2, and the expecta-
tion is taken under the true model.

~ Let I(6) be the log likelihood of 6 and let I(.,r) be globally maximized at
Oy = (ﬂll’r, ﬂém)/. The estimate of the threshold parameter r can be obtained

by maximizing the profile log likelihood function [ (Sr, r) of . The optimiza-
tion is conducted over the finite set of observed values of the threshold
variable z;_4. This is because, for a fixed delay d, the profile log likeli-
hood function is constant between two consecutive sample percentiles of the
threshold variable z;_4. As a result of the strict convexity of b(~;), the global
maximum likelihood estimators Bl,r and /3277- for a fixed threshold r (and a
fixed delay d) can be attained by an exhaustive search with respect to the
threshold variable z;_g4, subject to adequate number of data points in both
regimes, e.g. number of data points in each regime is greater than p + 1,
where p is the length of each of the regression coefficients 41 and (.

We first state the following two lemmas which are instrumental in the
proof of the limiting distribution of the threshold estimator.

LEMMA 3.3.  Assume that (C1)-(C8) and (D1)-(D4) hold. Then, for all
K >0, A A
sup  |Bir — Birel = 0p,(1/VT), i =1,2.

|r—ro| <&
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We now consider the limiting behavior of the normalized profile log like-
lihood. Define for xk € R,

~ A~

(3.6) (k) = Ubrg+ 2,10+ K/T) = U(0rg, 70).-

LEMMA 3.4.  Assume that (C1)-(C8) and (D1)-(D4) hold. Then, for all
K >0,

sup |I(k) — {l(do,70 + £/T) — 1(J0,70) }| = 0p(1).

[K|<K

Next, we shall describe the limiting distribution of the threshold estima-
tor 7. Consider two independent compound Poisson processes {I1(k), s >
0} and {la(k),x > 0}, both with rate 7(ro), /;(0) = I2(0) = 0 a.s. and
the distributions of jump being given by the conditional distribution of
§1=Mp, o (ys; as, xt) — Mp, o (ye; at, w¢) given z;_q = 75 and the conditional
distribution of fgiMm’O (ye; ar, o) — Mg, , (ye; ap, ) given zp_g = rar, re-
spectively. [We work with the left continuous version for I1(.) and the right
continuous version for l5(.).] The former conditional distribution is the lim-
iting conditional distribution of &; given 19 —d < z;_q < rg as d | 0 and the
latter that of & given rg < z;_gq < rg+ 9 as 6 | 0. The following theorem
states that T'(# — rp) converges in distribution to some functional of the
compound Poisson processes.

THEOREM 3.3.  Assume that (C1)-(C8) and (D1)-(D4) hold. Moreover,
assume that in (C3), the condition imposed on the marginal density of
(2i,2j) holds for all i,j. Then, ({I(=k),x > 0}, {l(+£),x > 0}) converges
weakly to ({I1(k), k > 0}, {l2(k), & > 0}) in D[0,00) x D[0,00), the product
space being equipped with the product Skorohod metric. Assume, furthermore,
that &1 and & are continuous random variables. Then, the two random walks
associated with the compound Poisson processes tend to —oo a.s. and hence,
T(7#—rg) converges weakly to M_ where [M_, M) is the a.s. unique random
interval of all K at which I (—k)I(k < 0) + lo(k)I(k > 0) attains its global
maxrimum.

REMARK 1. We assume that & and & are continuous random variables
to ensure that I1(—k)I(k < 0)+12(k)I(k > 0) attains its global maximum at
the a.s. unique random interval [M_, M, ). In fact, this continuity assump-
tion is generally true in many cases (e.g. the Poisson distribution.)

The super-consistency of the threshold parameter estimator, i.e. the O,(1/
T) convergence rate, implies that under some regularity conditions, the
threshold estimator is asymptotically independent of (3;,7 = 1,2, which
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is the content of Theorem 3.4 below. Moreover, we show that Bl and Bg
are v/ T-consistent and whose asymptotic joint distribution is identical to
that for the case of known true delay and threshold, i.e. obtained from fit-
ting the associated generalized linear model (GLM) defined by the equation

g(pe) = Bl (z-a < o) + Boxel (24 > 7o)
THEOREM 3.4. Assume that (C1)-(C8) and (D1)-(D4) hold. Then,
0r — 6o = Op(1/VT),

and the sequence \/T(ST — {50) is asymptotically normal with mean zero and
covariance matriz ¥ = E(l/}(;o)_lE(w(;OdJ;O)E(l/}(;O)_1.

REMARK 2. As a result of X being a block diagonal matrix, the regres-
sion parameter estimators 1 and (o are asymptotically independent of each
other.

We now revisit the two examples at the end of Section 2, and discuss
when conditions (C1-C8) and (D1-D4) hold for these examples.

Example 1 Revisited. The reader may want to re-read Example 1 as
we shall make heavy use of the notations and results introduced there. The
cumulant b(y;) = — log(—;) is strictly convex as its second derivative equals
'yt_Q > 0. Condition (C1) holds if B10 + S117 # B20 + P17 Note that a; = 1
and ; = (1, z) with z; = log(y;—1) so the process {(as, z;,y;) } is stationary
ergodic under the condition f11 < 1,321 < 1, B1121 < 1. So, condition (C2)
holds. The validity of (C3) follows from the positivity of the joint density
derived in Example 1.

To verify (C5), consider the following expression where 3, 5* lie in a com-
pact set:

’

z)| = Iexp(—ﬁ/w)—exp(—ﬁ*/x)\
= exp(—f2)|(8 - ") x|
M || exp(M|z])

w(f'z) —w(s*

IN

for some constant M > 0, where B is some vector in the line segment between
([ and (%, and the last inequality follows from the Cauchy-Schwartz inequal-
ity. Since b o w is the identity function, (C5) holds because exp(K |x|) =
exp(K + K|z/) has finite expectation under the stationary distribution, for
all K > 0, implying that |z|exp(M|z|) is m—integrable. To verify (C6), we
take A = (y;+1)|z¢| exp(M|ay]). Now, E(A%|z) = {exp(2{Bio+ P11z (2 <
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)+ 2{B20 + Bo1zt } (2t > 1)) + 1}|2¢|> exp(2M |x¢]), so (C6) follows. To ver-
ify (C7), notice that A = (user + 1)|z¢| exp(M|x¢|), where e; is independent
of z_j,7 > 0 and has an exponential distribution with unit mean, and
pe = exp(2{ P10 + Pr1z:}(z¢ < 7) 4+ 2{PB20 + B212:}{(2 > r)). The p-mixing
condition in (C7) then follows from the additional fact that {z} is a ge-
ometrically ergodic Markov chain and in view of (2.10); see the Appendix
for the proof. (C8) holds trivially because a; = 1 and x; = (1, 2;) so that
given z; = z, the conditional distribution of (a, x;)/ is the probability mea-
sure concentrated on (1,1, z)/ which is continuous in terms of the topology
of weak convergence. Note that (C4) holds under the conditions (C1-C3),
owing to Lemma 3.2.
It can be shown that

Mg (ye; ag, 1) = —y; x exp(—0 ) — 5

SO

Mg (ys; ap, x1) = —yi % exp(—f 1)z,

Based on these results and routine analysis, (D1-D4) can be verified. Hence,
the maximum likelihood estimator 67 is consistent, and the large-sample
distribution results developed in this section hold for this example.

Example 2 Revisited. We shall assume that the joint pdf of (z¢, z;—1, ..,
zi—p) and the components in z; other than the preceding z’s is continu-
ous and positive everywhere, which implies (C3) and (C8). Condition (C1)
holds if 10 # [2,0. Assume that {z;} is stationary and p-mixing with
summable mixing coefficients. Note that E(y?) = E{exp(28y2:1(z_q <
) + 285x¢I(z_q > 1))}, which is finite if E{exp(K|z|)} is finite for all
K > 0, which shall be assumed; hence (C2) holds. Recall b(y:) = exp(v), w
is the identity function and bow = b. Thus, (C5) holds because exp(K |x|)
has finite moment for any K > 0. The conditions of Lemma 3.1 are then
valid, so (C4) holds. We can take A(at, ¢, 1) = |yel|ze] + exp(K|ze|)|ze,
for some K > 0. After some algebra, it can be shown that condition (C6)
holds if, for all z;_q € [ro — 7,70 + 7], E{exp(K|z¢|)|2t—q} is finite for any
K > 0. Condition (C7) clearly holds if {x:} is p-mixing with summable
mixing coefficients.
It can be shown that

Mg(yt; at, ﬂﬁt) = ytﬁ,xt - eXp(ﬁlxt)

SO

’

M,@(yt; at,ﬂft) = - exp(ﬂ xt)xtx;,
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Consequently, (D1-D4) can be verified by routine analysis. Therefore, the
maximum likelihood estimator 7 is consistent, and the large-sample asymp-
totics developed in this section hold for this example.

4. Simulation Study. We conduct a simulation study to illustrate the
asymptotic results of the GTM defined by (2.2). Conditionally independent
observations of y; are generated from Poisson distributions with mean
given by

Bio + Brixe, if zp_q <r
Boo + Porzi—1, if z_q >3

(4.1) log(jur) = {

t=1,---,T. The parameters d and r are taken to be 0 and 0.38, respectively.
The regression coefficients are fixed at f19 = 0.4,511 = 1,859 = 1.5, and
(B21 = 0.5. The threshold variable z; is generated as a series that follows an
AR(2) process given by z; = %3‘7907, where w; = 0.9255w;_1 —0.2736w;_o+
v/0.02125 1, and n; denotes a series of uncorrelated normal random variables
with zero mean and variance 1, truncated between —3 and 3. (This particular
AR(2) generating mechanism follows an example used in Samia, Chan and
Stenseth [24].) Note that z; is bounded between 0 and 1. The covariate z;
is generated as a series of independent Uniform(0, 1) random variables. The
sample sizes used are 50, 100, and 200, and for each sample size, the results
are based on 1000 replications.

The estimators of the threshold parameter r and the delay parameter d
are obtained by maximizing the log likelihood of the estimated GTM, with
the delay being an integer between 0 and 2, and the search of the threshold
done based on an exhaustive search with respect to z;_4, where each regime
has at least 4 data points. For given estimates of the threshold and the
delay, the associated generalized linear submodels are estimated using the
glm function in R; see Venables and Ripley [32].

Table 1 gives the percentage of times the threshold delay was estimated to
be equal to the true value 0 and the percentage of times optimization failed.
We also report in Table 1 the sample means, bias, and standard deviations
of the estimates, and the empirical coverage probabilities of the regression
parameters. All of the latter estimates and probabilities reported in Table 1
are based on fitting the GTM with the delay fixed at its true value 0. The
empirical coverage probabilities are based on the 95% confidence intervals
of the corresponding regression parameters.

In general, the percentage of times the threshold delay was estimated
to be equal to 0, increases with larger sample size. The percentage of times
optimization failed decreases with larger sample size. The standard deviation
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and the bias of the estimators generally become smaller with larger sample
size, confirming the consistency results discussed previously. Moreover, the
empirical coverage probabilities get generally closer to the nominal coverage
probabilities with increasing sample sizes.

The Q-Q plots of the B’s for sample sizes 100 and 200 confirm the asymp-
totic normality of the regression estimators in the associated generalized
linear submodels, see Figure 1 where we show the results for T = 100, as
the Q-Q plots for T" = 200 are similar. For T = 50, the Q-Q plots show
some departure from normality, which can be circumvented by restricting
the search of the threshold to be between two predetermined percentiles of
the threshold variable; say, between the 20" and 80" percentiles.

N N
Normal Q—Q Plot of 3,4 Normal Q—-Q Plot of 3,
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Fic 1. Q-Q Plots for the Case when Sample Size = 100.

5. Conclusion. The GTM is useful in modeling many epidemiological
time series; e.g. the dynamics of bubonic plague in humans in Kazakhstan
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Sample
Size
50

100

200

% of
d =0 (in %)
77.5

97.7

99.9

% of
Failures (in %)
1.1

0.8

0.5

7
0.376

sd 0.0200
bias -0.00371

0.379
sd 0.00830
bias -0.00115

0.379
sd 0.00389
bias  -0.000678

True 0.38

Parameter Estimates

B1o
0.350
0.522

-0.0504

0.376
0.209
-0.0241

0.392
0.153
-0.00830

0.40

B11
1.04
0.752
0.0386

1.0086
0.327
0.00862

1.003
0.234
0.00259

1.0

B20
1.54
0.572
0.0413

1.52
0.411
0.0164

1.51
0.317
0.00824

1.5

TABLE 1. Results of the Simulation Study.

B21
0.422
1.31
-0.0780

0.469
0.906
-0.0312

0.484
0.698
-0.0164

0.50

Coverage Probability of

B1o B11 B20 B21
0.929 0.926 0.942 0.945

0.956  0.958 0.960 0.962

0.948 0.949 0.948 0.952
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[26]. Using data obtained from systematic sampling of fleas and rodents dur-
ing the study period, Samia et al. [26] used the GTM to explain the sporadic
occurrences of bubonic plague in humans. In particular, they showed that
a sufficient number of viable fleas has to be achieved in order for the major
human outbreaks to occur. Otherwise, if the critical threshold is not met,
sporadic minor cases of human plague may occur.

In addition, the GTM is useful in modeling many other biological systems
that undergo different dynamics; e.g. climate changes, Chitty hypothesis
(Krebs [16]). The usefulness of the GTM can be widely adapted for use
in diverse fields including natural sciences, marketing, economics, political
science, and business.

An interesting future research problem is to allow the dispersion param-
eter ¢ to be regime-dependent, which introduces conditional heteroscedas-
ticity in the GTM.

APPENDIX A: PROOEFS
A.1. Proof of Lemma 3.1.
ProOOF. Without loss of generality, the true delay parameter d is assumed

to equal 0, with the integer delay parameter searched over the range 0 <
d < D, D being a known upper bound of the delay parameter. We have

(A.1) Z(G)—Tl(eo) =R+ Roy + R3y + Ray,
where
Ri— iyt ’ b(By ) + b(B,
Lt =7 ; v {(51 — B10) Ty — b(Brae) + (51,05%)}
(A2) X I(Zt < T0, Zt—d < T))a
1L 1 , , ,
Ry = T ; Par {(51 — B2,0) ey — b(Brae) + b(ﬂQ,OfUt)}
(A.3) x I(ro < z,z-q < 1),
11 , , /
R3,t = T tz:; @ {(52 - 52,0) Tyt — b(ﬁzxt) + b(ﬁz,oxt)}
(A.4) X I(ro < zg,2¢—q > 1),
1 &1 , , ,
Ry; = T ; Par {(/32 — B10) 2ty — b(Bory) + 5(51,0%)}

(A.5) X I(zy <rgyze—q >T).



20 N.I. SAMIA AND K.S. CHAN

Our proof relies on verifying the following two claims. R
Claim 1: There exists A > 0 such that, for T sufficiently large, O lies in

(A.6) Ci={0e€Q:|r—ry <A} as.
Claim 2: There exists M > 0 such that, for T" sufficiently large, Or lies in
(A.7) Co={0€C|B1—Prol <M,|B2— ool < M} as.

Throughout the proof, the uniform law of large numbers will be applied
a number of times, the validity of which can be routinely checked using
Theorem 2 of Pollard [22, p. 8]. Although Pollard [22] assumes that the
data are independent and identically distributed, this assumption can be
relaxed to assuming a stationary ergodic process; see Pollard [22, p. 9]. A
prototype of such checking is given in Samia and Chan [25].

Verification of Claim 1: It suffices to show that for T sufficiently large and

uniformly for § ¢ C;, we have w < 0 almost surely. First, consider the
case that > ro+ A. We shall determine A > Ay below, where (C3) implies
the existence of Ay > 0 such that P(|z;_q — 70| > Aop|z: = z) > 0 for all z in
some neighborhood of rq, for all 0 < d < D. Here, we make use of the result
that the strict convexity of b implies that for all positive €, there exists a
positive, bounded measurable function n(z) such that for all real numbers

x? y?
(A.-8) b(y) — b(x) — b(z)(y — x) > n(x)ly — z|I(ly — 2| > e).

A proof of this result will be deferred after verifying both claims. For any
non-zero (3, we define its direction by the unit vector v(3) = 3/|3|. For zero
3, we adopt the convention that its direction v(3) = 0.

Let € > 0 be as in condition (C1). We shall bound R;;,1 < i < 4 as
follows. First,

T
Ry = - Z d)lt[{(ﬁl Bro) Tye — i)(ﬂ/l,oxt)(ﬂl — Bro) e}

t 1

- {b( Biwe) — b(By oxe) — b(Browe) (61 — Bro) w1 (2 < 1oy 20 < 7)
L 51,0)/961&3/7& - 5(5/1,0%5)(51 - ﬁl,o)liﬁt}

T
—1 CL

X (zt<r0,zt d<7“)

Ly~ L ownl(f — o)
— =) — x - x
Tt:l mtn 1,0%t 1 1,0) T¢

x I(|(B1 — 51,0)/56t| > €,z < 1o, Z—g < T),
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T 1

T i oa
X I(Zt <719,2—q <)

Ry <61 — 0! v(B1 — Bro) ze{y: — 5(51,09015)}

7 Z () oTt)|[v(B1 — Bro) x|
X I([v(B1 — Bro) x| > €/61 —

5 Rt S 0, Zt—d S T):| )

where the ratio €/|81 — 81,0 is set to be 400 if 1 = f1,0. Note that it can
be checked that (C2) implies that, for any  with unit norm, iﬁ/xt{yt -

6(6170xt)}l(zt < 19,2t—q < r) has zero mean and finite absolute first mo-
ment.
Similarly, Ro; admits the following bound:
1 X

Rot < % Z F«/Bl B2.0) weye — b(By gw) (Br — Bo) vt}

X I(zg > 1o, 2e—q < 1)

B T
Z 7@77 52 o$t)|(ﬁ1 e, 0) 7y
t:1 t
x I(|(B1 — Bao) | > €, 2 > 10, 20 < 7),
T
< |61 — Bayl % ;::1 q;tl/(ﬂl — B20) we{ye — b(By0me)}

X I(zt > 10, 2t—q < T)
- = Z 1(Ba0ze) (B — Bay) il

x I(|v(61 — 52,0) x| > €/|B1 — Baols 2t > 10, 21—a < ?“)} .

R3 and R4, admit similar inequalities, but for verifying Claim 1, a differ-
ent approach for bounding them is needed. Indeed, the assumptions that
B} (y)) < oo and E|l;(0y)| < oo imply that for all positive H > 0, there
exists A > 0 such that forall 0 e B={0e€ Q:r >ro+A,0<d< D},
Riy < L0 {6F () + [16(00) [} (20—a > 70+ A), i = 3,4, with the mean of
the latter bound being less than H. Therefore, uniformly for all such 6,

(A.9) R3y+ Ray < H + 0p(1),

where 0p(1) holds uniformly for 6 € B.
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Since (10 # [2,0, by re-scaling the covariate if necessary, we may and
shall assume that |19 — (20| > 2, resulting in three cases: (I) |81 —

L |61 = Baol > 1 (1) 81 = Brol > 1,181 — Baol < 15 (1) |By — Brol >
1, |61 — B2,0| = 1. For case (I),

Ry + Roy
T
- 1 7 . !
< 181 — Prol > —v(Br — Bro) z{ye — b(By o) H (2 < 710, 2-a < 7)
T o
181 — Baol o= 1 / L
+ # Z TLV(ﬂl = Bo0) Tedyr — b(By o) H (2t > 10, 20—a < 7)

520'2 1ol (B — Bao)

(|V(ﬁ1 = ﬁ2,o) x| > €, 28 > 1o, 209 <10+ A).

Applying the uniform law of large numbers to the three sample means on
the right side of the preceding inequality, we get

Rit+ Ry < op(1) + |81 — Baol{op(1) — 7},

where 7 = inf g E{ﬁn(ﬂépxt)|ﬂ/mt|l(\ﬁ,xt| > €, 2t > 10, 2—a < To+A0)}
which is positive by condition (C3); 0,(1) denotes a term that converges to
0, uniformly for § € B and such that |3y — 81| < 1 and |81 — f20/ > 1. In
view of (A.9), we have

1(6) — 1(60)

T < Op(l) + wl -

(1) =7} +H,

which is negative with probability approaching 1 as T" — oo if H is chosen
to be less than 7. The proof for cases (II) and (III) are similar and hence
omitted, which completes the proof of Claim 1.

Verification of Claim 2: We shall show that, for M > 1 sufficiently large,

éT & Cy for T sufficiently large a.s. The complement of Co consists of two
cases: (I) |81 — Bio| > M, |81 — Pro| = |B2 — B2, and (II) |2 —
M, |B2—B2,0| > |81 —P1,0]- Consider case (I). Recall that Rz, and Ry admit
similar inequality as for R;; and Ry ;, in which case we have, uniformly for
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0 e Cl,

1(6) — 1(6h)
T
=Ryt + Roy+ Rzt + Ry

< (Wl — Brol + 181 — B2l + |B2 — Bao] + B2 — Brol) X 0p(1)
510’2 1(By0re) V(51 — Bro) ]

X I(!V(m — 51,0) x| > €/|B1 — Brol, 2 <710, 20—a < 1)

—=2(|81 = Brol + |B1,0 = Bal) x 0p(1) = |B1 — Brol X (v + 0p(1)),

where 7 equals inf|g_; E{in(ﬁi}oxt)|ﬁlxt]1(]ﬂ/xt] > 6,2 < 10, 2d <
ro — A)}, which is positive by condition (C3) and the fact that an exam-
ination of the proof of Claim 1 shows that A can be chosen so that the
events {z; < ro,z—q < ro— A} and {z; > 1o, 2¢_q > 10 + A} have positive
probability for each 0 < d < D. A similar inequality holds for case II, hence
for M sufficiently large and uniformly for 6 ¢ Co, w is negative with
probability approaching 1 with increasing sample size. This completes the
proof of Claim 2.
It remains to demonstrate (A.8). Define

b(y) — b(z) — b(x)(y — =)

Yy—x

9(y, ) =
For fixed =z,

99 _ —{bly) —b(z) —b(y)(y — =)}

Ay (y — )2 ’

which is negative for y < x and positive for y > x. Thus, for a fixed positive
e > 0, there exists 1 > n = n(x) > 0 such g(y,z) > n for y > = + € and
9(y,z) < —n for y < x — €, hence (A.8), after some algebra. O

A.2. Proof of Lemma 3.1.

PROOF. Let € > 0 be as in condition (C3). Observe that the strict con-
cavity of w, (A.8) and the condition that bow is the identity function imply
the existence of a positive, bounded function n such that R;; admits the
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following bound:

Ry =

H\H

T
Z bay [{w(ﬂlxt) (ﬂi,ofﬂt)}yt — (81— ﬁl,o)lﬂft]

=1
XI(Zt<?”0,Zt a<r)

Z ¢at{w 519516 (ﬁi,oﬂft) - w(ﬁ;,oxt)(ﬁl - ﬁ1,0)/$t}yt

X I(z <7ro,2¢—q <)

(B — 51,0),%{11)(5/1,0%)% — 1} (2 <710,20-9 <)

an(ﬂth”(ﬁl Bro) ]
1
X I(|(B1 — Bro) @] > €, 2t <70, 20-q < T)

T
7 > (;(51 51,0),%{1@@1,0%)% — 1} (2 < 1o, 209 < 7).

Because bow is the identity function, fu')(ﬂllyoa:t) = l/w(ﬁi?oxt), hence given

2z < 1o, w(ﬁioxt)yt—l = y¢/1e(0o)—1. Other R; ;’s admit similar inequalities
so that we can proceed as in the proof of Lemma 3.1. Ol

A.3. Proof of Theorem 3.1.

PROOF. Let [(A) be the log likelihood of 6 = (3;, By, 7, d) . The true pa-
rameter is denoted as 6y = (6170, ﬁé,o, 0, do)l. We first need to show that, as

T — oo,
uo _ E (l(ﬁ))‘ — 0, almost surely.

sup T

IS OA

The latter result holds if the approximating conditions of the uniform law of
large numbers in Theorem 2 of Pollard [22, p. 8] are verified; see also Pollard
[22, p. 9].
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We have
l(’_le’) - ;; gzizt {weye — o)} + ¢ (yr, dar)
T
- 3 [k o — o i) 1o <7
+ [cblat {w(ﬂ;l‘t)yt —bo w(ﬁéxt)}} I(z—a > 1) + ¢ (1, day) .

Let G be the collection of functions of the form gg, (ar, x¢, y) = ﬁ {w(ﬂlla?t)

yr—bo w(ﬂllxt)} , where 31 lies in a compact space. Because of the Lipschitz
property of w and bow stated in (C5), it is easy to check that G has an inte-
grable envelope function G given by ﬁ {w(0)| + w(ze) M} |ye| + [b{w(0)}]
+m(z)M], for |B1| < M, M > 0, and for w and m defined in (C5). Using
a similar argument as in Samia and Chan [25] where we check the valid-
ity of the uniform law of large numbers, we conclude that as T — oo,
SUPgeqy, @ - F (@)‘ — 0 almost surely.

Lemma 5.35 of van der Vaart [31], and because E (@) is continuous for

every 0 € €1, a compact subset, then for all € > 0, there exists § > 0 such
that

(A.10) ol D (“ﬁ) +6<E (“5}”) 5.

Applying the uniform law of large numbers and by making use of (A.10),
we conclude that, for all € > 0, there exists § > 0 such that, for T sufficiently

large, and uniformly for [§ — 0y| > e, @ <F (@) + 8 < maxgeq,:(9—gy|>e
E (@) +Ii< FE (@) -0 < @ almost surely. Hence, for T sufficiently

large, ‘éT — 00‘ < e almost surely. As € > 0 is arbitrary, éT — 6y almost
surely. This completes the proof. ]

A.4. Proof of Theorem 3.2.

PrOOF. Without loss of generality, the delay parameter d is assumed
to be known, and d = 0. Therefore, the parameter vector becomes 6 =
(ﬁi,ﬂé,r)/ and the parameter space () is modified accordingly. Since the
maximum likelihood estimator fp is strongly consistent, without loss of
generality, the parameter space can be restricted to a neighborhood of
o, namely, Q; = {0 € Q: |8 — Biol <A,i=1,2;|r —ro| < A}, for some
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0 < A < 1 to be determined later. To simplify the notation, we assume that
ro = 0. Then, it suffices to show that for all € > 0, there exists K > 0 such
that, with probability greater than 1 — ¢, § € ; and |r| > % implies that
L(B1, B2, ) — (B, B2,0) <O.

We first consider the case that r > 0. Then, we have

L(Br, B2, 1) — (B, 2,0)
T

= %Z [ ! {w(ﬁllfft)yt —bo w(ﬁixt)} + ¢ (Yt qbat)} I(z <)

t=1 ¢at

| (B — o w(Bye) )+ (i, dar)| 1z > 1)

1
L pag

{
{w(Bianu —bow(Bra)} + ¢ (u, dar)| 1z < 0)
{

w(Bsa)u —bow(Bya)} + ey dar)| 1> 0)

T
= 230 [{wBim) — w(Bhw) e~ bow(Bize) +bow(Bhe)
xI(0 <z <r).
And hence,

1(B1, B2, ) — (B, B=2,0)
T

!

1

-7 Hw(ﬂllxt) - w(ﬂ;,oxt)} Yy —bo w(ﬂixt) +bo w(ﬂll,owt)]
¢

1
1 ¢)at

XI(O<Z{/§T)

[{w(Bhom) — w(Brae) f v — bow(Bseze) +bow(Bya)|

at

i
N

+

M| =
™=
@‘H

xI(0<z<r)

+

N[ =
M=
@‘H

a Hw(ﬁi,oﬂ?t) - w(ﬂ;’oxt)} Yyt —bo w(ﬁi,o%) +bo w(ﬁé,oxt)}

t=1

X I(0 <z <7).

Define Q(r) = E{I(0 <z <r)}, for 0 < r < A. Let Mg(as,xt,y:) =
ﬁ {veye —b(7)}, where v, = w(f z;). Recall that, by Assumption (C5),
there exists an integrable function A(at,x¢,y:) such that |Mg(as, ¢, y¢) —
Mﬁ* (amﬂft,yt)’ S A(atvxtvyt) ‘ﬁ _B*’) for every ﬁu /8*7 at, T, and Y.
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Thus, for A > 0, we have
l(/Bh 525 T) - l(ﬁla /827 0)
TQ(r)
1

= TQ(T’) ; {Mﬁl (atuxtuyt) - Mﬁl,o(atuxtuyt)} I(O <z < 7')

+ {Mﬁz,o(atﬂl;t,yt) - Mﬁz(ahxt?yt)} I(O <z < T)
+ {Mﬂl,o(atvxtvyt) - M,BQO(a’tvxtvyt)} I(O <z < T)

< (|81 = Bro| + |82 = B2,0l)

T
+ TQl(r) ; {Mﬁl,o(at7$t7yt) - Mﬁz,o(atwrhyt)} I0 <z <r).

Suppose that the following claim is valid; the verification of which is
deferred to the end of this proof.

Claim I. Let M; be a measurable function of (at,x;,yt)/. Assume that
there exist M > 0 and A > 0, such that F (M,52|zt =z) < M, for all z €
[—A, A]. Assume that the process W = [{ Myl (—A <z < A),z I (—A <
2z < A)}/] is p-mixing with summable p-mixing coefficients. Then, for all
e > 0, for all { > 0, there exists K > 0 such that, for all T,

2, y)1(0 < 2z <'r)

(A.11) (sup ‘Z O<zt<7“) 1‘<C)>16,
K <A
and
(A.12)
MI0< 2 <7)— E{MI0<z<r)} _
P (IT(S;"I;A ’Z TO(r) ' < C) >1—e

It follows from Claim I that for all € > 0,{ > 0, there exist K(¢,() > 0,
such that with probability greater than 1 — e, % < r < A implies that

1(B1, B2,r) — 1(B1, f2,0)
TQ(r)

(A.13) < (|B1 = Bro| + 182 = B2,o|) (C+M)+(+~r,

where

(A.14)

M'ﬂ

E {Mﬁl 0 atawtayt) Mﬂ?,o(atawtaytﬂzt} [(O < Zt S T)-
t:l
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Because of Assumptions (C1) and (C8), and Lemma 5.35 of van der Vaart
[31], we have that for each z; € (0,A], E{Mg, ,(as, x¢,y:) — Mp, ,(az, ¢, yt)
|z:} is a continuous function and is negative; and hence, its maximum is
< —x, for some x > 0. Hence, x < ﬁ)(‘r) SSE L I(0 < 2z <7) < —x(1=0), for
some x > 0. Consequently, for all € > 0, > 0, there exist K(¢,() > 0,x > 0,
such that with probability greater than 1 — ¢, % < r < A implies that
Z(BI’ﬂQ’;g(lgBl’ﬁQ’O) < 2A(C+ M) + ¢ — x(1 —¢). Now, choose A > 0 and
¢ > 0 such that 2A(¢ + M) 4+ ¢ — x(1 — ¢) < 0; and hence the validity of
Theorem 3.2 under the further condition that » > 0. Similar argument can
be used to prove Theorem 3.2 for the case of r < 0.

We now verify Claim I. Define

(A15) Qr(n =y 10=2=1),
(A16) Re(r) =y, MO =2 =T,
(A.17) Re(ri,re) =Y MI(r <z =rs)

T

By choosing A sufficiently small, it follows from Assumption (C3) that
there exist 0 < m < M < oo, independent of 7', such that for all r in (0, A),

(A.18) mr < Q(r) < Mr.

Since E{I(0 <z <7r)} = E{I(0 <2 <r)?} = Q(r), then we have, for

all 7 in (0,A), var{I(0 < z <)} = Q(r) — Q(r)? = Q(r){1 - Q(r)} <
Q(r)(1 —mr). And hence, for sufficiently small A > 0, there exists H > 0,
independent of T, such that for all » in (0, A),

(A.19) var{I(0 < zx <r)} < HQ(r).

Because E (M?|z) is assumed to be bounded above for all 2; € [-A, A], it
is readily checked that there exists H > 0, independent of T', such that for
all r1,79 in (0, A),

(A.20) E{MI(r1 < z <r9)} < H{Q(r2) — Q(r1)} .

Similarly, var {M;I(r1 < z: <r2)} < E{MPI(r1 < 2z <r3)} < E{E (M}
zt) I(r1 < z <ry)}; and hence,

(A.21) var {MiI(r1 < z <r9)} < H{Q(r2) —Q(r1)} .

Let Ry = MI(r1 < z < r3). Because the process W = [{MI (—A < z
<A),z I (A< z < A)}l] is p-mixing, then |Cov(Ry, Rs)| < p(|t — s|) x
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{E(R?)}% {E(R?)}%, see Doukhan [10, p. 9]. Because the p-mixing coef-
ficient is assumed to be summable, and by making use of the stationarity
assumption, we have |Cov(Ry, Rs)| < p(|t —s|)E(R?) < p(|t — s|) H{Q(r2) —
Q(r1)}, for some H > 0. Hence, we make use of the latter inequality for the
covariance of p-mixing random variables to verify that for all b > 0, there
exists H > 0 such that for all r,ry,ro € [—b,b], for all T, we have

(A.22) var{TQr(r)} <THQ(r),
(A.23) var {TRT(m, TQ)} <TH{Q(rs) — Q(r1)},
(A.24) var {T Ry (r)} < THQ(r).

Therefore, Claim I can be verified by making use of the inequalities
(A.18)-(A.24), and by employing arguments as in Chan [5, p. 529].
O

A.5. Proof of Lemma 3.3.

PROOF. Let I(f) be the log likelihood of 6 = (¢, 7)", where & = (3, 3,)".
Let I(.,7) be globally maximized at 0, = (5/1,7”5;,1«)/- Since the maximum

likelihood estimator 67 is strongly consistent, without loss of generality,
the parameter space can be restricted to some neighborhood of 6y, say,
Ql :{HGQ: |ﬁi—/6i,0‘ < 1,i: 1,2;|’r‘—7‘0| < 1}.

Let [(0y,7) = %l(é,r)\ézgm and 1(6,,,7) = g—;l(é, r)|5:5m. Using a Tay-
lor’s expansion algout Sm carried out to the third-order terms, there exists
0 between 0 and ¢,, such that

16,7) = (g, 7)
(A'25) = (5 - STO)/Z'((;TO’ T) + 5(5 - 57”0)/[(57“0’ T)(é - 57”0) + RT(& 5’ 87”0)7
where the remainder term Ry = RT(g ,0, STO) satisfies

R
(A.26) lim  sup ’7TJ2 =
T—o0 ‘5_87()'_)0 T’(S - 6T0|
For simplicity, we shall prove this lemma for the case that » > ry and omit
the case that r <ry as the proof is similar.
Since the score [(d,7¢) equals zero at § = d,,, we have

[(8r9,7) = 1(Drg, 1) — 1(8rg,70)
B S MBMOI(TO <z-qg <)
Z?zl _Mﬁzro I(ro < z—q <)



30 N.I. SAMIA AND K.S. CHAN

where MB”O = %Mﬂi‘ﬁizﬁi,ro and Mg, = Mg, (ys; at, x¢) = i{w(ﬁgmt)yt -
bow(Bzs)}, i = 1,2. Let I7(5,7) denote the j* component of (5, 7). Let k

be the dimension of 4. Denote the absolute norm of [(br0,7) by |[i(8ry,7)| =
Z;‘?:l |l7(0y,7)|- Using (C3) and (D2), there exists a scalar M7 > 0 such that

for T sufficiently large, for all K > 0 and [r—7o| < £, we have E(|i(6y,7)]) =

LD Sy E{|Mj, |I(ro < z-a < 1)} < 2TMP(ro < 2-q < 1) = O(1).
It follows readily from Markov’s inequality that for T' sufficiently large, for
all K >0 and |r —ro| < £, we have

(A.27) [[(3ry,7)| = Op(1).

On the other hand, the Hessian matrix i((i,«o,r) can be written as

~ A ~

[(8ry, ) = {i(r, ) = 1y, 70) b + By, 70)

m+& 0

(4.28) 0 m+ &

)

where n = /Ly My I(ro < zg <7)ii= 1,2, &= YL My I(2-0 <
- - 2 .
r0), &2 = Sy MB2,TOI(Zt_d > 19), and MBMO = %Mgi st 0=1,2.
By employing a similar argument as above, it can be sho{zvil that for T'
sufficiently large, for all K > 0 and |r — ro| < &, we have

(A.29) i = 0,(1),i =1,2.

In reference to Example 19.8 of van der Vaart [31], it can be easily shown
that the collection of functions {M 3, in a fixed compact set} is Glivenko-
Cantelli. Hence, using the argument of van der Vaart [31, p. 279], we have
for T sufficiently large,

(A.30) 61 = B, (54 < 1)} + 0y (1),
(A.31) 6 = B, (1 > o)} + 0p(1):

where E{Mgl’ol(zt,d <)} and E{Mgz’ol(zt,d > 10)} are negative-definite
by (D4), and they essentially determine the curvature of the log likelihood.

Combining the results in (A.29)—(A.31) with the result in (A.28), and
making use of the property that a negative-definite matrix has a maximum
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eigenvalue that is less than —A\, for some A > 0, it follows that for 7" suffi-
ciently large, for all K > 0 and |r — ro| < %, we have

<6 0rg) 1(0rg, 7)(8 = by
2
S%Z{Wz 5“’0‘ mil + (Bs 527"0) &Gi(Bi — Bi,ro)}
(4.32) sgz — Binl*[0p(1) = T{2X = 0D},
=1

for some scalar A > 0.

Finally, we combine the results in (A.26), (A.27), and (A.32) with the
result in (A.25). Then, for all € > 0, ar = 0,(T7) > 0, where —1 <y < —1,
0 — 6, | < ar, VK > 0, and uniformly for |r —rq| < L, there exists Tp such
that with probability greater than 1 — ¢, for any 7" > Tj, and for J on the
boundary of the open sphere N,, of radius ar centered at STO, we have

1(5,7) ~ 1(8ry,7) < a7 0p(1) + Sa30,(1) ~ T{2A — 0y (V)] + Tado,(1)
(A.33) < Ta%{—2)\ + 0,(1)},

where —2A + 0, (1) < 0. Thus, [(d, ) must attain a maximum at some point
belonging to N,,. Because (4, r) is continuous for every 0 € Q1, a compact

subset, then there exists a global maximum 6, = (5, o By T), such that for
all K >0,
sup ‘ﬂi,r - Bi,ro| = Op(l/ﬁ)a =
[r—ro|<%&
This completes the proof. O

A.6. Proof of Lemma 3.4.

PROOF. We use the same notations as in the proof of Lemma 3.3. For
simplicity, we shall prove this lemma for the case that x > 0 and omit the
case that k < 0 as the proof is similar. We have

i('%) = {l(groJr%v ro+k/T) — l((§T0+%,T0)} + {l(5T0+%7T0) - l(&’ov ro)}

T
A3 =0 M, T < g S ot/ T)
(A35) -+ (MBLTO+% — MBl,TO)I(Zt_d < T())

(A36) -+ (MA — MBZTO)I(Zt,d > 7“0).

62,7'0+%
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We first consider equation (A.34); we have

™=

(M — M, V(ro < zp—q <10+ K/T)

Biro+ 4 Baro+ 5

o+
I

M=

(MBLO - M/G2,0)I(T0 <zi—g <719+t KJ/T)
t

Il
—_

+{(MB1 . _M51,0)+(Mﬁ2,0 _Mﬁ H)}I(TO <Zt7d§740+"<5/T)7
,7'O+T 2,7'O+T

where Y2/ (Mg, , — Mg, ) (1o < z—q < 1o + &/T) = (60,70 + K/T) —
1(60,70). Hence,

T
tz_:l(Mfél,r0+% - MB2,T0+% )I(TO < Zt—d S 0 + H/T)

—{1(8o, 70 + K/T) — 1(d0,70)}

< (‘ﬁl,ro—l-% — Biol + ’/BQ,T()—{-T — B2,0l)

T
(A.37) X ZA(at,mt,yt)I(ro < z—qg <ro+r/T);
t=1

the latter inequality holds because of (C5). Because E{A(at,z¢,y)I(ro <
zi_q <719+ k/T)} = O(1/T), it follows that for T sufficiently large, S°7_; A
(at,ze,ye)I(ro < zi—q < 1o + £/T) = Op(1). On the other hand, for T
sgfﬁciently large, for all K > 0 and uniformly for all |/£|A§ K, it holds that
‘/Bi,ro+% —Biol,i = 1,2, is less than or equal to |ﬁi7r0+% —Biwo|+1Biro—Bi0
0p(1/VT)+0,(1/V/T), using Lemma 3.3 and the property of the maximum
likelihood estimator of the GTM with known true delay and threshold. Thus,
for T sufficiently large, for all K > 0 and uniformly for all |k| < K, the
inequality in (A.37) entails that

T

;(M/él,r0+% - MBZTQ«#%)[(TO < thd S TO + H/T)

(A.38) —{1(80, 70 + K/T) — (30, m0) }| = 0p(1).

Next, we consider equation (A.35). Expand M and My in a

Lo+t 0
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Taylor series around (31 . We have

T
;(MBLT()-F% B MBI,TO)I(Zt—d <o)
A A ! T .
< (ﬁl,ro-ﬁ-% - ﬂl,ro) Z Mﬂl,ol(zt—d < TO)
t=1
1 3 A / T .
+ i(ﬁl,ro+% — Bi,ro) ZMﬁl,OI(thd < rg)
t=1

(A.39) X (Brrg+ + Brre — 2B10) + 71,

where the remainder term 77 is such that for T sufficiently large, ro = 0p(1).
The central limit theorem is applied to the martingale Zthl Z§:1 ch é‘i ,)O X
I(z—q < rg), for all nonzero vectors of constants ¢ = (c1,---,¢p). Using
Cramer-Wold device, it follows that for all T sufficiently large, | >/ q M, B1.0 X
I(z_q < 10)| = O,(V/T). The latter indeed holds because {Mﬁ1,o (ye; ap, )}
is a martingale-difference sequence with respect to ‘_d/le o-algebra F; =
o(ag, Te, Yp—k, at—k, Tr—k, k > 1) and because E{Mgl’oMﬂLOI(zt,d <71y} =
—E{Mgl,ol(zt_d < rp)} is finite; see Billingsley [1]. On the other hand, by
the law of large numbers, for all T" sufficiently large, %Z?:l Mgl,gl(zt_d <
ro) converges to E{MBLOI (zt—q < 79)} in probability. Thus, for all T' suf-
ficiently large, for all K > 0 and uniformly for all |x| < K, the inequality
in (A.39) yields

T

;(MBMM% - MBMO)I(zt_d < 79)

(A.40) < Op(l/\/f)op(ﬁ) + Op(l/ﬁ)op(T)Op(l/\/T) + 0p(1) = 0p(1),

using Lemma 3.3. Similarly, it can be shown that for all 7" sufficiently large,
for all K > 0 and uniformly for all |x| < K, we have

T

;(MB“M% — MBQ,TO)I(zt,d > 70)

(A.41) = 0,(1).

Combine the results in (A.38), (A.40), and (A.41) with the results in
(A.34)—(A.36) to complete the proof.
0
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A.7. Proof of Theorem 3.3.

PROOF. Owing to Lemma 3.4, we shall proceed as if (k) = 1(Jo,70 +
k/T) — (8o, ro). Without loss of generality, assume that d = 0 and x > 0.
Then,

T
(k) => AMg, o (yi; a, x1) — Mg, o (ye; ag, 20) Y (ro < 2 < o + £/ T).
t=1

Let A; be the event that the sample path of l~(/<;) possesses at least i
discontinuities on the interval (u,u + hl,u > 0,h > 0,0 < i < T. Hence,
by making use of (C3), it is easy to check that there exists M > 0 such
that P(A2) < S 2y Yho1, tr, Pro+ % <z, <ro+ %52 rog+ % < 2, <
o + %h) < MA?. Employing a similar argument as in the proof of Lemma
3.2 in Ibragimov and Has’minskii [14, p. 261], it can be readily checked that
({l(=r), k> 0}, {l(+K), k > 0}) is tight.

Let € = % >0 and & = (at,m;,yt)l. Define a piecewise-constant interpo-
lation process, z¢(.), indexed by € with paths in D0, 1], as follows

2°(v) = Xipy, 0<v <1,
X5=0, XtE—H :X156+J1t€+17 t=0,1,2,---
(A'42) Jte = {Mﬁl’o(yt;a“xt) — MBQ,O(yt;at,ﬂﬁt)}I(To <z <rg+ Iie).

Here, we denote by [-] the integer part of the expression inside the square
bracket. Note that ¢(1) = I(k) and {z¢(v),0 < v < 1} is tight in D0, 1].
Furthermore, z¢(v) = X7, for v € [te, te +€),t =0,1,--- ,T.

We now show that {z¢(v),0 < v < 1} converges weakly in D[0, 1] to {C(v),
0 < v < 1}, a compound Poisson process with rate 7(rg)x and the distri-
bution of jump same as the conditional distribution of Mﬁl,o (ye; ag, ) —
Mg, o (yt; ar, w¢) given z; = rq. We do this by making use of Theorem 1 of
Kushner [18] via operator convergence. By employing truncation arguments
as in Kushner [18], we can and will assume that 2¢ are uniformly bounded.
(We omit the technical details showing that the limiting result obtained be-
low preserves for the original, non-truncated data by passing to the limit
with increasingly negligible truncation; see Kushner [18].) First, we define
some notations and the operators. Let F, denote an increasing sequence of
o-algebras to which {z¢(u),u < v} are adapted, for all € > 0. Let .Z denote
the progressively measurable functions with respect to F,. Define .Z to be
the subset of . for which sup, F|f(v)| < co. Let E denote the conditional
expectation given FY5, which is the o-algebra generated by {z¢(u),u < v}.

v
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Note F¢ is a subset of F,. For f and f° € .2, define p-lims_q f0 = f if
and only if sup, 4 E|f°(v)] < oo and lims_o E|f°(v) — f(v)| = 0 for every v.
Define the p-infinitesimal operator Ae by Ae .@(1216) C ¢ — Z such that
fe 2(A%) and A< f = gifand only if for f, g € Z and adapted to {F¢} and ¢
being p-right continuous, we have p-lims_o[+{ES f(v+8) — f(v)} — g(v)] = 0.
Let ¢ denote the space of continuous bounded real-valued functions which
are zero at infinity and %%2 be the subset of € with compact support and
continuous second derivative. Define the operator A on ‘6%2 by Af(w) =
7(ro)k [{f(w+y) — f(w)}q(dy), where g(dy) is the probability measure in-
duced by the conditional distribution of Mg, ,(vys; at,xt) — Mg, ,(yt; az, x4)
given z; = rar.

Let f(.) € 62. For every 7. > 0, define f¢(v) = T% 0 ES{f(z(v+s))}ds.
Then, f€ is in Z(A°) with A°f<(v) = L [E{f(a(v + 7))} — f(z(v))]; see
Kurtz [17, p. 625]. We next study the limiting behavior of A€ fe. We have

Afe(v) = Tle[Ei{f(a?E(v + 7))} — f(af(v))]

[T'(v+7e)]—1

1
== > E{f(Xin) - f(X0)}
Te k=[Tv]
[T ()]~ [Tv]—1
(A43)  =— > E{f (Xitiro) T Jisro+1) — F(Xig o) -
€ k=0

Because {z¢(v),0 < v < 1} is tight, any of its subsequence has a conver-
gent subsequence. With no loss of generality, assume that {z“(v),0 < v <1}
converges weakly to {z(v),0 < v < 1} and, indeed, by enlarging the prob-
ability space, the convergence may and will be assumed to be almost sure
convergence. By making use of Theorem 15.3 in Billingsley [1, Equation
(15.8)], we claim that

1 [T (v47e)]—[Tv]—1

Afe(o) = — > E{f (@) + iy o) — Ff(0))}

Te k=0
(A.44) +0p(1),

the verification of (A.44) is deferred to the end of the proof.
Let me = [T'(v + 7¢)] — [T]. Using the p-mixing assumption in (C7) and
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the result of Billingsley [2, p. 261, Equation (48)], we have, for any fixed X,

me—1
NS BB+ T ) — £}

Te =0
— E{f(X + T iro)+1) — FXO}
1 me—1

> otk + 1) B X+ Ty rge) — F0F)

k=0

IN

Te

me—1

(A.45) g—Kl\/P (z¢ € (ro, 7m0 + Ke]) Z p(k+1),

for some Kj > 0; the last inequality is obtamed by expanding f in a Taylor
series about X and by making use of the compact support of f and (C6).

Choose a sequence {7} such that lim.o7 = 0, lim._om, = oo, and
lim,_g VT = 00, which holds if, for example, 7. = T~/3. Then, (A.44) and
(A.45) imply that A€ f¢(v) = Af(z¢(v))+o0,(1). Therefore, {z¢(v),0 < v < 1}
converges weakly to the compound Poisson process {C(v),0 < v < 1} which
is the unique solution to the martingale problem

(A.46) / Af(z(s))ds is a martingale,

for any function f with compact support and continuous second derivative,
see Strook and Varadhan [28]. Consequently, I(x) converges weakly to lo(k).
Employing the Cramer-Wold device, similar arguments yield the convergence
of finite-dimensional distributions of ({{(—k),x > 0},{l(+r),x > 0}) to
those of ({I1(k), k > 0}, {l2(k), x > 0}).

We complete the proof by verifying the claim in (A.44). By expanding
f in Taylor series and by letting f(s) (f(s)) be the first (second) partial
derivative of f with respect to s, we have, by repeated use of the mean value
theorem,

Af(v) = Af(a<(v))

m5—1
— Z E{f (@ (v + ke) + Jiqror1) — F(20) + Jpype1)
Te =0
me—1
- — Z EL{f(@(v + ke)) — f(z(v))}
Te 120
m5—1
— Z E[{f(a* (v + ke) + xa Tk (o) 41)
Te =0

(A.47) — F@ ) + x0T o) b o)
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for some x1 between 0 and 1. Therefore,

Aefe( ) = Af(z(v))

me—1
; > ES[f(a(v) + xa(@ (v + ke) — 2°(v) + X1 o 41)
€ k=0
(A.48) X o)1 X {x (v + ke) — a(v) }],

for some y1 and x2 between 0 and 1.

Denote £ [f(z(v) + x2(2(v + ke) — 2°(v)) + Xt ron) X T X
{z(v+ke) —2(v)}] by By . Let Hs, = {z : wy[v,v+0) < n}, for all n > 0,
for 0 < § < 1, and where w, is the modulus of continuity of x defined by
Wy [V, v+ §) = supg<y<i_gs |2(v+ ) —x(v)]. The tightness of ¢ implies that
(c.f. Billingsley [1, Theorem 15.3]) for all positive 7 and 7, there exists a &
such that for all e sufficiently small, P(z¢ & Hs,) < 7. Let I} = I(z° € Hs,,)
and Iy = 1—1I; where I(+) is the indicator function. Hence, the last equation
in (A.48) can be decomposed as

me—1 me—1
(A.49) > E{(Buih)+ > ES(Bygla).
= k=0
Note that the first sum is bounded by nKl— Z?egl ES( £+[T’U]+1) for some

finite K7 > 0. Using similar arguments as above, it can be checked that
Tle St B ( k(o)1) 1 Op(1) for all sufficiently small e. The fact that z°
is uniformly bounded by truncation argument and using Cauchy-Schwartz
inequality entail that, for some finite Ky > 0, the square of the second
sum in (A.49) is bounded by K2ES(I2) X T% Eznzfal E{(J [Tv]+1) }. Again
the second term in the preceding product can be shown to be O,(1) for all
sufficiently small e. Because E{ES([2)} = E(I2) which is smaller than 7 for
e sufficiently small, E(I2) = 7O,(1). As n and 7 can be chosen arbitrarily

small, the claim follows. This completes the proof.
O

A.8. Proof of Theorem 3.4.

PROOF. Because 7 is T-consistent and by Lemma 3.3, it follows that 7

and \/T{(ﬁl b1 0) (Ba — P o)} are asymptotically independent. More-
over, (3 = ﬁz,r BZ ro + op(l/\F) 1 = 1,2; hence, ﬂl and BZ o €enjoy the
same asymptotic distribution. But ﬂwo is the maximum likelihood esti-
mator of 3;0 when the threshold parameter is known, for ¢ = 1,2. Us-
ing Theorem 5.41 of van der Vaart [31], the sequence vT(d,, — d) =



38 N.I. SAMIA AND K.S. CHAN

VT{(B1.ro — B1.0) s By — B2 o)} is asymptotlcally normal with mean zero
and covariance matrix E()s, )~ 1E(¢501/150) (1s,) . From this follows the

result in Theorem 3.4.
O

A.9. Proof of (7) for Example 1.

PrOOF. Let wy = [{A(ag, xp, y) I(—A < zp—rog < A), 2 ] (A < z—1p <
A)}'] and U be the interval [rg — A, 79 + A]. Let k be a positive integer
greater than 1. Consider two random variables f(w;y) and g(w;) that are
of zero mean and finite variance. Clearly, E(f(wiix)|Fi4x) can be written as
f(zen I (ze4 € U)), for some function f. Also g(wy) = §(z, z141) for some
function g. Now,

E{f(wt+k) (w )}
= BE{f (24 24k € U))§(21, 2441) }
B ///f(2t+kf(2t+k € UN{D" (2415 2ek) = w(ze00) Y41 (20, 2041)

X (21, ze41)dzedzi 1 dzeqy;

[N AT € O o G, ) — (e}

Zt+k
X Ty 14128, 2041) (28, 2e41)dzedzg 1 d 2z,

£ 5) [ [ [0 s z) = ) g o 1)

X §(2t, ze11)dzedze 1 d 24,

Because the stationary density « is a positive and continuous function, there
exists K > 1 such that 1/7(z) < K over U. Consequently, in view of (2.10)
and by increasing K if necessary,

E{(f (wes)g(w | < Ko Y Feernd (o € U)VEH (24120, 2411}
< UK BV H? (z0) by var (f (wesi)var(g(wy)).

Recall H(z;) has finite second moment. Hence, the correlation between
f(weyy) and g(w;) decays to 0 geometrically as k — oo. Thanks to the
Markov property of {z}, the geometric decay rate holds for general f and
g measurable w.r.t. the o-algebra generated by {w;y;,j > k} and that by
{wi44,7 < 0}, respectively, so that the required p-mixing condition holds as
the mixing coefficients decay to 0 geometrically. O
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